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Abstract: The main goal of this article is to derive the basic governing equations for the linearized theory of a micromor-
phic thermoelastic diffusion medium. This encompasses the analysis of microtemperatures, microconcentrations, and triple
porosity. Moreover, the objective is to establish the fundamental solution for these equations in situations involving steady
oscillations and equilibrium, presented in elementary functions.
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1. Introduction

Eringen [1-5] introduced continuum theories with mi-
crostructure, which Grot [6] extended to thermodynamics of
elastic bodies with varying microelement temperatures by
modifying the Clausius-Duhem inequality and incorporat-
ing energy balance laws for microtemperatures. Iesan [7, 8]
advanced the theory by formulating field equations for mi-
crostretch thermoelastic bodies and deriving a linear the-
ory incorporating additional mechanical degrees of freedom.
Aouadi et al. [9] developed nonlinear and linear theories
for thermoelastic diffusion materials with microtemperatures
and microconcentrations, proving well-posedness and study-
ing solution behavior. Chiril and Marin [10] and Kansal [11]
further refined constitutive relations and field equations for
materials with microstructure, emphasizing microtempera-
tures and microconcentrations. Triple porosity, characterized
by macro, meso, and micro levels, is pivotal in elasticity and
thermoelasticity, with significant contributions by Svanadze
[12], Straughan [13], and Kansal [14] in deriving govern-
ing equations. Fundamental solutions, crucial for solving
boundary value problems, have been extensively explored

in elasticity and thermoelasticity theories, leveraging ele-
mentary functions for practical and numerical applications
[11, 12, 14-17]. This paper develops constitutive relations
and field equations for anisotropic micromorphic thermoe-
lastic diffusion materials with microtemperatures, microcon-
centrations, and triple porosity. It reduces the anisotropic
equations to isotropic forms, derives fundamental solutions
for steady oscillations using elementary functions, and con-
structs solutions for equilibrium conditions.

II. Basic Equations

We consider a scenario where, at time ¢, the body occu-
pies the bounded regular region B within three-dimensional
space. Our focus is specifically on the linear theory of elas-
tic bodies. Following Iesan [7], Aouadi et al. [9] and Kansal
[14], the dynamical equations are:

¢ Balance of linear momentum:

tiig + pfi = pi; , )]
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¢ Balance of first stress moments:
Mgijg +tji — sji + plij = poij 2
* Balance for energy:

pU = tijigi + (sij — tij)djit

Mg bijg + € + Qi — Pivi ®
* Balance of first moment of energy:
péi = Qi + a4 — @i , )
* Balance of first moment of mass diffusion:
pXi = &jij +mi — i, )]

where p;, © = 1, 2, 3 satisfy the relation:

Mjj + 1+ pA = prain
Qajj + p2 + pAa = proie (6)
Q35,5 + p3 + pAs = praiis .

Here ;; are the components of stress tensor, u; are the
components of displacement vector u, p is the density, f; is
the body force, m;; are components of first stress moment
tensor, s;; are the components of microstress tensor, ;5 are
the components of inertial spin tensor per unit mass, /;; is the
first body moment density, U is the internal energy density,
€, X are the first moments of energy vector and mass dif-
fusion, respectively, ¢;; are the components of microdefor-
mation tensor, k; are the coefficients of equilibrated inertia,
v; are the volume fraction fields corresponding to macro-,
meso-, micro-pores, respectively, §2;; are the components of
equilibrated stress vectors corresponding to v;, A; are ex-
trinsic equilibrated body forces per unit mass associated to
macro-, meso-, micro-pores, respectively, ¢;, n; are the com-
ponents of heat flux and mass flux vectors, @Q);;, &;; are the
first heat flux and mass diffusion moment tensors, w;, v; are
the microheat flux and micromass flux averages.

Following Aoaudi [9], the local form of the principle of
entropy is given by the following expression:

pS_<Qj+sz‘Tz‘) +<PT]j+Psz'Ti)
\J

>
T T T T A_O’(7)

»J

where S, P are the entropy and chemical potential per unit
mass, respectively, T is the absolute temperature, and 7; is
the microtemperature vector. The local form of the mass con-
centration law is:

nii=C, ®)

where C is the concentration of the diffusion material in the
elastic body. For each micro element, the mass conservation
law becomes:

C=(n; +Ci&i) ;- ©)
The spin inertia is given by:

055 = ﬁgj d)zy ¢yg ) (10)
where 714 is the microinertia tensor.

Eringen [18] introduced a special kind of micromorphic
solids called microstretch solids. In this case, for all motions,
we have:

1
bij = ¢ 0ij, Mgij = §§Rg dij
' 1 (In
lij = §T15ij, Rij = 372 dijs

where ¢ is the dilatation function, R, is the microstress vec-
tor, 71 is the generalized external body load, and 75 is a given
constant.

Egs. (2) and (3) with the help of Egs. (4), (5), (9)—(11)
and inequality (7) become:

Ry.g — s+ pr1 = p2d, (12)

. . . . 1 1 .
pIST = U = Tigi = Cixa] + tijéij + Ryog + 56 + Qistij — pivi + 4T + 7 T5Q56Ts — QT + PO+

1 P
+(qi — w;)T; — PCiji; — PCy & + Py — fPWjT,j +T <TTi§ji)

where s = s;; — 3

(13)
+ fjiyjci + (Th‘ - Uz')ci >0.

2]

t;; 1s the intrinsic body load, and e;; = 1 (u;,; + uj,;) are the components of strain tensor. Introducing the

function I' by I' = U + Ti¢; + C;x; — 1T'S, the inequality (13) in the context of linear theory can be expressed as:

—p[I'+ ST —Tiei — Cixa] + tijéij + Rgd,g + ¢ + Qijvi j — piti + ;T — Q;iTi,; + PC+

T (14)

+(¢i — @)1y + Pjnj + &ijCi + (i —v)Ci > 0.
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The function I' can be written in terms of independent variables e;;, ¢, ¢ ;, v, v; 5,1, T, T3, T; ;, C, C 3, C; and C; ;. There-
fore, we obtain:
F:(,?el;jéij‘F?):il./i—FaaF ,j+gg¢> %qu +aF +§;T +%Ti+ s
+88TijTi,j + 2—20 - %O’i + %(L + E)??Fi,jéi’j :

Inequality (14) with the help of Eq. (15) becomes:

tii — 8F €—|— Q.._ 871—‘ Ui i — P 8i ¢_|_ 871—‘ ¢ +

1) pae” ) () pa . 1,7 Pi payl p6¢ pa¢7g g

or] . 0 . or| . 0 . or . or

o Jo=] o - ac]c {S*M]T*{P”ac]c%ﬂpam
or . or 1

—PEC PaC”Cm + 74Ty — @4iTiy + (@ — @)1 + Pjnj + & jCi + (i —vi)Ci = 0.

Tz’,jJr

The inequality must hold for all rates é;;, é), (;SZ, Ui Vs g, T, TZ, T;, Ti,j, C, Cl, C; and C” Therefore, the coefficients of
the aforementioned variables must equate to zero, indicating:

b g o o o, or o oI
Z]_paeij7 Zj_pal/i,j’pl_ payiv _p8¢7 g_p8¢7g751_8T¢7X1_8C'i’
or or or or or or (16)
S=—— P=p =0 =0 =0 =0
or’ 30 8T " OT; 1 oC; 7661‘,]‘ ’
q¢;T; —TQ;T; ; +T(q —w)Ti + TP;nj + T ;Ci +T(n; —v;))C; > 0.

