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ABSTRACT

The main goal of this article is to derive the basic governing equations for the linearized
theory of a micromorphic thermoelastic diffusion medium. This encompasses the analysis of
microtemperatures, microconcentrations, and triple porosity. Moreover, the objective is to
establish the fundamental solution for these equations in situations involving steady
oscillations and equilibrium, presented in elementary functions.
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1. INTRODUCTION

Eringen [1-5] introduced continuum theories with microstructure, which Grot [6] extended to
thermodynamics of elastic bodies with varying microelement temperatures by modifying the
Clausius-Duhem inequality and incorporating energy balance laws for microtemperatures.
lesan [7, 8] advanced the theory by formulating field equations for microstretch thermoelastic
bodies and deriving a linear theory incorporating additional mechanical degrees of freedom.

Aouadi et al. [9] developed nonlinear and linear theories for thermoelastic diffusion materials
with microtemperatures and microconcentrations, proving well-posedness and studying
solution behavior. Chiril and Marin [10] and Kansal [11] further refined constitutive relations
and field equations for materials with microstructure, emphasizing microtemperatures and
microconcentrations.

Triple porosity, characterized by macro, meso, and micro levels, is pivotal in elasticity and
thermoelasticity, with significant contributions by Svanadze [12], Straughan [13], and Kansal
[14] in deriving governing equations. Fundamental solutions, crucial for solving boundary
value problems, have been extensively explored in elasticity and thermoelasticity theories,
leveraging elementary functions for practical and numerical applications [11, 12, 14-17].

This paper develops constitutive relations and field equations for anisotropic micromorphic
thermoelastic diffusion materials with microtemperatures, microconcentrations, and triple
porosity. It reduces the anisotropic equations to isotropic forms, derives fundamental
solutions for steady oscillations using elementary functions, and constructs solutions for
equilibrium conditions.



2. BASIC EQUATIONS

We consider a scenario where, at timet,, the body occupies the bounded regular region B

within three-dimensional space. Our focus is specifically on the linear theory of elastic
bodies. Following lesan [7], Aouadi et al. [9] and Kansal [14], the dynamical equations are:

Balance of linear momentum:

ti;+pfi =pl;, 1)
Balance of first stress moments:
Myiq + i =S5 +pl; =pS;, (2)
Balance for energy:
pU = tu;; + (s — tij)(i)ji + mgij(i)ij,g +0;; Vi =PV, 3)
Balance of first moment of energy:
pg; =Q;; +0; —®;, (4)
Balance of first moment of mass diffusion:
PXi =&jij TMi — Vi, (5)

where p,, i =1,2,3 satisfy the relation

Qm +p, +pA; = pryVvy,

Qi+ Py +PA, =pK,V,, (6)

Qm +P; +pA; = pK,V,.
Here t; are the components of stress tensor, u; are the components of displacement vector u,
pis the density, f;is the body force, m are components of first stress moment tensor, s;
are the components of microstress tensor, c;are the components of inertial spin tensor per
unit mass, 1;is the first body moment density, U is the internal energy density, ¢;,y; are the
first moments of energy vector and mass diffusion respectively, ¢; are the components of

microdeformation tensor, «; are the coefficients of equilibrated inertia, v; are the volume
fraction fields corresponding to macro-, meso-, micro-pores respectively, €, are the

components of equilibrated stress vectors corresponding to v,, A, are extrinsic equilibrated
body forces per unit mass associated to macro-, meso-, micro-pores respectively, g;,n, are
the components of heat flux and mass flux vectors, Q;,&; are the first heat flux and mass

diffusion moment tensors, @,,v; are the microheat flux and micromass flux averages.

Following Aoaudi [9], the local form of the principle of entropy is given by the following

expression:
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where S, P are the entropy and chemical potential per unit mass respectively, T is the absolute
temperature, and T, is the microtemperature vector.

The local form of the mass concentration law is
Nii = C, (8)
where C is the concentration of the diffusion material in the elastic body.

For each micro element, the mass conservation law becomes
C=(n,+ Ciaji),,-- ®)
The spin inertia is given by
=11y by by (10)

where ﬁgj is the microinertia tensor.

Eringen [18] introduced a special kind of micromorphic solids called microstretch solids. In

this case, for all motions, we have
1 1 1
by =93, My, 39%9 6”,I 3r ES“,nIJ 37:28
where ¢ is the dilatation function, ‘Rg Is the microstress vector, t, is the generalized external

body load, and , is a given constant.

(11)

ij !

Equations (2) and (3) with the help of equations (4), (5), (9)-(11) and inequality (7) become
R,y —S+pT = przd) (12)

i . ) . .1
p[ST—U—TiSi_CiXi]"'tij +ER¢ +S¢+Qu ij pivi+?qj e TQJ" QJ'T'J+PC

+(qi_wi)Ti_PCiaji,j_PCi,jaji_'_P,j .]I:PUT +T( Tiajij & C;+(n; —v;)C, 20.
J

(13)
where s =s; —t; is the intrinsic body load, and e; = %(u” +Uj,;) are the components of strain

tensor.

Introducing the function TbyI' = U+ T, +C,x, — TS, the inequality (13) in the context of
linear theory can be expressed as:

—p[[+ST-Tg, —Cii]+t,8 + Ry, +50+ Qv pivi+ ~Q,T,;+PC 14)
+(g; - )T+P n,+§,., i +(m; —v;)C,; 0.



The function I' can be written in terms of independent variablese;,,¢;,v;,v;;, T,T,,
T.T;;,C,C;,C;andC, ;. Therefore, we obtain:

i hijr

S arvi+ar g+ Oy g Ay g,
oo, o o i a e, M e e T -
oy e, or I W
aT, Mhac T ac, ec, ac,

i i ij

Inequallty (14) with the help of (15) becomes

or |, or |. or or
I:tij_pgijj|eij+|:gij_paj| Vi |:p +pgjv +{S pa_d)}(l)—l—l: 9 aq) }(I)g

or | or |. or or or or
+plg——|T, + ———|C. —p|S+—=|T+|P-p—|C—p—T,-p—T,.
p{' 6TJ' p{x' acj i p[ GT} [ pac} Pt i Par,
or or
_pfc pfc +— q jl Ij+(q| ’GJ)T-FP n]+&1|j |+(ni_Ui)Ci20'

The inequality must hold for all rates &;,¢,¢,,v,,v,,T,T,,T,,T,;,C.C;,C;and C,

i,j? i,j!
Therefore, the coefficients of the aforementioned variables must equate to zero, |nd|cating:

or or or or or or or
bGP =P P =P S =P Ry =P = o = o
e, ovi, ov, o9 09, oT, oC,
5o L p oL ar a0 g oo (16)
ot Pactet, T e, 6C;, ' eC

i J ij

i —T1Q;T; +T(d, —@) T, + TP, + TE; ,C; + T(m; —v;)C; 20,

ji,ji~i

Let us introduce the notations
d=v-vy, 0=T-T,,

whered = (¢,,9,,9;), T, is the reference temperature of the body chosen such that | —| <<1,

v, are the volume fraction fields in reference configuration.

