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Abstract: The goal of this paper is to define the basic governing equations for a medium with anisotropic micropolar
thermoelastic properties, including mass diffusion and triple porosity. Additionally, this paper also aims to develop the fun-
damental solutions for the system of equations under different conditions, such as steady, pseudo-, quasi-static oscillations,

and equilibrium.
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1. Introduction

The micropolar theory of elasticity is a conceptual
framework that considers the micro-structural motion of dif-
ferent materials, including polycrystalline materials and ma-
terials with fibrous structures etc. This theory incorporates
both displacement and microrotation vectors to describe the
motion of solids. Several researchers (referenced as [1-6])
have extended this theory by incorporating thermal effects,
resulting in the development of the micropolar theory of ther-
moelasticity. This expanded theory takes into account the
coupling between mechanical deformation and temperature
changes in materials.

Diffusion is indeed the process by which mass or parti-
cles move from regions of higher concentration to regions
of lower concentration. It is a fundamental mechanism of
transport that occurs in various systems, such as gases, liq-
uids, and solids. The driving force behind diffusion is the
concentration gradient, which represents the difference in
concentration between two regions. As particles move down
the concentration gradient, they tend to distribute themselves
more evenly, resulting in a net movement from areas of
high concentration to areas of low concentration. Diffusion
plays a crucial role in numerous natural and industrial pro-

cesses, including chemical reactions, biological systems, and
materials science. The authors Nowacki [7-10], Sherief et
al. [11], Aouadi [12], and Kansal and Kumar [13] have
contributed to the development of various theories of ther-
moelastic diffusion. These theories aim to describe the cou-
pled mechanical behavior of temperature, concentration, and
strain fields in elastic solids. Aouadi [14] specifically derived
the theory of generalized micropolar thermoelastic diffusion,
building upon the Lord-Shulman theory with the inclusion
of one relaxation time. This theory provides a framework for
analyzing the simultaneous effects of thermal, diffusive, and
mechanical phenomena in materials.

In a triple porosity elastic material, the body exhibits
three distinct levels of pore structures. Each level represents
a different scale of porosity within the material. The first
level is referred to as macro porosity, which represents the
largest visible pores within the material. These pores are
typically observable to the naked eye or through macro-
scopic imaging techniques. The second level is known as
meso porosity, which corresponds to an intermediate scale of
porosity. The pores at this level are smaller in size compared
to macro porosity but larger than the micro porosity. The fi-
nal level is referred to as micro porosity, which represents
the smallest scale of pores within the material. These pores
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are characterized by their microscopic dimensions and may
not be directly observable without the aid of high-resolution
imaging techniques or advanced microscopic analysis. The
presence of these three levels of porosity allows for a more
comprehensive characterization of the material’s permeabil-
ity, transport properties, and mechanical behavior, as it con-
siders variations in pore sizes and their distribution through-
out the material.

The works of Svanadze [15], Straughan [16] and
Kansal [17] have contributed to the establishment of gov-
erning equations in the field of elasticity and thermoelas-
ticity, specifically addressing the concept of triple porosity.
Svanadze [18-23] further investigated boundary value prob-
lems related to elastic solids and thermoelastic solids with
triple porosity. The motivation behind developing theories
for multiple porosity elasticity lies in the wide range of ap-
plications that require such frameworks, which continue to
emerge. One notable application area is in mathematical bi-
ology and health sciences. The replacement of damaged long
bones in humans poses a significant challenge for surgeons,
as the porosity of bone can vary significantly, ranging from
14% in the outer layer to 42% in the inner layer. To ac-
curately model long bones, a multi-porosity theory that ac-
counts for graded porosity materials may be necessary. An-
other crucial field where multiple porosity elasticity finds ap-
plication is geophysics. For instance, a comprehensive de-
scription of landslides may require the utilization of dou-
ble porosity theory to account for the complex behavior of
porous materials in such scenarios. Straughan [24] has dis-
cussed various applications of multiple porosity in his book,
shedding light on the practical significance of these theories
across different disciplines.

Indeed, fundamental solutions play a crucial role in solv-
ing boundary value problems, particularly in the context of
elasticity and thermoelasticity. The use of fundamental solu-
tions allows for an integral representation of the solution to
a boundary value problem, which is often more amenable to
numerical methods than directly solving a differential equa-
tion with specified boundary and initial conditions. In the in-
vestigation of boundary value problems within the theories
of elasticity and thermoelasticity using the potential method,
it becomes necessary to construct fundamental solutions for
the corresponding systems of partial differential equations
and establish their basic properties. These fundamental so-
lutions serve as building blocks for solving more complex
problems and provide insights into the behavior of the un-
derlying physical phenomena. Svanadze [15, 25] has made
contributions in this regard by constructing fundamental so-
lutions using elementary functions in the theory of elastic-
ity and thermoelasticity with triple porosity. By utilizing el-
ementary functions, the solutions become more accessible

and amenable to analysis and numerical techniques, facil-
itating the study and solution of boundary value problems
within these theories.

This paper focuses on deriving the constitutive relations
and field equations for anisotropic generalized micropolar
thermoelastic diffusion with triple porosity. In Section 2,
derivation of these equations and relations and simplification
of the anisotropic system of equations into an isotropic sys-
tem of equations are given. Sections 3 and 4 entail the con-
struction of the fundamental solution for the case of steady
oscillations. This fundamental solution has been expressed
in terms of elementary functions so that it becomes more
accessible and easier to analyze. Moving on to Section 5,
the author constructs the fundamental solutions for cases of
pseudo-static, quasi-static oscillations, and equilibrium. This
allows for a comprehensive understanding of the system’s
behavior under different conditions. In Section 6, the paper
establishes some basic properties of the fundamental matrix.
These properties help in further analyzing and understand-
ing the solutions obtained and their implications. Overall,
the paper covers the derivation of constitutive relations and
field equations, reduction of the system to an isotropic form,
construction of fundamental solutions for various types of
oscillations, and establishing fundamental matrix properties.
These contributions provide a foundation for studying the
behavior and properties of anisotropic generalized micropo-
lar thermoelastic diffusion with triple porosity.

II. Basic Equations

Following [1-5], the equations of motions of a linear mi-
cropolar elasticity are

ajij + pF;
€ijk0jk + Wjij + pGi =

pii;, (D
pJij P, )

where o; are the components of stress tensor, fi;; are the
components of moment of couple stress tensor, p is the den-
sity, u; are the components of the displacement vector u, F;
are the components of the external forces per unit mass, G;
are the components of the external applied couple per unit
mass, €;;1 is the alternating tensor, .J;; are the components
of microinertia tensor, ¢; are the components of microrota-
tion vector ¢.

The law of conservation of energy for an arbitrary ma-
terial volume V' bounded by a surface A at time ¢ can be
written as

/ pliiil; + Jijipj + k11 + Kolais + Kalziig + Uldv =
v

/ plEsi; + Gipi + A ])dV + / [fity; + pipi + +Qi w0 — g |dA,
v A

3
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where U is the internal energy per unit mass, g; are the
components of heat flux vector q, f; are the components
of surface traction vector f occurring on the surface A, p;
are the components of couple stress vector p occurring on
the surface A, v; are the volume fraction fields correspond-
ing to macro-, meso-, micro-pores respectively, ; are the
coefficients of equilibrated inertia, A; are extrinsic equili-
brated body forces per unit mass associated to macro-, meso-
, micro-pores respectively, ();; are the components of equi-
librated stress vectors corresponding to v; measured per unit

area of surface A respectively, w; are the components of out-
ward unit normal vector zo to the surface A.