Let us introduce the notations:

¢:V_U070:T_T07

where ¢ = (¢1, ¢2, ¢3), Tp is the reference temperature of the body chosen such that ‘ Ti ’ << 1, vy are the volume fraction

fields in reference configuration. In the linear theory of materials possessing a centre of symmetry, we can take I' in the form

2o = Cijgy€ij€qy T 2&1']'61']‘9 + 2bijeijC + QCijeij(ﬁl + Zdijeij@ + injeij¢3 + 2Uij€ij¢ — 2li¢i‘9 —2n;¢,C+
pC.0? "

T 2a0C + bC? + ;7 + 20412 + 2050203 + 2060301 + Aijd1,ib1,; + Bijdoipa; + Cijds.ibs,;

+2D;01.¢2, 5+ 2E;¢2.503 5 + 255503 1915 — 04 TiTy — Bi; CiC5 — 275, T5C5 — 2Ps1 515 — 2Us 90 ;15 — 2R3 15+
M;jp1,;C; — 2T;5¢2 ;C; — 2Xi503,;C; + ad® — 20 — 2dCo — 25;0:¢ + Viji0,; — 2Wis0 ;T; — 2X,;¢ 5

17)
Using the above Eq. (17) in the system of Egs. (16), the following consecutive equations are obtained

tij = Cijgy€gy + Cij@1 + dijd2 + fijds + vijd + a;;0 + b;;C
iy = Aijdri + Dijda,i + Sijosi — PiyTi — My Ci
Qoj = Dijd1,i + Bijgo,i + Eijds; — Ui Ty — T;;C;
Q35 = Sijd1,i + Eijda,i + Cijosi — XijTi — x45Ci

D1 = —Cijjeij — 191 — aada — ap3 + 519 + 110 +nC,
p2 = —djje;; — aspy — gz — asdz + s2¢ + la26 + neC (18)
D3 fijei; — agPr — aspa — azps + s3¢ + 130 + nzC',

pei = —Pijo1j — Uijdaj — Xijosj — Wijoj — aijTy —7i;C

pxi = —Mijd15 — Tija,j — Xij P, — Xij¢,; — Vil — BiiCy

pC.0
pS = azjelj+lz¢l+c¢+ T +aC, P = bje;j —nip; —do —ab +bC',

s =vjjei; — 8¢ + ap — cf — dC, Ry = Vi, — Wi T; — X;4C; .
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The linear expressions for g;, Qqj5, @i, 17;, &ij, v; are:

@i = kijb; + KTy, Qiy = —myjygTyy, wi = (ki — Ki5)0 5 + (kij — Lij)Tj

(19)
i = hij Pj+mijCj, &5 = —nijygCy.y, vi = (hij — Hij) Pj + (mij — O45)C; -
The lineralized form of inequality (7) is:
PT0S = gii - (20)
Considering Egs. (18) and (19), Egs. (1), (4)-(6), (8), (12), and (20) can be reformulated as:
CijgyCay.j + Cij¢1,j +dij@2,; + fijbs.5 + vijdj + aij 5 + bi;C 5 + pfi = piii
MjiygTgs — ifTj —7i;Cj = Pijérj — Usjda g — Xijs; — Wisé,; = Kij6,; + LiT;
WingCoi = Viily = BiyCi — Migdrj — Tijdaj — xijbs5 — Xijé5 = HijPj + 055C;
—cijeij — PijTi j — MijCi j + Aijdr,ij + Dijdaij + SijPaij — 11 — auga+
—agps + 510 + 110+ C + pAy = prign
—djei; — Uil j — TijCij + Dijdnij + Bijdoij + Eij¢sij — aadr — asda+ o

—as5d3 + 826 + 120 + naC + pAs = prads
—fijeij — AijTij — Xi5Cij + Sijd1,4j + Eijda,i; + Cijd3ij — a1 — aspa+
—asds + 536 + 130 + n3C + pAs = prsds ,
—vijei; — WigTig — XigCig + 8i0i + Vigdig — g + b + dC + pry = p1adh ,
To[—aijéi; + ligi + ¢+ aCl + pCeb = kijb 15 + ki Tii ,
Rijlbey€sy — ngdg — dp — ab + bC) i +my;Cii = C.
For an isotropic and homogeneous material, the subsequent Egs. (18) and (19) are simplified to:

Lij = Aeyylij + 2pei; + Ngodg + fo — 510 — B2Cd45
D = A1d1,5 + Audaj + Asps; — B1T; — BuCj |
Qoj = Augrj + Ao j + Asps j — BoTj — B5Cj
Qs = Agd1,5 + Aspa j + Asps; — B3 — BeCj
p1 = —A1€; — a1¢1 — Py — ad3 + 519+ 110 +n.1C
P2 = —Ag€ii — Qa1 — Qo — asds + s2¢p + 128 + naC |
P3 = —Az€i — QP — a5z — azdz + s3¢ + 1360 +nzC 22)
pe; = —Bi¢1; — Batpa; — Bas; — E1¢; — D1 T; — D3C;
pXi = —Bup1; — Bsdo; — Bepsi — Eogpy — D3T; — DaCy

pS = Blegg + lz(bz

s=fegg—8i0i +ap—c0—dC, Ry = —E1Ty — E2Cy + 79 4,
g = kO ; + k1T, Qij = —kaTy y0i; — ksTi j — keTj i, wi = (k—k3)0; + (kv — k2)T;
n; = hP; + h1Cy, &5 = —haCy y0i5 — hsCi j — heCj i, v = (h — h3)P; + (h1 — ha)C; |

= _62€gg - nl(bz - d¢ — ab + bC s

where

Cijgy = Adijégy + ,u'(sigajy + ,u'(siy(sjga aij - ﬂl R 1] - BQ YR ng =X 5Zja d’L] - X2&]7 fzg - X3 17
vij = f0i5, Aij = A10i5, Bij = A20;j, Cij = A3d;5, Dij = Aybsj, Eij = Asdij, Sij = Aedij, Pij = B1dyj
Uij = B2dij, Aij = B3dij, Mij = Babij, Ti; = Bsdij, Xij = Bedij, iy = D1dij, Bij = D20ij,7vi; = D3y

Wij = Erdij, Xij = E2bij, Vij = 70i5, kij = k5ij7 Kij = k10i5, Lij = k20ij, Kij = k3dij, hij = hdsj, mi; = hidij