In the linear theory of materials possessing a centre of symmetry, we can take I' in the form
2pI' =¢; +2a;€;0 + 2b;e,C +2c,€,0, +2d;€,0, + 2f,€,0, + 2v,;€,;0 — 21,,0 —2n;¢,C
_pC.8’
0
+ 2Dij¢1,i¢2,j + 2Eij¢2,i¢3,j + zsij(l)a,i(l)l, O'IjTIT Bu i ZVUTC 2Pij¢1,jTi - 2Uij¢2,jTi - zxij(I)S,jTi
—-2M;0,,C, —2T,0, ,C; — 2;05,C; + ad® —2c09 - 2dC¢ - 25,00+ V0,0, -2W;0 T, —2X;0 ,C;.
(17)

Using the above equation (17) in the system of equations (16), the following consecutive
equations are obtained:

'ng ij gy

—2a0C+hC? + O(‘i(l)iz +200,0,0, + 205,05 + 20,5050, + Aijd)l,i(l)l,j + Bij¢2,i¢2,j + Cij(l)s,i(l)s,j



t; = Cijgy€qy + Cii0y +dyd, + ;05 + V0 +2a;0+b;C,
Qy; = Aydy; + Dydy; + 505, — P T, —M,C,,

Q,; =Dydy; +Bjjdy; +Ejos; — U T, - TGy,
Qg =S01; + Eydyi + Cydg; — Ay T; — %G

P, = —C;i€; — oy — 0,0, —0Ledy +5,0+1,0+n,C,

P, =—0;€; — 0Ly — a0, —asdy +5,0+1,0+1,C, (18)
p fie —aed —agd, —ayd, +5;0+ 1,0 +n,C,

pe; = _Pijd)l,j - Uij¢2,j _xij¢3,j _Vvij¢ i a"T' _Yijij

p _Mij(l)lj _Ti'(l)zj _Xij(l)s,j - Xij(l) YJ.T B., i1

pS=-a;&; + 1o, +co+ $ 9+aC P=b;e; —n;¢;, —do—ab +bC,

0

S=V;€; —S;0; +adp—cO-dC, R, =V, o, - W, T, - X;,C,.
The linear expressions for g, Q;, @;,n;, &;, v, are

i =k, +1,T,,Qy = —my, T, @, = (k; —K;)8, + (i, — L) T,

ijyg "9y’

n; =h;P;+m;C;, & =-ny,,C, o 0 = (hy; —Hy)P; +(m; —0;)C,;. (19)
The lineralized form of inequality (7) is pTOS =0;;- (20)
Considering equations (18) and (19), equations (1), (4)-(6), (8), (12), and (20) can be
reformulated as:
Ciigy€qy.j + Cij0rj + by +Fydg; + Vb +2,0;, +0,C; +pf, =pli;,
mleng yi a"T' _Yijcj - Pijd)lj - Uij(i)Zj _Kij(i)ﬂ (I) =K, 6 T LIJTJ’
nlegCg yi yJIT Bu i MIJ(I)ll TIJ(I)ZJ Xu¢31 Xud) - H P + OIJCJ’

—PiT; = MGy + Aydy; + Dyd, i + 5055 — a0, — a0,
(IG(I)S +5,0+1,0+n,C+pA, :pKl(I)l,

—dye; —UyT = TiCi i + Dydyy + By, + Ejjdsyy — 0tudy — a0, (1)

5¢3 +8,0+1,0+n,C+pA, = psz)zf
i~ AT = %iCij + S0y + Eyday + Ciidgy — ey — 050,
0L3¢3 +5,0+1,0+n,C+pA, = szif)s,
— W, Tig =X Cig +5i0; + Vg, —ad+0+dC+pt, = pr,d),

T [—a..é.. + 1, +ch+aC]+pC0=k0; + 1T,

ij i
h;[b,€, —Nn,é, —dé—ad +bC]; + m;C, =C.

ij~7 ],



For an isotropic and homogeneous material, the subsequent equations (18) and (19) are
simplified to:

t; =2e,,0; +2ue; +[A 0, +fo—B,0-B,CI5;,

Q) =A0; + A0, +Asdy; — BT, -B,C;,

Qy =A,0,; + Ay, +Asds; — B, T, —BC,

Q= Aghy; +Ash,; + Azdy; — BT, —B,C,,

Py =—A&; — o, — o, —agdy +5,0+1,0+n,C,

P, =—A 85 — 0l — 0y, —ashs +5,0+1,0+n,C,
Py = K48 — ey — A5, — gy +5:0 + 1,0+ n,C,
pe; =—Bid,; —B,0,; —Byby; —Eid; - D, T, - D,C;,
Pxi =—Byd1i —Bsdp; —Bgds; —Ez9; —D,T; —D,C;,

PS =Py +1id; +C¢+@+aC’P:_B2€gg —Ni¢; —d¢—ab +bC,

0

s=fe,, —s;¢; +ap—cO-dC, R, =-ET -E,C +vd,,
0 =k, +KT;,Q; =—Kk,T,,8; —ksT,; —Ks T, @, = (k—K;)0, + (k, —k,)T;,

ji?

n, =hP, +h,C,,&; =-h,C, 8, —h,C,;, —h,C,;, v, = (h—h,)P, +(h, —h,)C.. (22)

ji?

where

Cijgy = MO0y, + 18,8, + 18,0, a; = —B,3;, by = —B,6;,¢; = K,8;,d; =4,8;,F; =A5,

ij? ij?

v; =16;, A; =A5;,B; A6C ASD A8E = Agd;, S = Ag;;, Py = B,

]’ )’ ]’ I’ Iy’ ]’ ijruij ij

U, —BS,J,K =B,5;,M, =B,5;,T; = BS,J,XU—BS a; = D,5;,B; = D,8;,7; = Dby,

ij? ij? ij?

W, =E,5;, X; EBV v8;, Ky =Koy, 1 =K, 8y, Ly k8K =Kk;0;,h; =hs;,m; =h,5;,

]’ ijr j ijr 1’ ]’ ijr i 1’

=h,8;, My, =K,8;0,, +Kg0;,0;, +Ks8;,0, O—h6 n, —h88 +hd,,0, +h88

ijgy =gy ig™jy ig? ij* ijgy =gy ig™'jy
(23)
Here &;is Kronecker’s deltaand A, u, f,B,,B,,4;, A5, A5, Ao s Ag, By, By, Dy, D,
D,,E,,E,,v.k,h ki,....... Ksandh,,....... ,h, are material constants.