The components f; and u; are, respectively, connected
to stress and couple stress vectors by the relations

fi =055, Wi = w5 4)

Using equation (4) in equation (3) and applying diver-
gence theorem, we get

14 14

&)
/V lorgi i+ it + igigbi + piishis + Qi+ Qigtves — gid)V.
Since equation (5) is valid for every part of the body, therefore local form of conservation of energy is obtained as
plisii; + Jijpipj + Kki1inin + Kotaiis + katsis + U] = p[Fyi; + Gy + A+ ©)
Oji Ui + Ojitij + Wi jPi + Wi + g Vi + Qijlij — -
Equation (6) with the assistance of equations (1) and (2) yields a simplified form of conservation of energy
pU = i + pwjipij + Qujvij — qii — Yivi, N
where €;; and T, ¢ = 1,2, 3 satisfy the relations
€ji = Ujj — EkjiPh, Q1j5 + L1+ pAy = priiy,
Qo5+ Yo+ pAoy = praiip, Q35 5 + T3 + pAz = prais. (®)

Following Nowacki [26], the balance of entropy can be composed as

' qi P, qi P, p
SdV = dA — dA = — =T, — —=n+ =nT,;|dV. 9
Jposave [(§)maa- [ (F)maa= [ [~ o s gant ®

where S, P, are entropy and chemical potential per unit mass respectively, 7; are the components of mass diffusion flux

vector i}, T' is absolute temperature.

The equation (9) can be written in the local form

: g Pni\
6r(5),-(3).-

The right hand side of equation (10) is the entropy source

R—_Lirp

T2 J4 Tnl T27h K

U AP
T2 T

. pP, P
g =i +

ﬁniT,zw (10)

T; > 0.

On the basis of above relation, equation (10) can be represented in the form of an inequality called Clausius-Duhem inequality

Qi i P

pS+T ﬁ

The equation of conservation of mass is

N3 =

Ti— =i —
£ Tni

5T

P
T i + ﬁﬁsz > 0. (11)

—-C, (12)
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where C'is the concentration of the diffusion material in the elastic body.
Inequality (11) with the help of equations (7) and (12) becomes
pTS — pU + 0jiéji + pjipij + Qv s — Yivsi — %T,i + PC — Py + ng,i > 0, (13)
Helmbholtz free energy function I' is stated as
r=uv-TSs. (14)

Then, inequality (13) in the context of linear theory becomes

4

TT,i +PC—Pm; > 0. (15)

7[)[].—‘ + TS] + Ujiéji + Hji%bi,j + Qijﬂi,j — Tlljz —
The function I' can be expressed in terms of independent variables €;;, ¢; j, Vs, v; 5,1, T ;, C and C ;. Therefore, we have

ar . or . or . or . or . or . or . or .
= a&ji + Wi’j@i,j + 87%%' + 8Ti,jyi’j + 67TT + TTJTJ + %C + ac,l Cyi. (16)

r
Inequality (15) with the help of equation (16) becomes
or P or 1. +la or o T4 or o
Oji — P |&ji i — P | Pij ij —Pa— |Vig — | 1i | Vi
J p@sji J Hj Pa(pm Pi,j J pal/i,j J Payi

or . ory . or . or .
- —|\T+ |P-p=—|C—p—T, — ;

—2T; — Py > 0.

Let us introduce the notations
d):V_VO? 92T—TO7

where ¢ = (¢1, @2, ¢3), Tp is the reference temperature of the body chosen such that |T%| < 1, vy are the volume fraction
fields in reference configuration.

In the linear theory, the independent variables are €;, ; j, ¢i, ¢; 5,0 and C. The above inequality should be convinced for
all rates €5, @5 5, q'bi, q'ﬁi,j, 9, 9'@, C and C',Z-. Hence the coefficients of above variables must vanish, that is,

or or or or or or or or
0ji pagjiv i pa@i,j ) ij pa¢i,j ) i Pa@ , S 90’ Paca 3071 8C’71 0,
qif i + Pifn; < 0. (17)

It is assumed that the undeformed body is free from stresses and has zero intrinsic equilibrated body forces and entropy. If
the body has a centre of symmetry, then we have
201 =cjiri€jicrl + djir10,iPk,1 — 2ai€5:0 — 2bji€5;C + 2¢j€ 5301 + 2d 565502
+ 2fji€jibs + Qi@? + 2040102 + 2050203 + 2060301
+ Aijd1,i91,5 + Bijp,ida,; + Cijtsids,j + 2Dijd1id2

pC.0?
+2E;;¢2,i03,5 + 2Fj¢3 01,5 — 20,00 — 26;0,C — T,

—2a0C + bC?.
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Here cjir; is the tensor of elastic constants, djii
is the tensor of microrotation constants, aj;,b;; are, re-
spectively the tensors of thermal and diffusion expan-
SiOIlS, Cijis djia fji, Aij; Bij, Cij; Dij, Eija Fij and [e7% i =
1,...,6 are functions which are typical in porous theories
and /¢;,e; are coupling constants. The constitutive coeffi-
cients have the following symmetries

Gj; = Qij, Cjikl = Cijkl = Cklji,

bji = bij, djir = dijrr = drj,

Cji = Cij, dji =dij, [ = fij,
Ajj = Ay, By = By, Cy = Cy,
Dij = Dj'ia EU = Ej'ia Fij = F]z

Using the previous equation in the system of equations (17),
the following constitutive equations are obtained:

Oji = Cjiki€rl + CjiP1 +djida + fiih3 —az:0 — by C, (18)

Hji = dijr1 .1, (19)
Qj = Aijori+ Dijbai + Fijps i,
Qo = Dy + Bijdas + Eijda,
Q3; = Fijri+ Eijgoi+ Cijds, (20)

T1 = —cjigji — 11 — aspa — agpz + 010 +e:C,

Yo = —djigji — a1 — aado — a5z + Lo 4 €2C,

T3 = —fjigji — a1 — aspa — azpz + £30 +e3C, (21)

pC.0
0

pS = aji€j; + Lo + +aC, (22)

P = —bjiEji —Egip; — al + bC. (23)
Equations (1), (2) and (8) with the aid of equations (18)-(21)

become

CiikiErLy + i1y + djida + fjids, — a;ib; — bjiC ; + pFi = pis,

ik (Cikpiept + Cird1 + djrda + fixds — ajud — bixC) + dijripra; + pGi = pJijpy,

—cji€ji + Aijd1i + Dijdoij + Fijbs g — i1 — aada — asps + 010 +e1C + pAy =
—djigji + Dijdr,ij + Bijbaij + Eijdsij — aadr — aada — asds + €20 + e2C + pAy =
—fji€55 + Fijb1,i5 + Bijbais + Cijpzi; — aspr — aspa — azgz + £30 +e3C + pAz =

(24)
(25)

Pﬂléla

pﬁ2é27

pr3P3. (26)

The linearized form of inequality (11) is

pToS = —gii. @7)
Using equation (22) in equation (27), we get
Ty |ajici; + Ligi + aC | + pCel = —qi . (28)

Generalized Fourier’s law of heat conduction equation is

qi + 10¢; = —Ky;0 5, (29)

where K;; = Kj; are coefficients of thermal conductivity
tensor, 7g is the thermal relaxation time which will ensure
that the heat conduction equation will predict finite speeds
of heat propagation.

Equation (29) with the help of equation (28) becomes

0 0?
&‘1‘7’0@ To(ajﬁji“rfi(bi—FaC)
(30)

+ pCEH} = Kijtg’ij.