B
Hij = h3§ija Mijgy = k461'j($gy + kﬁaig(sjy + k5§iy5iga Oij = hg(sij, Nijgy = h45ij5gy + h651g6jy + h55iy5ig .
(23)
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Here 0;; is Kronecker’s delta and A, p, f, 81, B2, A1, A2, As, Av,. .., Ag, B, ..., Bs, D1, Do, D3, By, Eo, v, k, b, ki, ...,
ke and hq,. .., hg are material constants. Using Eq. (23) in Eq. (21), we obtain the governing equations for homogeneous
isotropic micromorphic thermoelastic diffusion materials with microtemperature, microconcentration and triple porosity
effects in the absence of heat and mass diffusive sources:
pAu+ A+ p)V(V-u) + AV + fVo — 51V — VO = pia,
(ke A — ko)v + (kg + ks)V(V - v)—ksV0 = D1v + Dsw + B;V; + 1V
(h¢A — ha)w + (hy + hs)V(V - W)—h3V P = D3V 4 Dow + B; 3V¢; + E;V
—A(V-u) = B1(V-v)=By(V- W)+ (A1A — a1)d1 + (A4A — aq)d2 + (AsA — ag)ds+
+516+ 110 +11C = pridr
“A2(V - u) = Bo(V - v)=B5(V - W) + (AA — ay)dy + (A2A — az) 2 + (A5 A — as) g+
+526 + 120 + n2C = prags
—A3(V-u) = B3(V-v)—Bs(V- W)+ (A6A — ag)d1 + (AsA — a5)d2 + (AsA — a3)ds+
+830 + 130 + n3C = prads ,
—f(V-u) = E(V-V)—Ey(V - W)+ si¢; + (7A — @) + ¢ + dC = pradh ,
To[B1(V - @) + Lihi + ¢+ aC] + pColl = k AO + k1 (V - v)
hA [—Bo(V - 1) — nip; — dep — ab + bC| + h (V- w) = C,

(24)

where A,V are Laplacian and Del operators, respectively.
In the following sections, the chemical potential has been adopted as a state variable rather than concentration. For this
purpose, the eleventh equation of (22) can be rewritten as:

1
C = 7 [B2egg + nip; + do + ab + P]. (25)
Hence, the system of Egs. (24), with the assistance Eq. (25) is transformed into:

pAu+ (N 4+ )V(V - u) + XV + pVh — 19,V — 9,V P = pii
(kA — ko)v + (kg + ks)V(V - v)—k3V0 = D1¥ + DsW + B;V; + E1V¢
(h6A — ho)W + (hy + h5)V(V - W)—hsV P = D3V + Dow + B sV; + EsVo
~Xi(V-u) = Bi(V - v)=Bu(V - W) + (A1A = ()1 + (s = Ca)d + (A6A — (o) s+
+010+ €10 + 01 P = pr1dy
KoV u) = Bo(V - v)=B5(V - W) + (AA — ()1 + (A28 — () o + (A5 A — G5) s+
+02¢ + €20 + 2P = prads
~X3(V-u) = B3(V- v)=Bs(V - W) + (AgA — ()1 + (AsA — G5)da + (A3A — G3) 3+
+03¢ + &30 + v3P = prsds
—p(V - u) = E1(V - v)=Ey(V - W)+ 80 + (YA — B)p +nb + EP = pradp
~To[01(V - Q) + &y +nd+ P+l + ki (V- v) + kA =0,
— [9a(v - u)+vz—<i>i+§e}+<é+wp} + (V- w)+hAP =0,

(26)

where

—1 X /
w:b ,ﬂgzwﬂ2,191:ﬂ1+a192,)\7;:)\7;—nﬂ92,/\ :)\7192[32,§:aw7 v; = n;wo,
Gi = oy — nv;, (4 = o — N2, (5 = a5 — NoV3, (¢ = Qg — N3V1, § = l; + Ny,

pCe

@:f_ﬁQd, 5i=si+vid,§:dw,ﬁza—d§,n:c—l—dg,n: T
0

+ ag.
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III. Steady Oscillations

The displacement vector, microtemperature, microconcentaration, volume fraction fields, microstretch, temperature change
and chemical potential functions are presumed as

[U(X, t)a V(X7 t)y W(Xa t)7 ¢(X’ t)7 ¢(X’ t)? G(X’ t)? P(X7 t)] =Re [(U*7 V*7 W*a d)*) ¢*7 6*7 P*) e_LWtL (27)

where, w is oscillation frequency. By employing Eq. (27) in the system of Egs. (26) and omitting asterisks (*) for simplicity,
we derive the system of equations for steady oscillations as:

(A + pw?lu+ (N + p)V(V - u) + XV, + Ve — V0 — 9,V P = 0,

U{}ﬁA - kQ + L(J.}Dl}v + (k4 + k5)V(V . V) + LCUD3W + LwBngbi + LwE1V¢fk3V0 = O,
wDsv + [h@A — ho + LWDQ}W + (h4 + h;,)V(V . W) 4+ wbBi+3Vao; + wEyVo—hsVP =0,
—A1(V - u) = Bi(V - v)=B4(V - W)+ (A1A — 71)d1 + (A4 — ()2 + (A6 A — Co) s+
+hp+ &0+ P =0,

“X2(V-u) = Ba(V - v)=B5(V - W) + (AsA — Ca) 1 + (A2 — y2)da + (AsA — C5) s+
+02¢ + €20 + v2 P = 0,
~X3(V - u) = B3(V - v)=Bg(V - W) + (46A — (o) o1 + (A5A — G5)92 + (AsA — 73)d3+
+63¢0 + &30 +v3P =0,

—o(V-u) = E(V-Vv)—Ey(V- W)+ 8i¢i + (YA — B)p+nb + EP =0,
wp[91(V - u) + &b +nd+ P+ k1 (V- v) + [kA 4+ wnTp] 6 = 0,

w [U2(V - u) + v + &P+ 60) + h (V- w) + [RA + ww]P = 0,

(28)

where, 7; = (; — prw?, B=p- pw?Te, i = 1,2,3. We introduce the second order matrix differential operators with
constant coefficients:

F(Dx) = (ng(Dx))15><15 ’

where
2 / > ; 0
Fij(Dx) = [pA + pw=]dij + (X + M)a o Fij+3(Dx) = Fij16(Dx) =0, Fi;j19(Dx) = A; B
1
0 0 0
Fi13(Dx) = pafzi, Fi.14(Dy) = —191%7 Fi.15(Dx) = —192a , Fips,;(Dx) =0,
2
Fi+3;j+3(Dx) = [kGA + kg](sij + (k4 + k5)ma Fi+3;j+6(Dx) = L(“)Dd(szp F+3 ]+9(D ) LWBJ 833
10T 4
0 0
Fit313(Dx) = LWE1%7 Fiy314(Dx) = —k:s%y Fiy315(Dx) =0, Fii6,;(Dx) =0, Fij6,j+3(Dx) = wD30;;,
0?2 0 0
Fite,j+6(Dx) = [h6A + hgldij + (ha + h5)m7 Fii6.5+0(Dx) = LWBj+3£, Fii6,13(Dx) = twhy EIE
A i i
0 - 0 0
Fit614(Dx) =0, Fiy615(Dx) = —h3£7 Fito.;(Dx) = —7\2‘%, Fito,j+3(Dx) = —31%7
2 J J

0
Fi+9;j+6(Dx):_Bi+3T7Fz+97,+9( x) = AiA — i, Fio;11(Dx) = Fir;10(Dx) = AsA — (4,
z

Fi0112(Dx) = Fi2,10(Dx) = A¢A — (6, Fi1.12(Dx) = Fi2.11(Dx) = AsA — (5, Fito.13(Dx) = 0i, Fiyo.14(Dx) =&,

0 0
o , Fi3,546(Dx) = E28 , Fi3.40(Dy) = 45,
]
0

- 0
Fi3.13(Dx) = YA = B, Fiz.14(Dx) = n, Fi3,15(Dx) =&, Fi4,;(Dx) = LW191T06 s Flaj43(Dy) = k1 — EI9E
T j