Using equation (23) in equation (21), we obtain the governing equations for homogeneous
isotropic  micromorphic thermoelastic diffusion materials with microtemperature,
microconcentration and triple porosity effects in the absence of heat and mass diffusive
sources:



pAU+ A+ ) V(V-u)+ & Vo, +TVd-B,VO-B,VC =pl,

(KA =K,V + (K, +k)V(V-V) -k, VO =D,V +D,Ww+B,V, + E, V4,
(heA—h,)w+(h, +h,)V(V-w)-h,VP =D,V +D,W+B,_V, + E,V,
-R,(V-u)-B(V-Vv)-B,(V-W)+ (A A— )b, + (A, A—0,)0, + (AgA—ag) b,
+5,0+1,0+n,C=px,d,,

-8, (V-Uu) =B, (V-V) -Bs (VW) + (A,A -0 )y + (AA —0p), + (AsA — 0 ) 9y
+5,0+ 1,0 +1,C = pK,0,,

Ry (V-u) =B3(V-v) - Bg (VW) + (AgA — 016 ), + (AsA — ) d, + (AgA —a5) 0y
+5,0+ 1,0+ n,C = pi,d,,

—f(V-U)—E,(V-V)-E,(V-W) +8,0; + (YA — ) + €O +dC = pt,9,

T[B,(V-0) +1¢, +cd+aC]+pC.H=kAO+k,(V-V),

hA[-B,(V -u)—n,p, —dd—ad +bC]+h,(V-w) =C,

(24)

where A,V are, Laplacian and Del operators respectively.

In the following sections, the chemical potential has been adopted as a state variable rather
than concentration. For this purpose, the eleventh equation of (22) can be rewritten as:

C:%[Bzegg+ni¢i+d¢+a6+P]. (25)

Hence, the system of equations (24), with the assistance equation (25) is transformed into:

HAU + (M + V(Y -U) + &,Ve, + o Vb —9,V0 - 9,VP = pil,

(KA =K,V + (K, +K)V(V-V) -k, VO =D,V +D,W+ BV, +E,V,
(h,A—h,)w + (h, +h,)V(V-w)-h,VP =D,V +D,W+B,_,V, +E,Vé,

SR (VU) =By (V V) - By (VW) + (AA = 5)0; + (AA =), + (AsA — )
+8,0+&,0+V,P =pr,d,,

- R (V1) =By (V V) - Bg (VW) + (A,A =G )b + (AA =), + (AsA = L5)o,
+8,0+&,0+V,P = pK,d,,

- Ry (V1) = By(V V) - By (VW) + (AgA — Co )y + (Ash = Ca), + (AsA = C4)
+ 850+ ;0 +VaP = picyds,

—p(V-U)=E,(V-V)-E,(V-W) + 8,0, + (YA—B)$+ N0+ EP = p1,,
~T,[9,(V-0) + &b, + nd+cP+1b]+ Kk, (V-v) +kAB =0,

—[82(V )+ Vb, +EQ+ O+ mP]+ h,(V -w) +hAP =0,

(26)

where
w=b"9,=0pB,,9,=p,+a9,,k, =k, —n9,,A'=1-9,8,,c=aw,V, =n.w,



G = NV, Gy =0, =NV, G5 =as —N,Vg, 0o =0 —Nyvy, & =1 +nig,
o=f-9,d,5, =s, +vid,§=dm,B=a—d§,n=c+dg,n=p_r—ce+ag.

0

3. STEADY OSCILLATIONS

The displacement vector, microtemperature, microconcentaration, volume fraction fields,
microstretch, temperature change and chemical potential functions are presumed as

[u(x, t), v(x, t), w(x, t), d(x, t), d(x, 1), 0(x, 1), P(x,t)] = Re[(u”, v ,w",¢",6",0",P)e ], (27)
Where, o is oscillation frequency.

By employing equation (27) in the system of equations (26) and omitting asterisks (*) for
simplicity, we derive the system of equations for steady oscillations as:

[UA + po?Ju + (A + WV (V -U) + XV, + o Vd—9,V0—9,VP =0,

[keA -k, + 10D Jv+(k, +Kk)V(V V) + 10D,w +10B,Vd, + toE,V-k,VO =0,
oD,V +[h,A-h, +10D,]w+(h, +h)V(V-W) + 1B, ;Vd, + twE,Vd-h,VP =0,
- Ry (V1) = By(V V) - By (VW) + (A, A = 1,)0, + (A, A = C,), + (AsA =)o,
+8,0+&,0+Vv,P=0,

<Ry (V1) = By (V V) - By (VW) + (A,A = C, )b, + (A4 =7,)0; + (AgA =G )
+9,0+&,0+Vv,P=0,

- Ry (V 1) = By(V-v) - By (VW) + (AgA =)y + (AsA = Co), + (AA =73)d,
+3,0+&,0+V,P=0,

—(V-U)—E,(V-V)-E,(V-W)+ 8.0, + (YA—B)d+nO+EP =0,

T[S, (V-u)+E&d;, + nd+cP]+ Kk, (V-V) +[KA +10nT,]6 =0,

10[9,(V-u) +v,0, + £ +cB]+h,(V-W) + [hA + 1ow]P =0,

(28)

where, y, =, — pi,0?, B = B—p0’T,,i =123.
We introduce the second order matrix differential operators with constant coefficients

F(D,) =(F,.(DY)). ...

where
2

, 0 T 0
Fij(Dx) :[HA+p('02]8ij +(}\‘ +”) 6Xi8Xj ) Ij+3(D ) |j+6(Dx) =0, I:i;jJrQ(D ) x 87
0 0 0
Fi;lS(Dx):SOGTYFi;M(Dx):_Sla Fias(Dy) =—8, — P F.3;(Dy) =0,



o 0
Fi+3;'+3(Dx) = [k6A + kS]Si' + (k4 + ks)—a Fi+3;'+6(Dx) =10D,;6;;, Fi+3;'+9(Dx) =10B, —,
J ) axiaxj J ] J J@Xi
0 0
|+3 13(D ) - l(’OE 6 ! |+3l4(D ) - 8X ! Fi+3;15(Dx) 0’ |+6](D ) 0’ i+6; j+3(D ) =wb 8“’

82 0 o
Fuejis (D)) =[hgA+hg]5; + (h, +h5)m!|:i+6;j+9(Dx) =lmBj+38_Xi’Fi+6;13(Dx) =10k, 6_Xi ,
0 ~ 0 0
2 E D)=—%-2 F. (D)=-B -2,
3 OX |+9,j( x) i oX I+9,]+3( x) i ox

i i J

Fi+6;14 (Dx) =0, Fi+6;15 (Dx) =-h

0
Fi+9;j+6(Dx) = _Bi+3 67' Fi+9;i+9(Dx) = AiA —Yis FlO;ll(Dx) = Fll;lO(Dx) = A4A - C4'

j
FlO;lZ(Dx) = FlZ;lO(Dx) = AeA - Cev Fll;lZ(Dx) = FlZ;ll(Dx) = AsA - Cs’ Fi+9;13(Dx) :8i ) Fi+9;14(Dx) = gi’
8 0 0