Similar to equation (29), generalized Fick’s law of mass dif-
fusion is

ni + 7% = —1;; P, 3D

where l;; = [;; are coefficients of diffusion tensor, 70 is the
diffusion relaxation time which ensures that the equation sat-
isfied by the concentration will also predict finite speeds of
propagation of matter from one medium to the other.

Using equations (12) and (23) in equation (31), we get

—lij [bkli‘:kl,ij + Ekd)k,ij + a9,ij — bC,ij] =C + 0. 32)
If we take

Cjikl = >\§j1’6kl + (,U, + K*)éjkéil + uéjléik,
Kij = Koyj, iy = Déy;, Jiy = Joyj,
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djikt = @030kt + Y0105 + Bj104k,

aj; = V1045, by = 02055, cij = R1dyy,
Ajj = Avdy;,  Bij = Ay,  Cij = Azbyj,

D;j = A4dij, Eij = Asdij, Fij = Agd

K

where 0;; is Kronecker’s delta and A, pu, K*, «,f,7,

KaDv'LﬂlyﬁQaAla"

., Ag, N1, RN, N3 are material con-

stants, in the equations (24)-(26), (30) and (32), the gov-
erning equations for homogeneous isotropic generalized mi-
cropolar thermoelastic diffusion with triple porosity in ab-
sence of body forces and couples are obtained as

(u + K*)Au + (/\ + u)V divu+ K* curlp + R; Vo, — 91V — 9.VC = pu,

K* curlu+ (A —2K")p+ (o + B) Vdive = pJ @,

—Frdiva+ (A1 A —a1)p1 + (A4 A — ag)da + (A6 A — ag)p3 + 10 +e.C
—Rodivu + (A4 A — Oé4)(ﬁ1 + (A2 A — 042)(152 + (A5 A — Oé5)¢3 + 450 + e5C
—R3divu + (AG A — a6)¢1 + (A5 A — 045)(252 + (A3 A — a3)¢3 + 430 + e3C

p“lél;
prap2,
pr3P3,

2
( 0 + T()a) |:T‘0(191 dlvu—i—&@ + GC) +,0069:| = KAQ,

ot ot2

2
DAYy divu + €;0; + af — bC| + <a + 08)0 =0,

ot T e

where A, V are respectively, Laplacian and Del operators.
In the upcoming sections, the chemical potential has been used as a state variable rather than concentration. In isotropic

medium, equation (23) becomes

(33)

P=—vydivu—ep¢p —ab + bC. (34)
The system of equations (33) with the aid of equation (34) can be rewritten as
(p+ K Au+ (N + p)Vdivu+ K*curlp + 0;Vp; — (VO — (VP = pi,
K* curlu+ (yA —2K")p + (o + B) Vdive = pJ @,
—ordivu+ (A1 A = B1)o1 + (A4 A — Ba)pa + (As A — f6)p3 + £10 + v P pr1¢1,
—oydivu+ (A4 A — Ba)p1 + (A2 A — o) o + (As A — B5)p3 + §20 + 0o P = prioda,
—ogdivu+ (Ag A — Bs)d1 + (A5 A — B5)pa + (As A — B3)ds + &30 +vs P = prsos,
0 0? .
- a‘f'ﬂ]@ To|Grdiva+ &g +n0 +cP| + KAO = 0,
8+ 0 G divu 4 vid; + <0 + wP| + DAP 0 (35)
— = — v i Qi w = )
at " oz) | N
where
w=b"', G=wd, G=v1+als, o;=R;i—eglo, N =X—C(0s,
S=aw, v;=¢&w, [i=a;—¢cv;, Ba=0q4—eE1v2, f5=a5— a3,
C. _
Be = ag —e3v1, & =4Li+ce, n= Pee fas i= 1,2,3.

1o
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III. Steady Oscillations

Let x = (x1, x2,x3) be the point of the Euclidean three-dimensional space E3,

o o0 0

= (24224227 D, =(—. = 2.
x| = (27 + 23 +23)2, x (3z1’8x2’0$3)

The displacement vector, microrotation vector, volume fraction fields, temperature change and chemical potential functions
are assumed as:

u(x, t), p(x, t),qb(xJ),G(x,t),P(x,t)} =Re [(u*,go*,¢*79*7P*)e_Mt , (36)

where w is oscillation frequency.

Using equation (36) in the system of equations (35) and omitting asterisk (*) for simplicity, the system of equations of steady
oscillations are obtained as

(n+ K*)Au+ [(N 4 p)Vdiv + pw?lu+ K* curlp + 0,V — (VO — (VP = 0,
K*curlu+ vyAp + [(a + B) Vdiv — 2K* + pJw?|ep = 0,

—oydiva+ (A1 A —71)o1 + (A4 A — Ba)pa + (A6 A — Bg)ps + &0 + vi P = 0,
—09 diVLl + (A4 A — ﬁ4)¢1 =+ (A2 A — ’}/2)(;52 + (A5 A — ﬁ5)¢3 =+ 620 + U2P 0,
—ogdivu+ (Ag A — Bs)d1 + (As A — B5)pa + (As A — v3)dp3 + &30 + v3 P 0,

TlTO[Cl diVl.l + fld)z] + [KA + T17]T0]9 + 7'1§TOP = 0,

¢ divu 4 v;¢; 4+ <0) + [DA + 7'w]P = 0, (37)
where y; = 3; — priw?, 71 = w(l — wp), 7t = w(l — wr0).

If we replace w by —¢7, where 7 is a complex number and Re(7) > 0 in the equations (37), we obtain the system of equations
of pseudo-oscillations as:

(n+ K*)Au+ [(N + p)Vdiv — pr?Ju+ K* curl o + 0;Vp; — (VO — (VP = 0,

K* curlu + vyAp + [(a + B) Vdiv — 2K* — pJ7%p = 0,

—ordiva+ (A1 A —31)o1 + (As A — Ba)pa + (A6 A — Bs)ps + &0 + vi P = 0,
—oodivu+ (A4 A = Ba)d1 + (A2 A = F2)p2 + (A5 A — B5)p3 + &b + v P = 0,
—ogdivu+ (Ag A — Bs)d1 + (As A — B5) 2 + (A3 A — A3)p3 + &30 +vsP = 0,

F1To[Cr divu + &) + [KA + 7inTol0 + 716 To P = 0,

¢ divu + vy + 0] + [DA + Flw]P = 0, (38)

where 7; = 3; + pri7?, 71 = 7(1 — 170), 7 = 7(1 — 770).
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If we put p = 0 i.e. neglecting inertial effect in the equations (37), we obtain the system of equations of quasi-static
oscillations as:

[(u+ KA+ (N + p)Vdiviu + K* curlp 4+ 0;V; — (VO — (VP = 0,

K*curlu+vAp + [(a + ) Vdiv —2K™]¢ = 0,

—ordiva+ (A1 A — B1)é1 + (Aa A — Ba)da + (As A — Be)ps + &0 + P = 0,
—oadivu+ (A4 A — Ba)d1 + (As A — Ba)pa + (A5 A — B5) 3 + 20 + vo P 0,
—ogdivu+ (Ag A — Bs)p1 + (As A — B5)p2 + (A3 A — 33) 3 + 30 + v3 P 0,

TlTO[Cl diVll + §z¢1] + [KA + T1G§T0}9 + T1§TOP = 0,

e divu + v;¢; 4 <0) + [DA + 7'w]P = 0. (39)

If we put w = 0 in the equations (37), we obtain the system of equations in equilibrium theory of micropolar thermoelastic
diffusion with triple porosity as:

[(u+ KA+ (N + p)Vdiviu + K* curlp + 0;Vo; — (VO — (VP = 0,
K* curlu 4+ vAp + [(a + 8) Vdiv — 2K = 0,

—oydivua+ (A1 A = B1)dr + (A4 A = Ba)pa + (A A — Be)ps + 610 + v P = 0,
—oadivu+ (A4 A — Ba)dr + (A2 A — B2)pa + (A5 A — B5)ps + 20 +v2 P = 0,
—ogdivu+ (Ag A — Bs)d1 + (As A — B5)pa + (A3 A — B3)ps + &30 +vsP = 0,

KA = 0,
DAP = 0. (40)

We introduce the second order matrix differential operators with constant coefficients

FO)(D,) = <F;Q(Dx)) ,

11x11

where Fg(fl) (Dx), g,h =1, ..., 11 are given in Appendix A.