0
Fit9.15(Dx) = v, Fi3,;(Dx) = 95 Fiz13(Dx) = =By —
J
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Fiaj16(Dx) =0, Fiaj+9(Dx) = wé;To, Fia13(Dx) = wnTy, Fia4(Dx) = kA + wnTy,

0 0
Fi4.15(Dx) = weTy, Fis;(Dx) = wio— EToE s Fis.j43(Dx) =0, Fi5,j16(Dx) = h1a
j T

Fi5.13(Dy) = wé, Fi5,14(Dx) = wg, Fi5,15(Dx) = hA+ww 54,5 =1,2,3,

; Fi5,519(Dx) = wvy,

where kg = wwD1 — ko, hg = twDs — ho and

where

- 82 82
F;;(Dy) = pAdy; + (N + M)a e Fiisj+3(Dx) = keAdy; + (ks + k5)m>

2

- 0
Fivo+6(Dx) = heA 6y + (ha + hs) 5—— 9, Fiyeire(Dx) = AiA,

Fi0.11(Dx) = Fi1.10(Dx) = A4A, Fipa2(Dx) = Fiz10(Dx) = AgA, Fi1.12(Dx) = Fi2.11(Dx) = 454,
F13;13(Dx) == ’YAy F14;14(Dx) = kA7 F15;15(Dx) = hA ) 17] = 17 27 37

and remaining elements of matrix f*‘(Dx) are zero. The system of Eqs. (28) can be represented as:
F(Dyx)U(x) =0,

where U = (u,v, w, ¢, ¢, 0, P) is a fifteen-component vector function for £3. The matrix F(Dx) is called the principal
part of the operator F(Dy).

Definition 1. The operator F(Dy) is said to be elliptic if ’f‘(m)’ # 0, where m = (mq, mg, mg). Since ‘F(m)‘ =
= 2 Nkkgkrhhghzy9 |m|*®, X = N 4 2u, k7 = ky + ks + ke, hy = hy + hs + hg, and:
A Ay Ag
9= A4 AQ A5 )
As As Az
therefore operator F(Dy) is an elliptic differential operator iff

pMkkgkrhhghzy9 # 0 . (29)

Definition 2. The fundamental solution of the system of Egs. (28) (the fundamental matrix of operator F') is the matrix
G(x) = (Gg2(x));5 5 satisfying condition

F(Dx)G(x) = d(x)I(x), (30)
where §(x) is the Dirac delta, I(x) = (8,:) 5,5 iS the unit matrix and x € E3,

Now, we construct G(x) in terms of elementary functions.

IV. Construction of G(x) in Terms of Elementary Functions

Let us consider the system of non-homogeneous equations

(A + pw?)u + (N + @) V(V - u) — X; Vs — pV + wTo VO + wi, VP = H, (31)
(kGA + ks)V + (k4 + k5)V(V V) LwD3W — B,Vq% — E1V¢ + k:lVQ = V, (32)
wD3v + (he A + hg)w + (hy + hs)V(V - W) — B3V — B2V + VP =W, (33)
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X (V1) +wbBi(V-v) +wBy(V - w) + (A1A — 1) d1 + (AsA — () pa + (AgA — (o) b3+

4610 + wé Tl + wuv P = X7, 34)
Xo(V - u) + wBs(V - v) + wBs(V - W) + (A4A — (o)1 + (A2 — 72) s + (A5 A — (s ) s+ 35)
+02¢ + 1w Tl + wva P = X,

Xs(V - 1) + wBs(V - v) + wBs(V - W) + (A46A — 6)1 + (AsA — (5)ba + (A3A — 73)da+ (36)
+03¢ + wés3THl + +wwvs P = X3,

(V- 1)+ wE (V- V) +wEy (V- w) + 6;¢0; + (YA — )¢ + wnTpf + +1wéP = L, 37

-1 (V- u)—k3(V - v)+&di + nd+ [kA + wTon] 0 + wsP =Y, (38)

—05(V - u) — h3(V - W) +v;0; + £p + wTpsh + [hA + ww] P = Z, (39)

where H, V, W are three-component vector functions on E3; X;, L, Y and Z are scalar functions on E3. The system of
Egs. (31)-(39) may be written in the form:

F"(D,)U(x) = Q(x), (40)

where F'* is the transpose of matrix F, Q = (H, V, W, X, L, Y, Z),x € E3. Applying operator (V) to the Egs. (31)~(33),
we obtain:

AA + pw?](V - 1) — XA¢; — pAG + wTpd1 A + wis AP =V - H, (41)
[k7A + k’g](v . V) + LWDs(V . W) — BiA¢p; — E1A¢p+ k1A0=V -V, 42)
LW.Dg(V . V) + [h7A + hg](v . W) - Bi+3A¢Z‘ - E2A¢ + hlAP =V - W. (43)

The Eqgs. (34)—(39) and (41)-(43) may be expressed in the form:
N(A)S =Q, (44)

whereS=(V-u,V-v, V-w, ¢, ¢ 0, P), Q= (wy,...,we) =(V-H, V-V, V- W, X, LY, Z) and

N(A) = (Ng=(A))gyg =

A + pw? 0 0 M A —XaA —X3A —pA Wyt A lwds A
0 k7A + kg LWDg 7BlA 7BQA 7BgA 7E1A klA 0
0 L(.UD3 h7A + hg —B4A —B5A —BGA _EQA 0 hlA
5\1 [,wBl LwB4 AlA -7 A4A — <4 AGA — Cﬁ (51 LwTofl LWU1
= 5\2 Lng LwB5 A4A — C4 AQA — Y2 A5A — <5 (52 LwT()fQ LWV
5\3 Lng LUJBG AGA — C(; A5A — C5 A3A — 73 (53 LUJT()&), LWU3
16 wkq wky 01 0o 03 yA — B~ wTyn wé
- —k3 0 & & &3 n EA + wTyn LS
—19 0 —hg U1 Vg V3 13 wTys hA + ww 9%9
Eq. (44) may also be written in determinant form as
r(A)S =1, (45)

where ¥ = (Ty,...,Wg), ¥; = 2570 Njw;, T1(A) = BB A = Rkkrhhzy 3 j = 1,...,9 and Njj is the
cofactor of the element IV;; of the matrix N. On expanding I'; (A), we see that

9
PiA) = (A +2),

where A7, i = 1,...,9 are the roots of the equation I'y (—m) = 0 (with respect to m). Applying operator I'; (A) to Eq. (31)
with the assistance of Eq. (45), we obtain:

T1(A)(A+ A pu =¥, (46)
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where \2, = %, U = i {I‘l(A)H—V[(A’ + 1)1 — Xitigs — 7 + wi Tovs + Lwﬂgwg]}. Multiplying Eqs. (32)

and (33) by hgA + hg and tw D3, respectively, we obtain

(h6A + hS)[(k'ﬁA + kg)v + (k4 + k5)V (V . V)] + (hGA + hg)Lng,W =
= (th + hg)[V =+ Bngbi + E1V</) — I<:1V9],

(wD3)* v + 1wD3[(he A + hg)W + (hy + hs)V(V - W)] = twD3[W + By 3V; + E2Ve — hy VP).

Using Eq. (48) in (47) and then applying I'; (A) to the resulting equation with the assistance of Eq. (45), we get
Fl (A)Fg (A)V = ‘I’”,

k@A + k‘g Lng
wD3 heA + hg

where I'2(A) = é , B = kghg and

o - L { (he A + hg)[T'1 (A)V—(ky + k5) Viba + BiVhit3 + E1Vihr — ki Vig] }
B —Lng[Fl (A)W—(h4 + h5) Vs + Biy3Virs + EaVibr — h1V’(/19]

It can be seen that
To(A) = (A+ A7) (A + Ay).