Fi+9;15(Dx) =Vi, 131(D )= XJ Fis, 1+3(D )= 5Xj 1F13;j+6(Dx) = _EZGTJ-, Fl3;j+9(Dx) = 6,"
0 0
Fiaus(Dy) =vA— B Fis1a (D) =N, R0 (D) =&, 14](D )= T,— 0 ox 14]+3(D )=k — 8X
j
F14;j+6(Dx) =0, F14;j+9(Dx) = l(")&jTO’ Fu13(Dy) =10nTy, Fyq, (D) = KA +10nT,
8 0
F14;15(Dx) =106T,, 151(D )= 5 Fs. j+3(D )=0, F151+6(D )=h— l5j+9(D )—I(DV
XJ " ox j
F15;13(Dx) =g, F15;14(Dx) =10¢, FlS;lS(Dx) =hA+ww i,j=12,3
where k; =10D, —k,,hy =10D, —h,.
and
F(D,)=(F (D))
where
- 82 62
F(D,)=pAd, + (A" + , D kA6+k+k
u( x) W ij ( ”) aX aX I+3j+3( ) ( ) 8X

O XiOX;
~ o? ~ ~
Fi+6;j+6(Dx) = hGASij +(h, + hS)M’ Freis (D)) =AA R (D)) =
1110(D ) A A, F1012(D ) F1210(D )_A A, ElllZ(D )_ElZ;ll(Dx):ASA’
1313(D ) =7A, F1414(D ) =KA, F1515(D )=hAi,j=123

and remaining elements of matrix F(DX) are zero.
The system of equations (28) can be represented as

F(D,)U(x)=0,
where U = (u,v,w, ¢,¢,0,P) is a fifteen-component vector function for E3.
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The matrix ﬁ(Dx) is called the principal part of the operator F(D, ) .

DEFINITION 1: The operator F(D,) is said to be elliptic if ‘E(m)‘io, where
m=(m,,m,,m,).
Since[F(m)|= p*akkk hheh y9m™, 2 = 142u,k, =k, + K +Kg,hy =h, +hg+hg,
A, A, A,
9=|A, A, A.|, therefore operator F(D,) is an elliptic differential operator iff
A6 AS AS
uikk k hhohy9 0. (29)

DEFINITION 2: The fundamental solution of the system of equations (28) (the fundamental

matrix of operator F) is the matrix G(x) = (ng (x))lSX15 satisfying condition

F(D,)G(X) =3(x)1(x), (30)

where 3(x) is the Dirac delta, 1(x) = (ng )1sx15 is the unit matrix andxeE®.

Now, we construct G(x) in terms of elementary functions.

4. CONSTRUCTION OF G(x) IN TERMS OF ELEMENTARY FUNCTIONS

Let us consider the system of non-homogeneous equations

(A + po2)u+ (M + WV(V -U) — KV, — 0 Vo +10T,9,VO +109,VP = H, (31)
(KeA + KoV + (K, +Kg)V(V V) +10D,w — B, Vo, —E,Vo+k, Vo=V, (32)
10D,V + (hA + hy)W + (h, +h,)V(V -W)—B. V. —E,V+h,VP =W, (33)

Ry (V -U) +10B, (V- V) +10B, (V-W) + (A,A —7,)d, + (AA =)0, + (AA - Lo)d,

(34)
+ 8,0 +10& T 0 +10V,P =X,
%, (VU) +10B,(V V) + 108 (V-W) + (A,A =), + (A,A = 7,)d, + (AA — Cg)ds (35)
+3,0 +10&,T0+10V,P=X,,
Ky (V) +10B, (V V) + 10Bg (V- W) + (AA — Co ), + (AgA — o), + (A,A —7,)0, (36)
+ 3,0+ 10E;T,0 + +10V,P = X,,
@(V -U) +10E, (V- V) +10E, (V -W) + 8.0, + (yA — B)p + 10N T,0 + +10EP = L, (37)
-3, (V-u)-K;(V-V)+ &0 + No+[KA+10Tn]0+ 1P =Y, (38)

-9,(V-u)-h,(V-w)+Vv,$, + o + 10 T,c0+[hA + wow]P=Z, (39)



where H, V, W are three-component vector functions on E3; Xi, L, Y and Z are scalar
functions on E2.

The system of equations (31)—(39) may be written in the form
F'(D,)U(X) =Q(x),
where F" is the transpose of matrixF,Q = (H,V, W, X,,L,Y,Z), xeE®.

Applying operator (V-) to the equations (31)-(33), we obtain
A +pe’](V -u) — X,Ad, — 9 Ad+10T,9,A0 + 109,AP =V -H,
[k,A+kg](V-V) +10D,(V-w)—B,Ad, —E,Ad+ kK, AO=V -V,
1D, (V-v)+[h,A+hg](V-w)-B, ,Ad, —E,Ap+h,AP=V -W .

The equations (34)-(39) and (41)-(43) may be expressed in the form

N(A)S=Q,
where S:(V-u,V~v,V~w,¢,¢,9,P),é=(W1’

N(4) = (N (4)), , =

*M+po? 0 0 -%KA -Z,A  -RA  —pA wT,%A Ww3,A
0 kA+k, wD, -BA -B,A -BA -EA kA
0 wD, h,A+h, -B,A -BA  -BA -E,A 0 h,A
. B, 1wB, AA-y, AA-C, AA-C 5,  wTE v,
1, B, wB, AA-C, AA-y, AA-C 8, 1oTE v,
Z, wB, B, AA-C, AA-C AA-v, 8, 1wTE 1oV,
%) ok, ok, d, 9, O, YA —E o Tyn 101
-9 -k, 0 & &, &, n KA +10T,n 1o
-9, 0 —h, A Vv, V, & wT,c hA+ww

Equation (44) may also be written in determinant form as

L(A)S=Y, (45)
L NA) ~ =~ .
where ¥ = (¥,.......... ¥,), ¥, :%Z Nw, T (A) :%,A _ 7Kk hh y8 j=1......0
i=1
and Njis the cofactor of the element N; of the matrix N .

On expandingI;(A) , we see that

11

(40)

(41)
(42)
(43)

(44)

........ W,)=(V-H,V-V,V-W,X,,L,Y,Z) and

9x9
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N(8) =11(A+22).

where A%, i=1,.....,9are the roots of the equationT;;(-m) =0, w.r.t. m.