Here i = 1,2, 3, 4 corresponds to static, pseudo-, quasi-static oscillations and equilibrium theory of micropolar thermoelas-
tic diffusion with triple porosity respectively. The matrices F() (D), i = 2,3, 4 can be obtained from matrix F()(D,) by

taking w = —u7, p = 0 and w = 0 respectively.

and

11x11

where th(Dx), g,h =1,...,11 are given in Appendix A.
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The system of equations (37)-(40) can be represented as
F(l)(DX)U(X) = 07 7’ = 1a253747

where U = (u, ¢, ¢, 0, P) is a eleven-component vector function on E3. The matrix F(Dy) is called the principal part of
operator F()(D,).

Definition 1: The operator F() (D), i = 1,2, 3,4 is said to be elliptic if |F(m)| # 0, where m = (m;, my, ms).

A Ay Ag
Since |[F(m)| = i?v2 \aKDolm|??, A=XN+2u+K*, a=a+pB+v o=| Ay Ay As |, therefore operator
Ag As As
F()(D,) is an elliptic differential operator if
Gy &K Do # 0. 41)
Definition 2: The fundamental solutions of the system of equations (37)-(40) (fundamental matrices of operators F(i)) are
the matrices G (x) = (GS}E (x)) satisfying conditions
11x11
FO(Dx)GY (x) = 6(x) I(x), i=1.234, (42)

where 6(x) is the Dirac delta, I = (45)11x11 is the unit matrix and x € E3.

IV. Construction of G(!)(x) in terms of Elementary Functions

Let us consider the system of non-homogeneous equations

AU+ (N 4 p)Vdiv + pw?lu + K* curlp — 0,V + 11 ToVO 4+ 71 VP = H, 43)
K*curlu+ A+ K + (a4 8) Vdivlp = V, (44)
ordivu+ (A1 A —7)¢1 + (A A = Ba)ga + (A6 A — B)ps + nTo&a0 + T'i P = X, (45)
oadivu+ (Ag A — Ba)d1 + (Ao A — y2)da + (A5 A — B5)ds + miTpéal + T2 P = Xo, (46)
ozdivu+ (A6 A = Bs)d1 + (A5 A = B5)do + (A3 A — y3)d3 + To&s0 + Tz P = X3, (47)
~Grdivu+&¢; + [KA + mnTplo + 7P =Y, 48)
—Codivu + v + 11Ty + [DA + 7'w]P = Z, (49)
where H, V are three-component vector function on E3; X, Y and Z are scalar functions on E3.
The system of equations (43)-(49) may also be written in the form
FO" (D) U(x) = Q(), (50)

where F(O" is the transpose of matrix F()), Q = (H,V, X;,Y, Z) and x € E.
Applying operator div to the equations (43) and (44), we obtain

AA + pw?] divu — 0;Ap; + 11 ToAO + 71 AP = divH, (51)
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(@A + K] dive = div V. (52)
The equations (45)-(49) and (51) may be expressed in the form
ND(A)S = Q, (53)
where N(U)_ S and Q are given in Appendix B.
The equations (53) may also be written in determinant form as
rM(A)S =, (54)
where I')) and ¥ are defined in Appendix B.
On expanding TV (A), we see that
6
ra) =TI +23),
i=1
where A\?, i =1,...,6 are the roots of the equation T'*) (—m) = O(with respect to m).

Applying operators yA 4+ K and K* curl to the equations (43) and (44), respectively, we obtain

(YA + K) |:,[~LA+ (\V +u)Vdiv+pw2}u+ (YA + K)K* curl ¢

55
:(7A+I~(){H+aiVd)i—TlClToVG—TngVP, >
and
(YA + K)K* curl = —K* curlcurlu + K* curl V. (56)
Now
curlcurlu = Vdivu — Au. 57)

Using equations (56) and (57) in equation (55) and applying operator T'(") (A) to the resulting equation with the help of
equation (54), we get

DA AN (A)u =&/, (58)
where A()(A) and ¥’ are given in Appendix B.
It can be seen that
AD (D) = (A +AD)(A + X)),

where /\3, )\§ are the roots of the equation A (—=m) = O(with respect to m).
From equation (52), it follows that

1 K
(A+)\§)divgo:adivV:\IM,)\?,:E. (59)

Applying operators K* curl and jiA + pw? to the equations (43) and (44), respectively, we acquire

[AA + pw?]K* curlu = K* curl H — K** curl curl e, (60)
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and
(BA + pw?) (YA + K)o + (a + B) (A + pw?) V div ¢ 1)
+ K* (A + pw?) curlu = (GA + pw?)V.
Now
curlcurlp = Vdive — Agp. (62)

Using equations (60) and (62) in equation (61) and applying the operator A + A2 to the resulting equation with the help of
equation (59), we get

AD(A) (A +X)p =", (63)
where ¥ is defined in Appendix B.

From equations (54), (58) and (63), we obtain
0 (A)U(x) = ¥(x), (64)
where W and @ (V) (A) are given in Appendix C.

The expressions for ', ¥ and ¥,,,p = 2,....,6 can be rewritten in the form

‘I’/

%(7A + K)TD(A)T + w(A) Vdiv|H + wl (A) curl V + Z w1 (A)V x,,
=2

o wEQ)(A) curl H + [ (A + X2)(AA + pw?)T + w(l)(A) \Y% div} A%

\IJP - w§11)2+1 (A) divH + Z w1+1 p+1(A)XiJ p= 21 (a3 67 (65)
=2

where J = (0;)3x3 and w(l)(A), i,7 =1,...,7 are defined in Appendix C.

From equations (65), we have

¥(x) = R"(Dx)Q(x), (66)
where R(Dy) is given in Appendix C.

From equations (50), (64) and (66), we obtain
F(Dy)R(Dy) = ©1(A). (67)

We assume that
ANENA0 pl=1,...,9 p#Ll
Let

YO () = (Yg”(x)) ,
11x11

1
V) = Yy ),

Z Télg) So(x

1
Yy P s(%)
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6
1 1 1
e = Yo, v ) =0,
g=1
p = 1,23 I=7,...,11 i,j=1,...,11 i#j
where
Al D S e o (1) . 2 2
Sq(x) = Ar|x] Ty = H (A7 =AD" Ton = H (A7 =A%)
i=1,i#l 1=7,i#h
6

rd = [ O2=2)7' g=1,...,9 1=1,....8 h=T7,89 e=1,.6

i=1,izte
Lemma 1: The matrix Y (") defined above is the fundamental matrix of operator @1 (A), i.e.
oA YW (x) = §(x)I(x).

Proof: To prove the lemma, it is sufficient to prove that

rOAAVAYx) = 6x),
ADQ) A+ )Y x) = 6(x),
AP (x) = §(x).
Consider
L Sl
i—1 . 9 ,
where z;, i = 1,...,9 are given in Appendix D.