Multiplying Egs. (32) and (33) by tw D3 and kgA + kg, respectively, we obtain

LwD3[(k6A + k‘g)V + (ki4 + ks)V(V . V)} + (LLUD3)2W = LOJDg[V + B;V¢; + E1Vp — k‘lve],
Lng(kﬁA + k’g) v+ (k’GA + ks)[(hGA + hg)W + (h4 + h5)V (V . W)}
= (kGA + kJS)[W + Bi+3v¢i + EoVo — h1VP]

Using Eq. (50) in (51) and applying I'; (A) to the resulting equation with the help of Eq. (45), we get
Fl(A)FQ(A)W = ‘I’/N,

where

o L (k6 A + ks)[['1 (A)W—(hy + hs) Vb3 + Biy3Vibirs + E2Vibr — hi V]
B | —wDs[['1(A)V—(ky + ks5) Vibo + BiVipi 3 + E1Vipr — ki V] '

From Egs. (45), (46), (49) and (52), we have

where
U(x) = (T, @ 0" Uy, ..., Vg) and O(A) = (Og.(A))15, 15+
10 9,11,12
©:i(A) =T1(A)(A+AYy) = Hl(A + A7), Oirsir3(A) = Oipaire(A) = T1(A)2(A) = yl'I1 (A+A2),
y= =

9
0;;(A)=T1(A) = II (A+A}), 0,.(A)=0;i=1,2,3;j=10,...,15; g,z =1,...,15, g # z.

y=1

The expressions for ¥/, ¥" W' W, j =4, ... 9 canbe rewritten in the form

9
- %Fl(A)JH+wH(A)V(V~ H) + w2 (A)V(V- V) + w3 (A)V (V- W) +Zwi1(A) Vwi,

=4

9
1
-= wD3T1(A)IW + w3z (A) V(V - W) + > win(A) Vws,
=4

(47)
(48)

(49)

(50)

D

(52)

(53)
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U = wi3(A)V(V - H) — % wD3T (A)IV + w3 (A)V(V - V)+

9

1
+= (kA + kg)T1 (A)IW + wss(A) V(V - W) + ; wiz(A) Vwi, (54)
9
\Ifj = ’LUU(A)V -H+ ng(A)V -V + ’LU3]‘(A) V-W+ Zw,J(A) W;,
1=4

where J = (9;;),,, 4 is the unit matrix and

3x3

1 * 5 * * * *
win8) = = [V ) NA(A) = B VE () + oNG(A) = o ToN(A) = wdaN(A)]]

[Tptwin(A) = — 1 { (heA + hg)[(ka + k5)Nj5(A) = BN} 5(A) = ExN5Z(A) + k1 Njg(A)]+ }
? AB | —wDs[(ha + hs)Nj5(A) = BjiaNi 4 5(A) — Ea N5 (A) + hiNjg(A)] ’

w _ —wDs[ (ks + ks)Njp(A) — BiNj i 3(A) — BN (A) + ki N (A)]+ }

il le +(ke A + kg )[(ha + hs)Nj5(A) = Bj43Nj 4 5(A) — EaNG(A) + i Nj(A)] |7

N (A
wlg(A): lgE )77’7 ) 7979:47 79
A
From Eq. (54), we have
¥ (x) = RY(Dy) Q(x), (55)

where

R(DX) = (RQZ(DX))15><15’

2 2
Riy(Ds) = ST4(A)5, + na(A) 5o Rasa(D) = wna(A) 3o
Ry 6(Dx) = wia(A) =0 Ryyyo(D) = wiy ()2
i x axlaxj s Lliy+6 x ly aLL‘Z‘ )
0? 0?
Riy3,;(Dx) = wzl(A)M, Riy3,54+3(Dx) = E(htaﬁ + hs)I'1(A)d;5 + waa(A) 920,
R'+3~j+6(D ) = —iLngl"l(A)é-j + wgg(A)LQ R‘+3‘ (D ) =w (A)i
i+3; x B 7, (9%‘1‘637]" i+3;y+6 x 2y axi»
Rivoy (D) = w31 (A) = Bivoures(Di) = — = 1coDaT's (A)S; + s () —2—
i+6;7 x 8257',6.%_7' y AVi+6;5+3 x B 31 5] 32 895@3% )
Rivosvo(Da) = = (ks + k)T (A)51; + wss(A)— o Rivy (D) = wsy (D)2
i+6;5+6 x B 6 8)L 1 ij 33 8%18.%] s Li4-6;y+6 x 3y 83:1-’
Ry (D) = 0,1(8) 2, Ryiiss(Ds) = 0,2(8) o, Rysvs(Dx) = w(A)
31 X axl s Lly4-6;i+3 x y2 8:62 5 Lly4-6;i+6 x y3 6:@ )

Ry+6;h+6(Dx) = wyh(A) ) Za] = 1a273 ) yah = 47 .. 'a9'

From Egs. (40), (53) and (55), we obtain
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We assume that A7 # A% # 0and4,j = 1,...,12. Let

Y(X) = (YZJ( ))15><15> ZﬁgCg
9,11,12
Yz+3;z+3(x) - Yz+6;z+6(x) - Z T2g§g }/M Zr3g<g
g=1
Yij(x)=0;2=1,2,3;£=10,...,15;¢,j=1,...,15; i #j
where
e 0 (22 T2
Sg(x) = TR _i=1,i;éy< AT = - ,z#( P
9
r3.= I (M -=X)1g=1,...,12;y=1,...,10; 7)
i=1,i#z
(=1,...,9,11,12; 2 =1,...,9.
Lemma 1. The matrix Y is the fundamental matrix of the operator @ (A) i.e.
O(A)Y (x) = 0(x) I(x). (58)
Proof: To establish the lemma, it is adequate to prove that
T1(A)(A + AT Y11 (x) = 6(x), (59)
['1(A)T2(A)Yaa(x) = 0(x), (60)
['1(A)Y10;10(x) = 6(x) (61)
Consider:
12
ry; = — —1)7+! i
Z 3 10 z_:( Yz
j=1
where
Yoo y2y 22 g2y 2 2y 2 h2 g2y 202 42y 202 12y42 42
2= 05— A8 TG = 49) T - 22) 08— X3) IO = X)) 103 =208 - ),
9 9 9 9 9 9
2o = IO =) IO =) TLAT = A2) T = A7) TG = A7) TTOAZ = A8 = A9),
=3 j=4 z=5 y=6 g=T7 £=8
9 9 9 9 9 9
= I (AT =AD) LS = A7) TLOG =A%) TS = X)) TLAG = A9) TLAZ = AN = A9),
1= = = = =
1#3
9 9 9 9 9 9
= I (A =X) I (A-X) I (/\2 A2) 11 (/\2 Xp) TG — A7) IT(AF = AD)(AF = A3),
Z' — 2 ] — 3 z=5 y=6 g=T7 (=8
1#4 j#£4
9 9
= I (A=) 1 (=X I (AF=A2) (A=) TG —A9) TTOZ = A)OF —A9)
1=2 ji=3 z=4 y=6
i#5 j#b z#5
9 9 9
= I (N=A) I (3-A) I (A5-A) I (AN =A)) IS =A9) TLOT = AD)E = A9),
1 = ] = z = y = 9=
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9 9 9 9 9 9
= AL (T =A) I (5 =X7) I (5 =20 I (A =A) I (A5 = A7) ILOG = AN = A9),