Applying operator I'; (A) to equation (31) with the assistance of equation (45), we obtain:
L(A) A+ )u=Y, (46)

0" 1 : .
where 17, = pT"P = E {rl(A)H VI + Wy = Ry — o v; + 109, Toy, + 10)82\|/9]}-

Multiplying equations (32) and (33) by h A +hgand wwD,respectively, we obtain

(heA+hg)[(KeA +Kg)V + (K, + KV (V-V)]+ (heA + hg)roD,w =
(heA+hy)[V +B,Vd, +E,VH -k, V6],
(1wD,)? v+10D,[(h,A+hy)w+(h, + h )V(V-W)]=10D,[W +B

(47)

Vo, +E,Vo—h,VP]. (48)

i+3

Using equation (48) in (47) and then applying I7(A) to the resulting equation with the
assistance of equation (45), we get

[ (AT, (A)V="", (49)

1
where  I,(A)= 5

KeA+Kky, 10D,

,B=k,h,and
D, heA+hyg

W= l{(heA +he)[L(A)V - (K, +Ks) Vy, +BVy, ; +EVy, — kleB]}

B|- LD, [ (AW - (h, +hg) Vy, + BV, + E,Vy; —h V]

It can be seen that L(A) = (A+25)(A+2%,).
Multiplying equations (32) and (33) by wwD, and kA + Kk, respectively, we obtain

10D,[(KeA + kg )V + (K, + K )V(V V)] + (1loD,)’W = 10D, [V + BV, + E,VH -k, VO],  (50)
10D (KA +Kg) v+ (KA + Kg)[(heA +hg)w+(h, +h )V (V-w)]=

(51)
(keA +Kk)[W +B,,,Vd, + E,Vd—h,VP].

i+3

Using equation (50) in (51) and applying I7;(A) to the resulting equation with the help of
equation (45), we get

T, (A, (A)w =P" , (52)

where
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m_ i{(keA + K[ (A)W - (h, +hg) Vy, + B, ;Vy, . +E,Vy, - h1V\|’9]}
B (1D, (A)V - (K, + Ks) Vi, + BV + E,Vy; =K V]

From equations (45), (46), (49) and (52), we have

O(A)U(X) =¥(x), (53)
where

P(X) = (¥, " Y, By) aNd O(A) = (0, (4) ),

5x15 '

©;(A) =L, (A)(A+ 7‘210) = ﬁl(A + kzy)’ O34 (A) = O 60 (A) =T (AL (A) = gvjlilvllz(A + }*Zy)’

9
@H(A)=rl(A)=yH:1(A+x2y),®gz(A)=o i=123j=10,...15 g,z=1...,15 g #

The expressions for ¥','¥",¥", ¥, j=4,.....,9 can be rewritten in the form

¥ = irl(A)JH +Wy, (A)V(V-H)+ W, (A) V(V-V) + Wy (A) V(V-W) +§g:Wu(A) vw;,
n

Y =w,(A)V(V-H) +% (heA+h)I(A)IV +w,,(A)V(V-V)

—%1(0D3F1(A)JW+W32 BV W)+ 3w,y (8) Vw,

i=4

" = w,,(A)V(V-H) —%1(0D3F1(A)JV+W23(A)V(V V)
+i (KA + K )TL(A)IW + W, (A) V(V - W) +§9:wi3(A) vw,, (54)

Y =Wy (A)V-H+W, (A)V-V+W, (A) V- W+ZW (A)w,,
i=4
where J = (Sij )3x3 is the unit matrix and

wil<A>=—i[0u+u) NG (A) — [ N7 o (A) + N7 (8) — 108, TN (A) — 109, N7y (A)]]
. (heA+h)I(K, +ke)N7, (A) - BN.,+3(A)—E NG () + NG ()]
Wiz(A) = AB —10D,[(h, +h5)N,3(A) B (A)-E N,7(A)+h NIQ(A)]
—wwD [(k +k )N|2(A) B Ij+3(A) E N|7(A)+k le(A)]+
el =" 'E'% (Ko +Ky)[(h, + )N, (8) = B N7 5 (A) — BN (A) + Ny (A)] ]
( )|

j+3 i j+3

j+3

Wig (A)
From equatlon (54), we have

¥(x) =R"(D,)Q(x), (55)
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where
R(DX) = (R gZ(Dx))lSXIS !

0? 0?
i;j+3(Dx) =Wy, (A)

Rij (Dx) = 11—‘1(A)6 + Wll(A)
n

OX 8 8Xi8Xj,
0? _ 0
Ij+6(D ) W13(A) X a i;y+6(Dx) - le(A)&!
52 1 0?
|+3](D ) W21(A) i+3;j+3(Dx) =E(h6A+ h8)F1(A)6ij +W22 (A) 8X 8X ’
i
1 0? 0
Ri+3;j+6(Dx) = _EW)Dsrl(A)Sij + Wy (A)M, Ri+3;y+6(Dx) = WZy(A)ﬁ_Xi’
D A o D, )= 1 D.[; (A)d A o
|+6]( ) W31( ) X. Xj i+6;j+3( x)—_EW) 3 1( ) ij+W32( )aXi@Xj’
62

Riis(D) =% (k A+Kkg)I(A)S; "‘Wss(A)Mv Ri6y.6(Dy) =W3y(A)§,
y+6|(D ) Wyl(A) y+6|+3(D ) WyZ(A) y+6 |+6(D ) WyS(A)

Ry.6m6(Dx) =Wy, (A) ,j=123y,h=4,...09.

From equations (40), (53) and (55), we obtain

F(D,)R(D,)=0(4). (56)
We assume that A2 =A% =01, j=1,.....,12.
Let
Y(X) = (Yij (X) )15><15 v 2z (X) Z rlg C.;g (X)

911,12

| (x)= Y6246 (x)= Z I54Gq (), Y, (X)= Z I34Cq (%),

Y;(x)=02z=123¢=10,....,151,j=1........ ,l5|¢j

where
~ hg|X] ~ ), o 911,12 2 aava
Gg(x)— | | 1y 11_[ (7\‘ 7\' ) 11_1/(}\'| ;L/) '
=l,izy 1=11#0
9
r,=1I1 (A-22)"g=1..12y=1..,10 (57)
i=l,izz

(=1,..91112z=1....9.

LEMMA 1: The matrix Y is the fundamental matrix of the operator @(A) i.e.



OA)Y(X)=0(X) I(x).
PROOF: To establish the lemma, it is adequate to prove that

I (A)(A +250) Yy, (¥) = 8(X)
(A, (A)Y,, (X) =8(X)
I (A) Y40 (X) = 3(X) .