On simplifying the right hand side of above relation, we obtain

Zr(l) =0.

Similarly, we find that

8 8 - 2 .

S -y =0, Y rP [ T[02-23)] =0,

=2 i=3 Lj=1 J
8 -4 .

1 1
zm[nugsﬂa zr“ 102 =0
i=4 j=1 Sj=1 -

8 5 - 6 -
> [T103 -] =0 Y [T103 -] ~o
i=6 j=1 -j:l 4

(68)

(69)

(70)
(71)
(72)

(73)

(74)
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Also,
(A +A7)s(x)

Now consider

P (A)AD ()Y (%)

Il
':]m 1 :]m i ::oo

s
||
N

A+A2{

=0(x) + ()\12, - )\z)gg(x) p,g=1,...,9.

A+)‘2 Zrlg Cg

A+)\2 ZT [(5

A3><g<x>}

g=1 9=2

— A2)gq(x )]

Using equations (73)-(75) in the above relation, we obtain

T (A)AD (AP (x) = TT(A +A2)

I
.::m

&
||
N

(A +X9)

|
_::lm

s
Il
w

(A +27)

I
‘Eoo

@
Il
w

(A + 22

|
.:m

@
Il
IS

(A + 22

[
_::lm

<
Il
=

(A + 22

Il
.zm

s
Il
o

(A+X9)

I
.zm

&
Il
o

(A+A7)

I
4::@3

&
Il
=)

(A+27)

|
KEOO

@
Il
=)

(A + 23

|
‘Eoo

S
Il
S

(A + 2%

|
.:m

s
Il
S

i
{MU ) o0 +

-8
SRz - v)cg(x)}

_gz

3084560+ 08 - o]
>[I0 -2 o)
o

Sy | 1105 -] o0 + 08 =y
|27 | L )

:Zr“’ :f[p? 3o
Zr“’Jﬁl(AiAz) 500+ (4% = A2, (0|
potts ﬁuﬁ 3]s
_Zr“)_:ﬁlw@_ 56+ 02 = )0 =
:;é? jri[p?—Ai)_ ()]
:ir%)_jli@?—%): 560+ 02 = 20|

:1@
—
>
SO
I
>
QN
~
L |
L
—~
»
~—
[——

<.
Il
—

= (A +XF)ss(x) = 8(x).

(75)
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Equations (71) and (72) can be proved in the similar way.
We introduce the matrix
GW(x) = R(Dx) YW (x). (76)
From equations (67), (69) and (76), we obtain
FO(D,)GW (x) = FO(DR(D,) YN (x) = 01 (A) YD (x) = () I(x).
Hence, GV (x) is a solution to equation (42) for i = 1.

Theorem 1: If the condition (41) is satisfied, then the matrix G(1) (x) defined by the equation (76) is the fundamental solution
of the system of equations (37) and the matrix G1)(x) is represented in the following form:

HO HO® HO)
G<1>(x)—(H,,q(x)) - H® H® HEO) ,
11x11

7 8 9
H®O HO® HO i

where HP)(x), p = 1,...,9 are given in Appendix D.

V. Construction of Matrices G (x) i=2,3,4

V. 1. Pseudo-Oscillations
We introduce the matrix

G?(x) = T(Dx)Y?(x), 7

where, the matrices T'(D,) and Y (?)(x) can be obtained from matrices R (D) and Y (") (x) respectively by taking w = —¢7
and repeating the above procedure after equation (42).

Theorem 2: If the condition (41) is satisfied, then the matrix G () (x) defined by the equation (77) is the fundamental solution
of the system of equations (38).

V. 2. Quasi-Static Oscillations

In this case, the matrix N)(A), operators T®)(A), A®)(A) and matrix operators @) (A), M(D,), Y® (x) and
G () (x) are obtained as

() NO@) = (F@) -
6x6
A —0q —02 —03 71110 TlC2
o1 AIA—=p1 AA— By AsA — s 716170 o
o2 AsA =By AsA— By AsA — P 71§21 =
o3  AgA — s AsA—B5 AsA— s 71£3T0 g
—G1 3! &2 &3 KA+ masTy (S
_CQ V1 Vo U3 7161y DA—‘rle 6x6
NOa) - (V@) —a(5Rw)
6x6 6x6
5
1 TYAN K*A 2K*
(3) — =2) A(3) — p2y— = | M 2= —
@) T = A8+ AV = 80+ = e ke |



Micropolar Thermoelastic Diffusion with Triple Porosity

93

where i2, i=1,...,5 are the roots of the equation |N®)(—m)| = 0(with respect to m).
(i) 0W(a) = (@ﬁ)m)) ,
11x11
6
0P(a) = IOA)AD () = a2 +7d),
=1
7
3 ~ ~
Oy s(d) = ADQA)(A+ ) = AT(A+ i),
1=6
o(a) = 1)) =A@+
=1
o) = o,
p = 1,23 gh=1,...,11 1=7,...,11 g+#h
(iv) @) = [ wea - ar - 1 R @) + 04 - 26) x

[ o B, (A) £ G T RD(A) + H@N@(A)} }
w®a ) = AN{ [(x (A - 2K K} FD(A) 4+ (1A - 2K*) x

- S @) G R @)+ e @) |

* * ~2 ~ %2

WP (A) :_%, w® () = —EKOHD) B (A) = —(HDIAKT
3 N (a) 3 NP (A)
w§;+1(A) = 1121 ) 1(+)1,p+1( ==

3 3 .
w;ﬁl;Q(A) 7wé;+1(A) =0 Lp = 27-~-76
where Ng’) is the cofactor of the element IV, i(;’) of the matrix N,

MO M2 MO )
7 8 9
MDD M® M©® -

(v) M(Dy) = (Mgh(Dx)>n 11:(M(3) M®  M©®

M@ (D,) = (Mjﬁ?(m)) MY(D (M“) ) ,
3x3 3xX5
MO (Dy) = M;Q(Dx)) ., MOD (M ) ,
5%x3 5X5
MOMDy) = L(yA = 2KITO(A)5,, + w(A)
gh N g 11 axgth
3
0
Mg(?(Dx) = (3) Zggph M(g)(D )_w(i)(A)ZEQPhaixpa
p=1
() g - ®) 0
M, (Dx) = E(A‘FM)MA%h‘szz (A)ma
3 0 6 8
M (D) = w585 M) (D) = M) (D) =0,
9
0 _ .
MIDy) = wl (A) o MO (Do) = w0y (A i=1,.04 j=56 1=T8

8xh
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6

. 3 3) % (3) _«
) YO = (YP0) P60 =P+ s )+ Yorate
11x11
5
3 3
Y19(+)?>,p+3( ) = 7“21 Sr(x +Z7“2g 4S(%), Ylg )( )—7“31 St (x +Zr3g+1§g
YW = 0 p=1,23 1=7...,11 ij=1,.,11 z;é],
where
1 x| etha x|
* = e * = — — C = - = 1 . 7
§1(X) 47T|X‘7 §2(X) 8’/’(’7 Cg(X) 4’/T‘X| g ) s by
6 6 6 6 6
3 ~ ~— 3 ~— 3 ~_ ~ ~2\ —
ry = —Z( II u?) et A2 =Tla> =t T @ -
p=1 \j=1#p i=1 i=1 i=1,i#k
7 7 5
3 ~— 3 ~_ ~ ~O\ — —
7"51) = H/j‘L 27 Té;374 = _/”Lq 2 H (/1’22 - Mg) 17 Tél) - H:uz 27
i=6 i=6,i#q i=1
5
ritn = -t [ @-)7 k=1,....6 ¢=67 l=1,...,5
i=1,il
On introducing the matrix
G (x) = M(D,)Y® (x), (78)

we obtain
F&(Dy)G® (x) = F® (D) M(D,) Y® (x) = ©3(A)Y®) (x) = 6(x) I(x).