1=2 j=3 z=4 y=2>5 g==6
i £ 7 J#ET 2 #T y#7 g#7
9 9 9 9 9 9
= I (AT =A7) I (A=) I (A —A2) I (A\f—-X) II (A=A II (A§ = A)(A7 —A9),
1=2 j=3 z=4 y=>5 g==56 (=17
i # 8 j#8 z#8 y#£8 g#8 L +38
8 8 8 8 8 8
2o = IL(AT = A) IL(A5 = A9) IT (A3 — A2) IL (AT — A)) IT (A3 — A2) IL (A5 — AD)(AF — AD),
=2 j=3 z=4 y=5 “ g=6 TA=T

zZ10 — ()\2 )\12)

z_

II,’:lco

9 9 9 9 9
03— 08— B 03— ¥3) 08 -2 Loz - ) B0 - 302 - ),
z=4 y=5 g=6 =7 h=8

Upon simplifying the R.H.S. of the above relation, we obtain

9
> s =0. (62)
=1
Similarly, we find that
Zrd 22—\ =0, Zrd r2[ -A)| =0 29:7"3- ﬁ( -A)| =0
7, ) =1 1 7‘ 7 =1 7 )
4 6
r3i | 11 Aﬂ_o rt[ /\—Aﬂ_o 7‘1[1'[ , Af]zo, (63)
Z ’ L‘—l Z = Z = )

H ’:lﬂ
=l

A?)] — 0,73 { 0 )\3)} .y

> .03
Also, we have
(A +A)sg(x) = 6(x) + (M) = AD)gg(x) s 9 =1,...,12. (64)
Now, let us consider
I'1(A)Yi010(%) = n (A+22) ngg;q (x) = n (A +22) ngg (%) + (A} = A2)gp ()] -
g=1 g=1

Using Egs. (62)-(64) in the above relation, we obtain

I'1(A)Yi0;10(x) =

9 9
= ILA+AD) D gy (08 = 02) 60(x) = T1(A+ )3 1y (02 = 22) [30) + (3 = ), (x)] =
g=2 g=2
9 r E 9 - -
= LA+ Y sy | 108 =2 o) = T1(A 447 )30 _jliIl(A?—Az)_ 560+ (4 = A2)ey ()] =
9 9 [ 3 ] 9 [ 3 1
= LA+ Dy | T2 = X 560 = T(A+2) erg I8 = 2)| (860 + (¥ = M)y (00)] =
9 r e 9 My -
= A+ > 1108~ X)| 5000 = IL(A+ ) 3 |05 =) | [56) + 08 = )5s00] =

9 s . 9 - s
= A+ Y g [ 103 =29 so(x) = LA+ XD sy | 1108 = X)) [666) + (03 = )y 0] =
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IHo

9
=] 60 = T Yy | 102 -] 560+ 0 - 225, 00] =
1= g:7 1=

9
9
= A+ \2 E
il;[7( + 1)9277039 |:

J

TI)’:I\I

2= 569+ 08 - Ay ] =

7
Jj=1

02— 0 = (3 49 3, |

9
9

= A )\ZE
111;[8( FAD 2 Tag ['H e

= (A +X5) (%) = §(x).

Egs. (60) and (61) can be proved in the similar way.
We introduce the matrix

G(x) = R(Dx) Y (x). (65)
From Egs. (56), (58) and (65), we obtain

F(D,)G(x) = F(D

X X

Therefore, G(x) is a solution to Eq. (30).

Theorem 1. If the condition (29) is satisfied, then the matrix G(x) defined by the Eq. (65) is the fundamental solution of
the system of Eqgs. (28) and each element of the matrix G(x) is represented in the following form:

Gg:(x) = Ry (Dx)Y11(x), Ggy(x) = Rgy(Dx)Yaa(x),

Gyj(x) = Rgj(Dx)Y10:10(x); g=1,...,15; 2=1,2,3; y=4,...,9; j=10,...,15.

V. Basic Properties of Matrix G(x)

Theorem 2. Each column of the matrix G(x) is a solution of a system of Eqgs. (28) at every point x € E3 except at the
origin.

Theorem 3. If the condition (29) is satisfied, then the fundamental solution of the system

F(D,)U(x) =0,
is the matrix G(x) = (C;'gz(x)) x5’ where
Cis(x) = £V (V5 x) = 2V % (V% G500, Grvajra) = -V (V- 00) = 19 x (V% 5 (x)
Grrisol) = 3V (V- 50) = 2V x (¥ x G60), Guoo() = AL,
éw;u(x) = éll;lO(X) = MCT(X% 610;12(X) = 612;10(X) = MG(X),
G (x) = %G‘(X)» Gii12(x) = Gran (%) = MCT(X%
Chza(x) = %ﬁlﬁﬁ(x)v Ghzs(x) = qix), Grana(x) = #» Ghs15(x) = <{‘}(lx)7
00 =~ S0 = g 67 = 1,23,

and the remaining elements of matrix G (x) are zero.
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VI. Fundamental Solution of System of Equations in Equilibrium Theory

If we substitute w = 0 into the system of Eqgs. (28), we derive the system of equations for the equilibrium theory of
micromorphic thermoelastic diffusion with microtemperatures, microconcentrations, and triple porosity as:
pAu+ (N 4+ p)V(V - u) + XV, + pVe — 9,V — 9,VP = 0,
(k(,A — kQ)V + (k4 + k5)V(v . V)—k3v9 = 0,
(hGA - hg)W + (h4 + h5)V(V . W)*hgvp = 0,
~X1(V-u) = Bi(V - v)=Ba(V - W) + (A1A = (1)1 + (sl — Ca) o + (A6 A — (o) da+
+01¢ + &0 +v1 P =0,
—Xo(V - u) = By(V - v)=B5(V - W) + (A4A — C4)pr + (A2A — (o) o + (A5A — (5) s+
+02¢ + 20 + v2 P =0,
—X3(V - ) = By(V - v)=Bs(V - W) + (A6A = (o)1 + (A5 A — ) + (A3A — (3) s+
+03¢ + §30 + vz P = 0,
—p(V-u) = Ei(V- v)=E2(V- W) +6i¢; + (YA = B)¢ +nb + P =0,
ki (V- v)+EAO =0,

(66)

We introduce the second order matrix differential operators with constant coefficients

E(Dx) = (EQZ(DX))15><15’

where matrix E(D, ) can be obtained from F(D, ) by taking w = 0. The system of Eqgs. (66) can be represented as
E(Dx)U(x) =0.
Definition 3. The operator E(Dy) is an elliptic differential operator iff Eq. (29) is satisfied.