9 9 _
Consider I = iz -)*z,,
i=1 2y =

where

9 9 9 9 9 9

2, =TI =A% = 25) TL0 = 25) T = A5) TT (g =25 TT(A =) (A =25,
9 9 9 9 9 9

2y =TI = A) TG =29 TT0M =25) TLOS = 25) T (ARG = 25) TI(A7 —25)(0% = 245),

9 9 9 9 9 9
2, = 1103 -2 TS ~29) TS ~25) TS ~25) 0% ~R3) TL0S ~22)(05 ~15),

i#3

9 9 9 9 9 9
2, = 1103 - W) T -2 TLO% - 22) IL0% ~25) IL0% ~ 1) TL0S ~22)(3 ~5),

i#4 J#4

9 9 9 9 9 9
2, = 1103 -2 1105 ~29) T 0% ~22) T ~25) TL0% ~23) T ~2) (35 ~25).

i#5 J#5 z#5

9 9 9 9 9 9
Zg = !1}2(7»21 -X) Jg(xzz — M) I —7»22)}}5(751 —sz)g(ﬁs =W ILO = 1) (kg — 1),

i#6 j#6 z#6 y#6

9 9 9 9 9 9
2, = T10% =) TL0% = 25) T =22) TL 0%, = 26) TL( = 25) TL0G ~24)05 ~5).

i#7 J#7 z#7 y£T7 g=7

9 9 9 9 9 9
2 = 1104 =) 1105 ~28) TLOG ~12) TLOYG, ~25) T ~25) (05 = 1)~ 25,

i#8 28 z#8 y#8 g+#8

8 8 8 8 8 8
2y = TT(A3 =MD TI( =19 TT05 = 25) TL0S =) I (A5 —25) T (A5 = 25) (0 —25),

9 9 9 9 9 9 9
2= 1102 29110 29 T10 - 12) [105 ~5) 1105 95) 1103 92) [10 75)05 ),

9
Upon simplifying the R.H.S. of the above relation, we obtain Z ry =0.

Similarly, we find that

15

(58)

(59)
(60)
(61)

(62)



r,(k2 22) O,QrI
3 3i

9

Z

i=
9

20

5
i=8

Also, we have (A+23)g, (X) = 8(X) + (A3 —A5)g, (X) ¥,9 =1

{H()f 73} 0,

i=3

LN

9
Z I’3|

i=6

(k

s

3
1164 -

=1

o3

i=4

i=7

{H(kz } 0, g{g(ﬁi _7“29)} =

Now, let us consider

-0

o,zgzr{n(;\z }— 0,

L8) Y1000 =118 1) g, (0 = THA )Y 1, 509 + 02 -2)5, 9

Using equations (62)-(64) in the above relation, we obtain

I5(A) Y0 (X)

= T2 05 755,00 =114 + )2 1,03 560 05 -75)5, 0]

Il Il Il
n’:]@ n’:]u; H:@ n:lo

n’:[«:

= g(A + 7»%)2 fag

A+?3)Zr3g
A+x2)2rsg
A+73)Zr3g
A+7»2)Zr3g

A+k2)erg

110

1104-
1104~
1104~

1103~

2
1;

= (A+15) 64(X) =8(x).
Equations (60) and (61) can be proved in the similar way.

We introduce the matrix

_ng)

_}fg)

,00=fla+1,

g, (X) = H(A + kz)z g

g=4

6, () =§6<A+>ﬁ)2rsg

g (X) = H(A + 73)2 g

g=6

6, () =TI(A+ 7»%)2 ,

1104
2
RGE
1104 -
2
RGE

Ry

_;ng)

_}fg)

[504)+ (% =23)¢, (0]
[50x)+ (33 -22)g,(x)]
[5x) + (32 ~22), ()]
[50x) + (22 -2)¢, ()]

[50) + (22 =22)c, ()]

g, (X) = (A+x)zrsg[n(x2 2) }[8(x)+(73 —32)g, ()]

G(x)=R(D,)Y(X).

From equations (56), (58) and (65), we obtain

F(D,)G(X) =F(D,)R(D,) Y(x) =0(A) Y (x) = 8(x) I(x).

16

(63)

(64)

(65)
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Therefore, G(x) is a solution to equation (30).

THEOREM 1: If the condition (29) is satisfied, then the matrix G(x)defined by the

equation (65) is the fundamental solution of the system of equations (28) and each element of
the matrix G(x) is represented in the following form:

ng (X) = Rgz(Dx)Yll(X)' Ggy(x) = ng(D )Y44 (X)
Gy (X) =R y(D,)Yipso(¥) 9 =1,....15 2=1,23 y = 4,....9 j=10,....,15

5. BASIC PROPERTIES OF MATRIX G(x)

THEOREM 2: Each column of the matrix G(x) is a solution of system of equations (28) at

every point x e E*except at the origin.
THEOREM 3: If the condition (29) is satisfied, then the fundamental solution of the system
F(D,)U(X) =0

is the matrix G(x) = (égz (x))1 , Where

5x15

G, (%) :%V(v-g’;(x))—ﬁw (VXG5 (X)), Byrpys (X) :kiV(v~g’;(x))—kivX (V 65 (X)),

7 6

~ 1 . 1 . ~ AA,-AZ .
Gi+6;j+6(x):h_v(v'gz(x))_h_vx (vxgz(x))leo;lo(X)_Ts G (X),
7 6

AA,-AA, - AA,-AA, .

élo;ll(x):éll;lo(x)_ (X) GlOlZ(X) G1210( )— 9 ( )
611;11()()_#@;( )Glllz(x) G1211( )_% *( X),
é12;12()()_#92()() Gs(X) = gl(x) Guyna(X) = gl(X) Gous (X) = Ql(x)'

Y K h
G(X)=——=.6,(X) = K |,I,J 12,3

4||

and the remaining elements of matrix G(x) are zero.

6. FUNDAMENTAL SOLUTION OF SYSTEM OF EQUATIONS IN EQUILIBRIUM
THEORY

If we substitute =0 into the system of equations (28), we derive the system of equations for
the equilibrium theory of micromorphic thermoelastic diffusion with microtemperatures,
microconcentrations, and triple porosity as:



18

pAU + (A" +pu)V(V-u) + %in)i +oVd-9,Vo-9,VP =0,

(koA =K,V + (K, + ko )V(V-V)-k,VO=0,

(heA—h, )W+ (h, +h,)V(V-w)-h,VP =0,

- By (VU) =B, (V V) - B, (V-W) + (AA ~5)0, + (AA )0, + (AA—Co )b,
+8,0+&,0+Vv,P=0,

- By (VU) =B, (V V) - By (VW) + (AA = C,)0, + (A,A—C,)0, + (AA — o )d,
+9,0+&,0+Vv,P=0,

- Ra(V-U) = B4 (V V) - By (VW) + (AgA = Co )y + (AA — L), + (AsA — )b,
+3,0+&,0+V,P=0,

—p(V-u)—E;(V-V)-E,(V-W)+3,0, + (YA-B)d+NnO6+EP =0,
k,(V-v)+kAB =0,

h,(V-w) +hAP =0.

(66)

We introduce the second order matrix differential operators with constant coefficients

E(D,) = (Eg (D). ...
where matrix E(D,) can be obtained from F(D,) by takingem=0.