Hence, G(®)(x) is a fundamental solution to equation (42) for i = 3.
Theorem 3: If the condition (41) is satisfied, then the matrix G®) (x) defined by the equation (78) is the fundamental solution
of the system of equations (39).
Equilibrium Theory

In this case, the matrix N*)(A), operators T®)(A), A (A) and matrix operators @ (A), Z(D,), Y®¥(x) and
G ™ (x) are obtained as

A —01 —02 —03
N R _ _| o1 AAA=p1 AA—By AgA— P
@) NP4 ( i ( ) o2 A Bi AA— By AsA -

o3 AgA —fs AsA—pB5 AsA— (3

N@A) = (Ngh )4X4—A<N§2>(A)>4X4.

3
(i) TW@) = AT[(A+w]), AD(A)=AA+w]), wf =g of =i,
i=1

4x4

where w?, i = 1,2, 3 are the roots of the equation |N*) (—m)| = 0(with respect to m).

(iii) ©@W(A) = (@;‘Q(A)) ,
4
el(A) = TW@A)AD(A) = A T[(Aa+w)),

i=1
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5
O lapia(d) = AD(A)(A+wd) = AT[(A+ud),
=4
3
O epis(d) = TW(A)=AT[(A+wd),
1=1
3
ol(a) = r®@)a=AT[a+w?), o) =o,
=1
p = 1,23 ¢g,h=1,...,11 5=10,11 g #h.
. 1 * %2 | 37 *
) wif@) =~ { {008 2 - K SP@) - 08 - 26N @],
1 12 * 2| X * N
uifha(@) =~ { [ mea -2k - K| NP@) - 08 -2 DL )}
K*TW(A K*(A+w?
i) = SR ) = RIS ) —uf @),
o (4) 7 (4)
4 NP@D) NP(A)
w§ l)+1(A) = ”T, z(+)1 l+1(A) = 2)75\7
o
wff8) = S [aFP@) i, @),
e
uifho(d) = o) - il @)
1
wf8) = e - uFE, @)
Da8) = | GNP@) - uN P (A
Wiyy7 gS\D 24V Uk k+1 )
3 3
we (8) = ATJ(A+whE™, wi?(d) =A@+t

wi () =w$¢M—%ﬂm=me=a

p

Wl = 2,3,4 7=13,4,5"7 p=1,3,4,56 ¢q=2,...,6
where N i(;-L) is the cofactor of the element 1V, i(?) of the matrix N4,

Z(l 2

@)  ZDy - @mmo — | zo zw
11x11 AR AC)) z(9)
11x11

Z(i)(Dx) = <Z£(,Z;3 (DX)) ’ Z(j)(Dx < >
3x3
)

zO(Dy) = (2.} (Dx)) . ZO)(Dy) <Z<9
5%x3

(1) _ 1 oy (4) (4)
ZW(Dy) = —=(yA—2K9T®(A A

gh ( ) N (’Y ) ( )59h + wll ( )8xgaxh

2 4 3 4
Z;h)(Dx) = ( ) Z%ph ) Z; )( = wé1) Z Sgph g~
ZW(Dy) = A AS @ (p) &

o Dx) = N( + W3 A dgh, + w3y ( )m7



96

Tarun Kansal

5 4 8 6 8
Z8)(Dx) = wi,}bm(A)a—%, 29 (Dyx) = 25 (Dx) = 0,
7 4 a 9 4 .
Z0)(Dy) = ;gm(m%, Z0(Dy) =wyyn(A) i=1,.,4 j=56 =18
. 4 4) &
i) YO = (n?(x)) YO =@ + B (x +Zn ) o (x
11x11
4 4 % 4 4 %
Y;+é,p+3( ) 7"21)§1 +ZT29 28y (X Y;)(+)6;p+6( )—7“31)§1 +Z7"3 g+1%9(X
4) « 4) « 4 ~
YPx) = riPdx) + il >+Zri;3+2<g<x)
g=1
YPx) = 0 p=1,23 e=10,11 ij=1,..,11 i#}
where
g x|
. e
CQ(X) = 47T‘X| g = ]-7 '757

4 4 4
4 - 4 _
A= - (I )Tt o9 = Tl it =TT -
p=1 “j=1,j#p i=1 1=1,i#l
5 5 3
4 4 _ _
7’§1) = Hwi 7’5,3 2:_wq2 H (sz_wg) L Tz(’,l):sz‘ g
i=4 i=4,itq i=1
3
Tg?gﬂ = —w.? H (Wi —w2),
i=1,ie
2 2 2 2 2 2 3
(4 _ _wWiw; fwiwstwiws  (g) _ —2
Ty = wi‘w%wg‘ ) T4o 11;[1% )
3
riy = wit [ @P-wd)T I=1.4 g=45 e=1,23.
i=1,ie
If we introduce the matrix
GW(x) = RY(Dy) YW (x) (79)
then, we obtain
F®(Dy)GW(x) = FY(Dy)Z(Dx) Y (x) = ©(A) YW (x) = 6(x) I(x).

Hence, G (x) is a solution to equation (42) for i = 4.
Theorem 4: If the condition (41) is satisfied, then the matrix G (% (x) defined by the equation (79) is the fundamental solution
of the system of equations (40).

VL. Basic Properties of GV (x)

Theorem 5: Each column of the matrix G(1)(x) is a solution of the system of equations (37) at every point x € E3 except

the origin.



Micropolar Thermoelastic Diffusion with Triple Porosity

97

Theorem 6: If the condition (41) is satisfied, then the fundamental solution of the system of equations F(D,)U(x) = 0 is

the matrix
wlh w® w©)
W(x) = (Wgh(x)) = w® w® w®
11x11 w@® w® WO
11x11
where W) (x), p = 1,...,9 are defined in Appendix E.
Lemma 2: If condition (41) is satisfied, then
1 1 ~
A (A) = ZAD)NY () - =TD(A)(A +K),
A N
1 1
A (8) = 1[AV) - L@A+RYGA+ ).

Proof: Consider

wiy(A) = -

AN
Now

rAa) = !

Therefore,

Awi(A) =

[— S AND L (8) + G T AFD(A) + 76, AN“)(A)] }

Awi(A) = _i]v{[;iw(m (AA + pw?) N }(7A+K) [(A’w)(vAH?) -

= ADMFD @) - LTOA)GA +R),

Also taking the R.H.S. of equation (81),

a
Theorem 7: If condition (41) is satisfied and x € E® — {0}, then

1~{{(XM)WAH?)—K*Z]Nﬁ)(A)Jr(WAJrff) [ N

%i{hﬂA+quﬂ7A4-k)+lﬁgA}—(dA4—kXﬂA—Fmﬁ)}

[(a + B) (A + pw?) — K*Z] = Aw(A).

6 8
H(l)(x) = Vdiv lejgj(x) — curl curl leege(x),
j=1 e=6
H® (x) = H(?’) = curl Zaﬁgege
e="7
HY(x) = Vdiv|zc(x)] — curlcurl ZI4e§e(X)7
e=7
) ) §
5
HY ) = 5= ;xsqm(x% HO (x) = HY (x) =0,

6
7 0 9)
Héi)(x) = o, ;xmﬁj(x), H( Zm9ql]§J

i=1,23 ¢ql=1,...