Definition 4. The fundamental solution of the system of Egs. (66) is the matrix G’ (x) = (G}, (x)) satisfying condition

15%15
E(Dyx)G'(x) = §(x)I(x). (67)
We consider the system of non-homogeneous equations
pAu + (N + p)V(V - u) = X;Ve; — oV = H, (68)
(kA — ko)v + (ks + ks)V(V - v) — BiV¢; — E1Vo + k VO = V', (69)
(he A — ho)w + (hy + h5)V(V - W) — B;13V¢; — EoVo + h P =W/, (70)
X (V- )+ (A1A = G+ (Aad = Ga)d + (A6A — o)y + 016 = X, (71)
Xo(V - 1) + (AsA = Ca)1 + (A2 — G2)2 + (AsA — (5)3 + 620 = X3, (72)
A3(V - u) + (AgA — Co)pr + (AsA — (5)o + (A3A — (3)¢3 + 03¢ = X3, (73)
p(V-u)+ 8¢ + (vA—B)p =L, (74)
—91(V - u)=k3(V - v) + & +no+ kA=Y, (75)
—95(V-u) —h3(V-w)+vd; + £+ hAP = 7', (76)

where H', V', W’ are three-component vector functions on E3; X/, L', Y’, Z’ are scalar functions on E3. The Egs. (68)—
(76) can also be expressed in the following form:

E"(Dy)U(x) = Q'(x), (77)
where E¥ is the transpose of matrix E, Q' = (H', V/, W', X! L' Y'Z"), x € E3. Applying operator (V-) to the
Egs. (68)—(70), we obtain

AM(V - 1) — XAd; — pA¢ =V - H, (78)
[h7A — hg](v . W) — Bi+3A¢i — E2A¢ —|— hlAP = V . Wl. (80)
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The Egs. (71)—(74) and (78) may be expressed in the form
N'(A)S' =Q, (81)
where 8" = (V - u, ¢, ¢), Q= (w, wh, ws, wy,wg) = (V- H, X/, L') and
A _5\1 —:\2 —5\3 —
_ _ M AIA-G AA =G AgA =G 01
N@)=(Ne (@), =] %o Ad—G HA-G AA—G b ,

Az AgA —(s AsA—( AzA—(3 3
@ o1 02 03 YA=B/ g5

N'(A) = (N.(8)), s = A (Nye (4))

55

Eq. (81) can also be expressed in determinant form as:

I'3(A)S =@, (82)

where @ = (q,..., D5), &, = Zl L Mw;, T3(A) = o C=Xv,j=1,...,5and M, is the cofactor of
the element N; of the matrix N’ On expanding I's(A), we see that

where 12, i = 1,2,3,4 are the roots of the equation 1/\\1 —m)| = 0 (with respect to m). From Eq. (75), we get Af =
2% q p q g

= %[Y’ +91(V - u)+ k3 (V- v) — &b — ng|. Using the above equation in Eq. (79) and then applying operator I's(A) to
the resulting equation, we get

, kiks — kok

D3(A)(A + g3V - v = &g, i = e (83)

where @ = ch- Lk [(Bi 4 S5) ®ipy + (BLA +22) B 4+ Ty(A)V - V/| — ki [T5(A)Y” + 9181] } . From Eq. (76),
we get: AP = +[Z'+92(V - u) 4+ h3(V - w) — v;¢; — £¢]. Using the above equation in Eq. (80) and then applying operator
I'3(A) to the resulting equation, we get

hihs — hah

L3(A) A+ ig)V - w = &, i = Py

, (84)

where ®; = hh { [ BiisA+ ”fl) D + <E2A + %) D5 +T3(A)V - W’] —h[[3(A)Z" + 192@1]}. Applying
2

operators I's(A) (A + fi2) and s (A)(A + fi2) to Egs. (75) and (76) and using Egs. (83) and (84), we get
Az 1_5[ (A + )9 = @87 (85)
=1
9 4,6
A° I (A+ fi; )P = Py, (86)
where
1
By = - [(A+ AZ)[Ds(A)Y" + 1@y = &®igy — n®s] + kyD] |
1
Py = E [(A + 1 )[ (A)Z + 2@ —v;® i+l — f@g,] + hdcbﬂ .

5
Applying operators T'3(A), A% 1T (A + fi?) and A2 (A + fi2) to Egs. (68)—(70), respectively, and using (82)—(86),
i=1 i—1

we obtain
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APg(A)u = @l
k
2 I/ ~2 _ M2

A 2_1(A +i2)v==a e (87)
4,6,8

A% TI (A+u1)w " ~§77%.
1=1 6

where

1 -
3 — p [Fg,(A)H’ — (N + @)V + AV + pV s,

(A + B2V =A(ky + ks) V6 + A(A + 32)(Bi VD1 + E1VPs5) — klwg} :

"no__ i 2
P’ = ™ A i
1 ,6
" = . {N AHI(A + AW/ —=A(hy + hs)V®7 + A(A + i2)(Bigs Vi1 + E;VO5) hlwg}
6 i=
From Eqgs. (82) and (85)—(87), we get
A(L)U(x) = @ (x), (88)
where
5 (X) = (éla (I)Ha (I)mv (D27(b37(b47 (b' (b87 (b9) and A(A) (AQZ(A))15><157
4
Ayy(A) = Al'3(A) = A? igl(A + /212)’ Ayisyt3(D) = AQ s 1(A + /’(’z)
54,68 Y 4 5
Ayroyro(A) = A7 T (A+77), Au(A) =T5(A) = A T (A + /i),
2 5 o 2 4.0 ~2
Argna(B) = A% T(A + 7)), Aisas(A) = A% TT(A + /),
A (A)=0;y=1,2,3;¢=10,...,13; g,2=1,...,15; g # z.
The expressions for ®', ®" &' &, O3, Oy, Oy, Pg, Py can be rewritten as
(89)

®(x) = 2" (Dx)Q' (),

where
Z(DX) = (ng(DX))15><15a
Z;;(Dy) = i1“ (A)d;; +m (A)ai2 Zii+3(Dx) =m (A)ai2
@ x) — [ 3 ij 11 8.731'833_]'7 i;5+3 x) — 12 6$ial‘j’
Zigs6(D) = mas(A) - Zuny(Da) = g 2(A) -
;J+6 x) = Mi3 O a .7 i;h+8 x) = M1;h4+2 &’ci’

2 -2 0

Zi+3,j(Dx) = 0, Zit3,j+3(Dx) = kfﬁA izl(A+ui)6ij + maz(A) bz,

0
= mag(A)5—, Zite,;(Dx) =0,

Ziy3;j46(Dx) = Zit3;4(Dx) = 0, Zi3;14(Dx) B
Zirei43(Dy) =0, Zit6.516(D )—iAQZLr’f(A+~2)6--+ (A) A
i+6;5+3 x) — Yy £i+6;546 x) — h6 i1 /LL 17 ms3 3:&0@’
0

0
Zi+6;e<DX) =0, Zi+6;15(DX) = m39(A)%v Zy+8;i(DX) = my-&-?;l(A)%v
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0 0
Zy+s:i+3(Dx) = Mmy1202(8) 5= Zyrsiive(Dx) = my123(8) 5 -,

0
Myy2;h42(A), Z14;i(Dx) = Z1ai46(Dx) = Z14;¢(Dx) = 0, Z145i43(Dx) = mag2(A) 97
0
Z15.(Dx) = 0, Z15,i46(Dx) =

Zy+8;ﬁ+8(DX) =
Z14;14(Dx) = mgs(A), Z15,i(Dx) = Z15i43(Dx) =

1 X * *
Z15:15(Dx) = mgg(A), m11(A) = —N? { (N + ) M7y (A) = XMy (A) = @M15(A)} )

A + ~2 * * *
mis(A) = o é‘j [~ k191 My (A) + (BikA + k&) M1 (A) + (BrkA + kin) Mi5(A)],
7