The system of equations (66) can be represented as
E(D,)U(x)=0.

DEFINITION 3: The operator E(D,) is an elliptic differential operator iff equation (29) is
satisfied.

DEFINITION 4: The fundamental solution of the system of equations (66) is the matrix
G'(x)= (G'gZ (x))lSX15 satisfying condition

E(D,)G'(x) =3()1(x). (67)

We consider the system of non-homogeneous equations

HAU+ (A + W)V (V-U) = KV, — Vo =H’, (68)
(kA=K )V + (K, + ko )V(V-V)-B,V, —EVo+k VO =V, (69)
(heA—=h,)w+(h, +h)V(V-w)-B,,,Vd, -E,Vé+hP=W'", (70)
Ky (V) + (ALA =)y + (AA = C)0, + (A = Ce)by + 8,0 = X, (72)
Ky (V1) + (A A =G0, + (A A=), + (AA—Cg)b; +8,0= X, (72)
Ky (V-U) + (AgA = o)y + (Agh = Co), + (AA = L)y +850 = X, (73)

(V- u)+6,0; + (YA-B)p=L", (74)



-3, (V-u)-k;(V-v)+&d, +ndp+ kAo =Y,
-3, (V-u)=h,(V-w)+Vv,p, +Ed+hAP = Z',

19

(75)
(76)

where H',V',W' are three-component vector functions on E®*; X!,L' Y’ ,Z are scalar

functions on ES.

The equations (68)-(76) can also be expressed in the following form:
E"(D)U(X)=Q'(x),

where E" is the transpose of matrixE , Q' = (H', V', W', X!,L",Y",Z'), xeE®.

Applying operator (V-) to the equations (68)-(70), we obtain

AA(V -U) - R, Ad, — A=V -H',
[K,A—K,](V-V) - B.Ad, —E,Ap +K,AO =V V',
[h,A—h,](V-w)-B._,Ad. —E,Adp+h,AP =V -W'.

i+3

The equations (71)-(74) and (78) may be expressed in the form
N’(A) S! — Ql ,
where S'=(V-u,,$),Q = (W], W), wj, W/}, w.) =(V-H',X/,L") and

~ ~

P _ 7, ~ %, —p
A, AA-C, AA-C, AA-C, &
N@A) =Ny (), =&, AA-C, AA-C, AA-C, 3, |,
A, AA-C, AA-C, AA-C, 8,
o 8, 5, S vA-B )|
N'(8) = (N, (), , = AN, (4)), ..

Equation (81) can also be expressed in determinant form as:

L,(A)S =, (82)
N'(A) =
C

!
@)
|
>
©
<
|
el
[

5
where ® = (D, .......... @), D, :%Zl\/l;}wi,rg(A)z
i=1
and M is the cofactor of the element N/, of the matrix N'.
On expandingI,(A), we see that

4
T3(A) = ATI(A+157),

where 17, i =1,2,3,4 are the roots of the equation ‘N(—m)‘ = 0 (with respect to m).

(77)

(78)
(79)
(80)

(81)
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From equation (75), we get A0 = %[Y' +9,(V-u)+k;(V-v)-E:d, —nd].

Using the above equation in equation (79) and then applying operator I';(A) to the resulting
equation, we get

where @ =%{kﬁ i
7

From equation (76), we get AP = %[Z'+ 9,(V-u)+h,(V-w)—v,0, —Ed].

K.k, — K,k

LAY A+R)V -V =D, i = Kk
7

(83)

&i:qu) (E A+ ::jqn +T,(A)V- V} kl[Fs(A)Y'+91‘D1]}-

Using the above equation in equation (80) and then applying operator I';(A) to the resulting
equation, we get

LTV W=, 2 =Pl (84)
7
where
1 v.h, &h, , ,
CD7—hh h{| B ;A+—— . D, + E2A+T O, +T,(A)V-W' |-h [I5(A)Z +3,D,];.

Applying operators T,(A)(A+[Z) and I, (A)(A+p2) to equations (75) and (76) and using
equations (83) and (84), we get

5

A (A + )0 = d,, (85)
4,6

A _1_11(A+g3)P =d,, (86)

where
1 ~ ,
=@+ @Y + 8.0, -6 @y, -0 ]+ k]

l = '
@, = [+ FOI )7+ 9,0, v, ~£0,]+ho, ]

Applying operators I, (A), A’ H(A+ ?)and AZH(A+;,L ) to equations (68)-(70) respectively

and using (82)-(86), we obtaln
AlL(A)u = @',

=~

57
NTI(A+F)V =@, 2 =2 (87)

=
(2]

4,6,8
N THA+ W = @7 fif = — .
6

where



' = e [Fs (AH' - +)Vo, + %ivq)iﬂ + pVCDS]
u

5
"= %[AZ (A + AV -AKK, + Kk )VD, + A(A+02)(B VD, +E,VD,) - klvcbg}

6

i+1

4,6
m"':hi[& (A + )W - A0, +h,) VD, + A(A+E)(B, VP

6
From equations (82) and (85)-(87), we get

A(AU(X) =D(x),
where

D(x) = (O, D", ®", D, D, D, Dy, Dy, Dy) and A(A) = (A, (A)

)15><15 !

4 57
Ay (8) = AT (8) = A TIA + ), A,.y.(8) =2 TT(A+ D),
4,6,8 _ 4 -
Ay ayo®) = 8 THA+TD, A, (8) =T (8) = ATIA+D),
5 46 N
Assa (A)= N E(A + uiz)’ Assis (A)= N H(A + “‘iz)v

A, (A)=0y=1237=10,..139,z=1...,15g#z

The expressions for @', ®", ®", @, ®,, ®,, ., ®,, D, can be rewritten as

®(x) = Z"(D,)Q'(X),

where

Z(Dx) = (Zgﬂ(Dx))l5X151
Zij(Dx) :irs(A)Sij + mn(A)a—zy Zi'j+3(Dx) =my, (A) il
1) OX,0X ’

i j i j

0° 0
IJ+6(D ) m13(A) OX a i;h+8(Dx) = ml;h+2 (A)&:
1 . 0°
Z;5;(D,)=0,Z; ;,5(D, )_ A H(A"‘ )8 +M,, (A) X Ox

i

(D,)=2

Ziss 146 '+3q(D><) =0, Zi+3;14(Dx) = mza(A) ox. |+61(D )=0,
1 . 0?
Zi16:i+3(Dy) = 0, Z;,,5,6 (D )—h—A H(A+ )8 + My (A)———
6 OX;0X;

|+6e(D ) O Z|+615(D ) m39(A) y+8|(D ) my+21(A)

+E,VO,) - hlvqag}.