)

i IND(A)| = A{[m + p?NYY — o ANE) |+ mGTOANT (A) + TlngN{y(A)}.

~1N{ {(/\’+u)(7A+f() —K*Q]ANS)(A) + (vA 4+ K) x

(80)

81

a >+71<1T0N£;><A>+71<2Nfé>m>}}-
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where
( ) e % e *
G NO(22), 2y, = (=1) (A2 - K) - (1)K
Y NN - T N - N
N (1)
_ (ED(EA? - pw?) _ 1 _ T35 () 2
Tae = N/\E(AE—A%) y  L49 = _di)\? Lsqj = TN 7Q+1(_)\j)a
5 s T
Trgj = —AiquH;l(—A?), Toqj = ANquH( ) j=1,....,6 ¢l=1,...,5 e=T78 (82)

Proof: From equation (75),

Agi(x) = —Ng(x) j=1,...,9.

Thus, we have

—i(V div — curlcurl)g;(x) = Jg;(x), x#0

Aj
Consider
1 .
H (x) = RUD)Y () = {Nm +K)ITO(A) + de} Z i
8 ~
Z { [ N/\Q( A2+ K)TW (=A%) 4 wﬁ)(—)\i)] V div (83)
1 ~
e (=727 + K)yr® (—A3) curl curl}gj (x).
J
From equation (80), we have
1 -1 1 .
i) (=39) = =3 AV DN (X)) + 5T (=] + K).
J J
Using above equation in equation (83), we get
8
(1
HW (x Z { [ e A(l)( )\?)Nl(l)( ) Vdiv + N/\. (— 'y)\2 + K)rM (- )\f) curlcurl}gj(x). (84)
— J J
Now, and
1) 2 (1) _ -
1)
PO = &2 ) 5z i AV = 0 j=18. (85)

By virtue of equation (85), equation (84) becomes
)e+1( v )\2 + f{)

1
1) ROROTY
H VdIVZ|: /\2 T3, N (=) )} gj(x+)curlcurlz N2 — A2) Se(x)
6 8
= Vdiv Za:ljgj (x) — curl curl leege(x)
e="7

j=1
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The remaining formulae of above theorem can be proved in the similar way.
Lemma 3: If the condition (41) is satisfied, then

6 6 6 6 6
1 1 1 1 1
dors = DorN =D rgN =N = N =0,
Jj=1 j=1 Jj=1 j=1 j=1

6 @ 6 rz())l) 6 1:1
1)y10 _ J o _ -2 _
Zr3j)\j = -1 Ziz_H)‘i IRy (86)
j=1 j=1 " i=1 pw? Ny’ (0)
and
6 6 . 8
doay =) Y w A=A Y m A= (87)
j=1 j=1 e=7
Proof: Consider
NP (=22) = =KD + BiXS + BoXS + BsA! + Bid2 + N (0), (88)
where B, p =1, ..., 4 are coefficients, independent of A; and skipped due to lengthy calculations.
Using equation (68), relations (86) can be proved by direct calculations.
From equations (86) and (88), we get
6,1 6 -1
ST NP (03 = e[ KDoA + BiXS + Bodd + BsA? + By + N1y (0477
j=1 "3 j=1
6 (1) i
e T _ A
= N1 (0) Z EVEEEWCL
=N
and
6
< < (1
SN (02 =3 rl0 [ = KDoA + BidS + BadS + BsA? + ByX? + N{1(0)] = K Do.
j=1 j=1
Therefore, from equation (82), we have
: : Tz(zl‘) (1
Yoay o= = TN (A = — ()
— — AN?
j=1 Jj=1 J
6 6 .(1)
T3~ KDo  5-
Sapa = =Y NP =22 = A
— — A A
Jj=1 Jj=1
Also, we obtain
: v
TN = ——= = —j~ L.
Z leAe N 14
e="7
Theorem 8: The relations
Gl()z)(x) — Wpe(x) = constant + O(|x|) p,g=1,...,1L. (89)
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hold in the neighborhood of the origin.
Proof: Consider

HY (x) - W (x) = Vdiv ¥y (x) — curl curl Yoo (x),

where

From equation (91), we have

: IUOO J x|971 1 x| 1 o OOLQ)\f ot
=t g=0 Jj=1 g=0
1 6 L 6
_ 2 N
- gw[ Z lxl(zw D] i S+ S
Similarly,
172 3 8 1 L8
- B , )
)/22()() — _g |:X| ;1'16 - |X|(;xle)\e + ﬂ):| — E;xle}\e —+ }/44()()7
where
: L SN
Vag) = == 3wy D — Il
Jj=1 g=3
1S 9N
- g 3
Y44(X)__Ezmlez ' |x[9
e=7 g=3
Clearly
~ 9 6 ~
Vo) = O(x]),  5=¥q(x) = O(x]),
0% -
ameaxlnq(x) = constant + O(|x|) e,i=1,2,3 ¢=3,4.
Consider
o \Ixl )~ &P 022\ [x[) [P X
Hence,
3
1 0% (1
= a3 =0
x| 2_25$12<|x>
Therefore,

1 1
(Vdiv — curlcurl):— =JA— =0

| |

(90)

oD

92)

93)

(94)

(95)

(96)
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Equation (90) with the aid of equations (87) and (92)-(96) becomes
HWY (x) — W (x) = Vdiv Ya3(x) — curl curl Yy (x) = constant + O(|x|).

Similarly other formulae of equation (89) can be proved.

Therefore, matrix W (x) is the singular part of the fundamental matrix G!)(x) in the neighborhood of the origin.

VII. Summary and Conclusions

This paper focuses on deriving the linear theory of mi-
cropolar thermoelastic diffusion with triple porosity with-
out utilizing Darcy’s law. The Firstly, the governing equa-
tions are reduced in an isotropic medium. Subsequently, the
fundamental solution G (x) for the system of equations
(37) in the case of steady oscillations is obtained . Addi-
tionally, the fundamental solutions GV (x), i = 2,3,4
for the system of equations (38)-(40) in the cases of pseudo-
static, quasi-static oscillations, and equilibrium are also ob-
tained. The fundamental solution G()(x) derived for the
system of equations (37) allows for the investigation of

three-dimensional boundary value problems in the theory
of triple porosity micropolar thermoelastic diffusion elastic
solids using the potential method. Furthermore, this method
enables the construction of fundamental solutions for the
system of equations in the linear theory of isotropic microp-
olar thermoelastic materials with triple porosity. By obtain-
ing these fundamental solutions, a basis for analyzing and
solving boundary value problems within the linear theory
of micropolar thermoelastic diffusion with triple porosity is
provided. The derived fundamental solutions contribute to
understanding the behavior and properties of these materials
under various conditions.