A+ [
mi3(A) = e [ hi9a My (A) +
7

(Bi+shA + hivi) My 1 (A) + (E2hA + hi §) M5 (A)],

)

M, (D) L[ (krA = k) (0 M7y (A) = &M (A) — nMi5(A))+

Mgy 42(A) = yé« » mis(A) = kekrC [ —|—IZ3A(B¢21\4{‘;:+1(1£) +E1M1*51(X)1) ; ]
1 [ (hr A — ha) (2 M1 (A) — v My 1 (A) — EMi5(A))+ }
+h3A(Bi+3M1*;i+1(A> + E>Mi5(A)) ’

mlg(A) = =
hh,C

Ts(A k-

5(4) [(kg 4 ks)kA + kiks], mas(A) = T];r3(A),

ma,(A) =0, mos(A) = —
2:(A) 22(A) Thoks
_ _ F3(A) hs
msx(A) =0, maz(A) = hhglis [(ha 4+ hs)hA + hihg], mag(A) = I
{4 )My (8) = KoMy (A) = oMy (A) )

——T3(A),

My 2.1 (A) = s
A+ i . .
My42:2(A) = o (k101 My (A) + (BikA + k1§i) My 41 (A) + (E1kA + kin) M5 (A)],
7
A+ . .
[7h1192My1(A) + (Bl_‘_ghA + hl'l)i) (A) + (EQhA + hlf)MyF)(A)],

*
My;i+1

a(A) = _
My+2,3(A) G
m i A) = y”; , m s(A) = —— 1/7,+ )
yr2rt2(4) y+2:8(A) kG +k:3A(B M, 1,+1(A)+E1 ( )
1 (h7A — ho) [0 My (A) —vi My, g (A) = EM s (A)]+ ]
) A - y;i+1
me20(8) = 30 { hyA(BiyaMyyy (A) + ExMis(A)) ’
kD5 (A) (A + 12 T3(A) (k7 A -k
mg.(A) = mox(A) = 0, mga(A) = — 1l k)li ,u7)’ mgg(A) = lt )(k; 2)7
7 7
hiT3(A) A + 2 Ts(A)(h7A —h L.
ms(A) = — 1 3(A)( ”8),m99(A): 3(A)(hr 2);1’]:1’273;
hhy; hhy
h=2...7:q=10,...,13,15; e =10,...,14; y,r =2,....5; 2=1,3,...,7,9; X=1,2,4,...,8.
From Eqgs. (77), (88) and (89), we get
(90

Let
Y'(x) = (Yz‘,j(x))15xl5 L Y2 (%) = iy er (%) + 11065 (%) + Zﬁ g+2 <y

Y 52 43(%) = 1167 (%) + 75565 (%) + Z T9g+2 <y
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4,6,8

Z T3 39+2 C
) + Z ril;g-‘,—l gg (X)
g=1
5 —~
+D s g (%)
g=1

L 6iar6(X) = 73167 (%) + 73065 (x
Yip(x) = 67 (x
Yig14(%) = 75167 (%) + 75265 (%)

Yi5.05(%) = 76167 (%) + 76065 (x

! . — i oa =
Yij(X)ZO,Z_LZaSaZm]—

4,6
) + Zré;g+2 gg (X)
g=1

5;9%#7;£=10,...,13

where
— ebﬁy|x‘
=——:;9=1,...,8
47T |X| K g ) b b
4 4 4
_ ~2 ~—2 ~—4 -1
T == E H My H fi; 5o = | | A Tly+2 = Hy H (N - My) )
g=1 \j=1,j#g i=1 i=1 i=1,iFy
5,7 5,7 5,7 5,7
/ ~2 ’ _ ~—4 ~2 o~ —l
To1 = — H My fi; *, oo = HMZ » To042 = Hy H (/j/i - W) )
g=1 \j=1.j#g i=1 i=1,i
4,6,8 [ 46,8 4,6,8 4,6,8 4,6,8
’ ~2 ~—4 ~ ~—4 ~2 o~ 1
31 = — H Ky H By oy Tag = H Mz’ Ts 2y = [ H (Mi - M;:) )
g=1 j=1,7%#g i=1 i=1 i=1,i#z
4 4
’ ~—2 . ~—2 ~2  ~2\—1
T41 H:uz ’ r4;y+1 - _:uy H (u’z - :uy) )
i=1 i=1,i#y
5 5 5 5 5
_ ~2 ~—4 7 ~—2 _ 4 ~2  ~oy—1
Ts1 = — E H My H » I'sg = H/%’ » 52 = Hp H (Mi - Nh) )
g=1 \j=1,j#g i=1 i=1 i=1,i%h
4,6 4,6 4,6 4,6
o ~2 / _ ~—4 ~2  ~2\~1
61 = — H 22 H ) Ty = th » Texy2 = Hx H (Ni - ﬂx) )
g=1 \j=1,j#g i=1 i=1,i#X
y=1,...,4;4=1,....5,7; 2=1,...,6,8; h=1,....5; A=1,...,4,6.

Lemma 2. The matrix Y’ is the fundamental matrix of the
operator A(A), i.e.

A(A)Y (x) = §(x) I(x).

Proof: To prove the lemma, it is sufficient to prove that

oD

AFB(A)Ylll( ) (X)>
AT3(A)(A + 33) (A + fi7) Y]
AT3(A)(A + fig)(A+fa

T3(A)Y{p,10(x) =

AT3(A)(A + i
AT5(A)(A + i

1(x) =
)Y7/7(X) =
(X),
)Y14 14(x) =
)Y15 15(%) =

92)

It is much easier to prove the system of Egs. (92). It has been
left for the reader.

We introduce the matrix
G'(x) = Z(Dx)Y'(x), (93)
From Egs. (90), (91) and (93), we obtain: E(D_) G'(x) =
= 0(x) I(x). Hence, G(x) is a solution to Eq. (67).

Theorem 4. If the condition (29) is satisfied, then the matrix
G’ (x) defined by the Eq. (93) is the fundamental solution of
the system of equations (66).

VII. Conclusions

This manuscript presents the development of a linear the-
ory for micromorphic thermoelastic diffusion materials, in-
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corporating advanced features such as microtemperatures,
microconcentrations, and triple porosity. Fundamental solu-
tions have been derived for two key systems of equations:
one for steady oscillations (Eq. (28)), expressed in terms of
elementary functions, and another for equilibrium conditions
(Eq. (66)). These solutions enable:

1. Comprehensive analysis of three-dimensional bound-
ary value problems within this theoretical framework,
utilizing the potential method.

2. Development of integral representation expressions
for regular solutions of the governing equations.

3. Numerical resolution of boundary value problems
through the boundary element method.

4. Construction of Green’s functions for specific cases in
3D domains.

By incorporating triple porosity, microtemperatures, and
microconcentrations, the proposed theory offers a deeper un-
derstanding of thermoelastic behavior in complex materials.
This holistic approach equips researchers and engineers with
tools to model and analyze materials with greater precision.
The theoretical advancements provide practical insights for
designing and optimizing materials, facilitating their appli-
cation in diverse engineering and scientific fields.

In conclusion, the contributions of this work establish
a robust foundation for advancing the field of thermoelas-
ticity, offering a more comprehensive theoretical framework
and practical methodologies for analyzing materials with in-
tricate thermoelastic properties.
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