21

(88)

(89)



y+8 i+3 (D ) rny+2 2 (A) y+8 i+6 (D ) my+2 3 (A)

y+8 h+8

0
Zl4;l4(Dx) =Mgg (A)’ Z15;i (Dx) = ZlS;i+3(Dx) = ZlS;e(Dx) =0, Z15;i+6(Dx) =Mgg (A)&,

Zi515(D,) = Mgg (A), My, (A) =—“i&{(x'w)M;(A)—%iMI;i+1<A>—goMIS(A)},

A+n?
my, (A) = Kk.C Hj

7

A"'Hs
A) =
my;(A) = .G

7

[-K,8,My, (8) + (BiKA + K& )My, (A) + (E KA + K,n)M5 (A)],

[-h,8,M;,(8) + (BishA +h,v )M, (A) + (EhA +h E)Mi (A)],

m, y+2 (A) = yMyg (A) =

kk,C | + K, A(B,M},.,(A) + E,M}, (A))

1 [(hyA—h2)<92M;(A)—viMI;iﬂ(A)—aMIS(A»}
m19 (A) = )

hh,C| + h,A(B, ;M. (A) + E,M(A))

m,, (A) =0, m,, (4) = Ek(ﬁ) [k, +Ke)KA +K kT, Mig (4) = 72T (),

I, (A h
h;ihz [(h4 + hs)hA + h1h3], My (A) =h_f137F3(A)’

M, (A) =—Hi{(ww)M;l(A)—%iM;m(A)—soM;-,(A)},

My, (A4)=0, mss(A) ==

A+|Ll7[ K9, M., (A) + (B,KA + KM

kk,C e
A+ Hs
hh,C

y+2 2 (A) =

y+2 3 (A) -

my+2;r+2 (A) = % y+2; 8( ) =

M’ (A) 1 {(m Ko)[9,M}(A) — &M}, (A) —nMig(A)] +

kk,C| k,A(B, M1 (A) +E;M(A))

eyt (h;A—N,)[9,M},(A) —V;M;.., (A) —EM 4 (A)] +
RN C L hGA(B, My (A) + E, M (A)) ’
_ _ _ K, (A)(A + ﬁ;) _L(A)k,A-k,)
Mg, (A) =My, (A) = 0,m, (A) = i Mg (A) = @ ,
o (a) = - MB@@+E) o T@0A-N,) G5,
hh, hh,

h=2,..7q9=10,...1315e=10,...14y,r=2,...52=13,....,79 A =12/4,....8.

M, (8) 1 {(m—kz)(slML(A)—aiMIM(A)—nM;(A»

1 (8) + (EkA +K,n)Mis (A)],

[-,8, M5, (A) + (By,shA +h,v )My, (A) + (E,hA + h,E)MUS (A)],

0
(D ) My oni2 (A)' Zl4;i (Dx) = Zl4;i+6(Dx) = Zl4;q (Dx) =0, Zl4;i+3(Dx) =My, (A)&:

}



From equations (77), (88) and (89), we getE(D,)R(D,) = A(A).

Let

Y,(X) = (Yi; (X))15><15’

Y'+3 iZ+3 (X)

Y'+6 ;Z+6 (X)

g=1

5,7
21@1 (X) + r2,2g2 (X) + Z ré;g+2§g (X)’
g=1
. . 46,8 n
31€1 (X) + r3:2€2 (X) + Z r3:;9+2C.:g (X)’

g=1

4
Y/ (%) = i () + D g aGy (X)),

Y1'4;14 (X) =

Y1'5;15 (X) =

g=1

5
r‘5'1€1 (X) + r‘5’2‘;2 (X) + Z r5,;g+2§g (X)1

g=1

4,6
rélgl (X) + rt‘:2g2 (X) + Z rt‘:;g+2§g (X)!
g=1

Y;(x)=02=123i,j=1.....15 i # j £=10,...13

where
Uig| |
e g
G (X)=— . | | =1......8,
5 4 2 4
- I
rll__z H K vrlz— Wil = H(Ph
g9=1 \_j=L,j=g |
57 AV
" - N
rzllz_z Hu Ty = HH M2 =My H(Ni -
g=1 1—11¢g i=1 i=1,i=/
408( 468 68 46,8
— !
fy =— U Il = HH M3040 =
g=1 \_j=Lj*g I

LEMMA 2: The matrix Y'is the fundamental matrix of the operator A(A) i.e.

JA0=1..57z2=1..68nr=1..5A=1

AA)Y'(X) = 8(x) 1(x) .

4
Y, (X) = 1116, (X) + 156, (X) + z rl';g+2§g (),

i=1,izy

i i=L,i#h

(
rm“gZ(H JHM. Moz = Hu. Moz =Hy H(

i=1,i#k

f[ ]f[u rl, = Hu. =it [T )"

23

(90)

(91)
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PROOF: To prove the lemma, it is sufficient to prove that

AT, (A) Y/, (X) = 8(x),
AT, (A)(A +F2)(A +R2) YL, (x) = (),
AT, (A)(A +F2)(A +2) Y (%) = ()

. 92
[ (8) Y (0 = 5(x), 2)
AL (A) (A + ﬁg)Y1,4;14 (X) = 8(x),
AL (A)(A+ ﬁé)Yl,S;lS (X) =3(x).
It is much easier to prove the system of equations (92). It has been left for the reader.
We introduce the matrix G'(x) =Z(D,)Y'(x), (93)

From equations (90), (91) and (93), we obtain E(D, ) G'(X) = 8(x) I(X) .
Hence, G(x) is a solution to equation (67).

Theorem 4: If the condition (29) is satisfied, then the matrix G'(x) defined by the equation
(93) is the fundamental solution of the system of equations (66).

7. CONCLUSIONS

This manuscript presents the development of a linear theory for micromorphic thermoelastic
diffusion materials, incorporating advanced features such as microtemperatures,
microconcentrations, and triple porosity. Fundamental solutions have been derived for two
key systems of equations: one for steady oscillations (equation 28), expressed in terms of
elementary functions, and another for equilibrium conditions (equation 66).

These solutions enable:

1. Comprehensive analysis of three-dimensional boundary value problems within this
theoretical framework, utilizing the potential method.

2. Development of integral representation expressions for regular solutions of the
governing equations.

3. Numerical resolution of boundary value problems through the boundary element
method.

4. Construction of Green's functions for specific cases in 3D domains.

By incorporating triple porosity, microtemperatures, and microconcentrations, the proposed
theory offers a deeper understanding of thermoelastic behavior in complex materials. This
holistic approach equips researchers and engineers with tools to model and analyze materials
with greater precision. The theoretical advancements provide practical insights for designing
and optimizing materials, facilitating their application in diverse engineering and scientific
fields.
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In conclusion, the contributions of this work establish a robust foundation for advancing the
field of thermoelasticity, offering a more comprehensive theoretical framework and practical
methodologies for analyzing materials with intricate thermoelastic properties.
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