VIII. Appendix A

2
Fé;)(Dx) = [pA+ Pw2}5pq + (X + N)a axqa
1 1 X 1 1 0
Fzg;q)Jr?)(DX) = FISJF)?)Q =K ngqa Zg,q)JrG(D )= _Fq(+)6,p(D ) Uq%’
1 1
Fyio(Dx) = fclafxp, F(Dy) = ~Go- .
F aDy) = (YA + K)6pg + (a+ f) FY D) =FY, (Dy) =0
p+3;q+3 gl Pq axpaxqv p+3;k\Fx kip+3\HFx ,
FlspioDx) = ApA =y, FP(Dx) = FY(Dy) = AA = By,
F'(Dx) = Fyp (Dx) = AsA = s, Fig' (D) = Fig (Dx) = AsA — s,
1 1 0
Fz§+)6;10(DX) = &, F;E-s-)ﬁ;n(Dx) = Up, Fl(é;)p(Dx) = TlClTOaT’
P
Fl(é;)p+6(Dx) = n1&7T0, Fl%;)lo(DX) = KA + ninT,
0
Fl(é;)u(Dx) = 7T, F1(11;)p(Dx) = Tl@ga Fl(ll,)p+6(D ) = Tlvpa
p
11 10( x) = T Fl(i;)ll(Dx) = DA+ 1'w,
L = p+ K K=-2K"+pJu? pq=123 k=71,...,11
2
Dx) = [pAd N ,
( ) [iAdpg + ( +'u)8:rp8xq
~ 32
Fpisiq+3(Dx) = 7A0pg + (a+ B) )
P ra dx,01,
Fpiopi6(Dx) = ApA, Frg(Dy) = Fg7(Dy) = A4\, Frg(Dy) = For(Dy) = AgA,
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Fg9(Dx) = Fog(Dx) = 454, F10 10(Dx) = KA,
Fll;ll(DX) = DA, ~p;q—&-3(]:)X) p+3 q(DX) =0
FIE(DX) = Fel(DX) = FZJ(D ) = ( x) = Fky(D )=0
pqg = 1,23 [=7,...,11 1—7,8 j=10,11 k,y=9,10,11 k#y e=1,...,6.

IX. Appendix B
S = (divu, ¢, 0, P), Q= (X1,---5,X6) = (divH, X;, Y, Z) and

NO@) = (M) -

M +pw? —oA —0A —o3A G ToA 1A
o1 AA -y AYA - By AgA — S 116170 Tty
g2 A4A — ,84 A2A — Y2 A5A — ﬁg; 71§2T0 T1U2
o3 AgA —Bs AsA — 35 AsA -3 118370 Tlug ’
—G1 &1 &2 &3 KA+ 10Ty ¢
—Cg (% Vo V3 T1§T0 DA + le

6X6

6
1
= (Ty,..., ), ¥, = = > NI (A)gi,

1 .
F(l)(A):Z|N(1)(A)|, A=)KDp p=1,...,6,

and N i(pl) is the cofactor of the element /N i(;) of the matrix N1,

1 ~ 2 *

7| —k = Vi,
v = ;7{ — -(7A+K)(X + ) —K*Z] VU, + (YA + K) x

[F(l)(A)H +0; VUi —1GTy VU5 — 71V %} — K*TM(A) Cuer},
v = ;f{ - _(04 + B) (A + pw?) — K*z] VU +

(BA + pw?) (A + A3V — K*(A +73) curlH}.

X. Appendix C

¥ = (W, 0 0,,... V),
o) - (@é&?(A)) ,
11x11
8
o) (A) = TWA)AD(A) =T+,
i=1
9
O, 15(8) = AD(A)A+A2) :HA+)\2
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6
o) = @) =[l@a+x),0f)n) =o,
=1
p = 1,23 gh=1,...,011 [=7,...,11 g#h
1 . 2] - _
V@) = g | wna+ R - K7 FD) + A+ ) x
- Uka;lk)H(A) +nGTONG (A) + TGN (A) },
1 . 2] - _
uia@) = e [V wea + ) - K FD@) 4 08+ ) x
- () A TF ) + R )] |,
_ K TM(A) K*(A+)3) _
wp(8) = —Sm = wp(A) = S
a+ B) (A + puw? —K*
’LUé?(A) _ 7( )( - ) 7
Na
5 (1) (1)
Ny, (A) 1) N, (A)
wl'p—‘,—l(A) = pT’ wi+1;p+1(A) = pA )
ws (A = wl),(A) =0 ip=2,...6.
RO R@ RO
R(D,) = <Rgh(Dx)> | R® R® R® ’
11x11 RO R® RO Hixi1
ROD) = (BYD0) . ROD. = (RDY)
3Ix3 3x5
ROD, — (RD) . ROy (RD.)
5%x3 5%5
RU)(Dy) Lat Bro s, + w(a) o
gh N g 11 aa:gﬁxh’
2 0 & 0
2 1 3 1
Réh)(Dx) = w§2)(A) Zggphiv Réh)(Dx) = wél)(A) ngphia
= Oz = Oz
R(4)(D ) _ l(A+)\2)(~A+ 2)6 + (1)(A) 62
gh X - N 9)\H pw gh Wag axgaxh7
5 1 8 6 8
RE)(Dy) = w;g”(A)a—%, R\Y(Dy) = RS (D) =0,
7 1 a 9 1 . .
Réh)(Dx) = ’UJ;_BQJ(A)TJ;}L, Réh)(Dx) :’Ujé_g2;h+2(A) 1 = 1,...,4 7= 5,6
XI. Appendix D
8 8 8 8 8
2 = [ =) TIO3 =) TG =) [T =) [T 8 = A3 =23,
=3 j=4 =5 p=6 k=7
8 8 8 8
PR [ CSEPH | [EEPHY | [DYEP || [CEEPHE | [ErEPSIPEEPH)
=3 j=4 =5 p=6 k=7

1=1,8.

o7)
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8 8 8 8 8
o= ][ A T3 LT3 =) [T =20 TT 8 = 203 = X9,
i=2,i#3 j=4 1=5 p=6 k=17
8 8 8 8 8
a = J[ 03=2) I G-I -D]] H —\2),
1=2,i7#4 J=3,j#4 =5 p=6 k=7
8 8 8 8 8
o= J] OT=2) I 3= J] 3= JJO3=2) ]G =2 = x3)
1=2,i#5 7J=3,j#5 1=4,l#5 p=6 k=7
8 8 8 8 8
o= JI &= T 3= T 03-20 II Q3= [T =203 =23)
1=2,1#6 7j=3,j#6 1=4,l#6 p=>5,p#6 k=7
8 8 8 8 8
o= I =00 IT W8-20 T 8- IT 0i-2) I (8- -2
1=2,i#7 J=3,J#7 1=4,1#7 p=>5,p#7 k=6,k#7
7 7 7 7
s = [JOT =20 TTOZ -2 [0 =20 [T =20 TTOS = A0 = A2
i=2 j=3 1=4 p=5 k=6
8 8 8 8 8 8
2 = [IOT =2 TIOS =) TIS =D TTO: =) [Ts =2 [T —A%)-
=2 7j=3 =4 p=>5 q=6 k=T
HO = (H00) L HOG = (106)
3Ix3 3%X5
HOM = (H700) - HO0 = ()
5x3 5x5
HO(x) = RODOV(x), HY(x)=RI(DY (x),
HO(x) = ROD)YVP(x), HD(x) =0,
e = 1,2,3,4 y=56 =78 i=1,3"7 j=24 [=59 ¢=6,8.

XII. Appendix E

i
=
=
Py
%
z
Il
<
>

(i) - Wi = (wilea) . Wk = (W)

WO (x) = (Wg(z) (X)) , Wg(}ll) (x) = P Vdiv — %curl curl] G (%),

5x5 A I
Wg(z) (x) = 0, Wg(i) (x) = [; Vdiv — %curl curl} 6 (%),
M%w::é&%iﬁ@x
W) = Wi o = AR ARG g = A G,
W£%>=fi%4imm W ) = WY ) = R0 o,
Wi = WiPe) = SRR, W = W20 =0,
W = ik, W0 = sk, W) =W () =0,

i = 1,....4 j=56 1=7,8 e=1,23 y=4,5 ¢=2,35,6,7,8.
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