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Abstract: Baker Maps have long served as pedagogical tools for understanding chaos and fractal phase-space distribu-
tions. Recent work [1], following earlier efforts from 1997 [2], shows that the Kaplan-Yorke formula for information
dimension disagrees with direct computation for some simple compressible Baker Maps. Here we extend this map work
to simple continuous flows. We compare pointwise information dimensions to the Kaplan-Yorke dimension for a simple
four-dimensional flow [3] controlling both (p*) and (p?): { G=p; p=—q—£Ep° —Cp; E=p* = 3p*; (=p* —T }.
Precisely similar sets of Gaussian points could be generated with Metropolis’ Monte-Carlo simulations of harmonic os-
cillators in Gibbs’ canonical ensemble with f(q) = "0’ /2 /+/(27). Remarkably, we show that the dependence of the
pointwise information dimension for the Gaussian distribution is linear in the inverse of the logarithm of the mesh spac-
ing, o 1/1n(1/§). The Hoover-Holian Gaussian oscillator problem [3] can be generalized [2-4] to some nonequilibrium
steady-state problems by introducing a temperature-gradient parameter e. In that case the temperature 7" varies from 1 — ¢
tol+e: T =1+ etanh(q) so that both conservative (e = 0) and dissipative (€ > 0) flows result.
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I. Information Dimensions
for Compressible Baker Maps

Linear Baker Maps provide toy-model analogs for the
macroscopic conservative and dissipative flows developed in
the last century. For a simple example map and its steady-
state solution see Figs. 1 and 2, respectively. Here we extend
the work with maps [1] to continuous flows. [2—4] Hamil-
tonian flow systems conserve phase-space volume while
nonequilibrium steady-state flows can generate strange at-
tractors with fractional “fractal” dimensionalities. The usual

definition of the fractal information dimension is the limiting
small-§ quotient [5]

D; = 3 [P(P)]/ In(8) = (n(P))/ 1n(5),

where the attractor is spanned by a Cartesian grid with grid
spacing d. The { P } are the probabilities of the volumes as-
sociated with each Cartesian hypercube. The N2 Baker Map
provides an estimated dimension 1.7415 when the limit is ap-
proached using powers of (1/3) for §. Oddly enough, powers
of other integers, (1/2)™, (1/5)™, ... give slightly different
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limiting values. Mapping areas rather than points gives still
a different dimensionality, 1.78969. See Refs. 1 and 4. Evi-
dently “the information dimension” from the Compressible
Baker Map of Fig. 1 is ambiguous!

Fig. 1. The Compressible Baker Map N2 at the top doubles red ar-

eas and halves white ones. With a total area of 2 X 2 = 4 the area

changes are (4/3) <— (8/3). The map is rotationless and time-

reversible, with N2 x T'x N2 x T = I, where I is the identity

map. Here T is the time-reversal map, not to be confused with tem-

perature. Repeated iterations of this Baker map produce the fractal
strange attractor shown at the right in Fig. 2

Fig. 2. The “source” and “sink” distributions obtained from the

Compressible Baker Map of Fig. 1. The strange attractor at the right

is the mirror image of the repellor source shown at the left. Apply-

ing the time-reversal mapping 7' to either distribution generates the

other one. 7" changes the sign of the vertical “momentum-like” co-

ordinate p. It is convenient to use a 2 X 2 diamond-shaped domain
with horizontal coordinate g and —v/2 < ¢,p < +v/2

This inconsistency for maps suggests that a similar ambi-
guity is likely for continuous flows. Here we consider Gaus-
sian distributions of points in spaces with an integral num-
ber of dimensions. The four-dimensional choice is motivated

by the Hoover-Holian motion equations [3] given in the Ab-
stract. This case generates a normalized four-dimensional
distribution of points:

F(a,p,€,¢) = =027 /26~ /2=C/2 j(97)2

Precisely similar sets of points with other integral dimen-
sionalities can be generated with Metropolis’ Monte Carlo
simulations of harmonic oscillators_in Gibbs’ canonical en-
semble, starting with f(¢q) = e~7/2/\/(27), in the one-
dimensional case. We will soon see that a temperature gradi-
ent, dT'/dq, can transform the four-dimensional equilibrium
Gaussian distribution to singular fractal distributions with
dissipative heat currents. These structures [2] can present di-
mensionalities between 3 and 4. Farther from equilibrium,
with a larger temperature gradient, limit cycles can result,
with dimensionality 1.

II. Information Dimensions
for a Canonical Oscillator

The simplest example flow system is a harmonic oscilla-
tor with unit mass and force constant. For this system Gibbs’
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Fig. 3. Information dimensions D; for the Gaussian canonical
distribution of a one-dimensional oscillator with unit mass and
force constant. The left-to-right approximate green points corre-
spond to analyses with mesh spacings 0 ranging in powers of
10 from 0.00001 to 0.1. The leftmost green point corresponds to
a trapezoidal rule integration of P In(P) with 1.2 million integra-
tion steps in the range —6 < ¢ < +6. The limiting (g — 0)
red-point intercept is a dimensionality of unity. The black line
from that intercept corresponds to an analytic evaluation of the
P1n(P) integral’s dependence on In(1/4). The straight-line de-
pendence of information dimension on the logarithm of the mesh,
Dy =1+[In(+y/(2we)/In(1/dq) | ~ 1+1.41894/1In(1/4) is an
exact result
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canonical distribution is Gaussian in both the coordinate and
the momentum. The Gaussian distribution for the oscillator’s
coordinate, normalized in space, is

Y P=Y flgdg=")_ e~ 2dq/\2r ~
+6

= [ rwa= [ :O

In practice, for thousands or millions of trapezoidal-rule
bins of width dg, integration limits of 6 are quite sufficient
for the oscillator because e =!8 ~ 1.5 x 1078 is a negligible
error. In this one-dimensional case the P In(P) definition of
information dimension for flows leads to the equality:

flg)dg = 1.

(ﬁl(P)e*qQ/?dq/ (27) =

+
— 00

DyIn(dg)=>»  PIn(P) = /
o0 R
:/ [(—¢*/2)—(1/2) In(27)+In(dg)][e~* /?/v/27]dg =

— 00

= [—(1/2) — 0.91894 — In(1/dq)] —
— Dy =1+ [ln(y/(2me)/ In(1/dg))-

This last equation expresses the information dimension as
an explicit function of the dg mesh size. Trapezoidal rule
convergence is painfully slow. Mesh spacings dg = 0.00001,
0.0001, 0.001, 0.01, 0.1 provide respective information di-
mensions 1.123, 1.154, 1.205, 1.308, and 1.616. See Fig. 3.
In the end we find the explicit expression for information di-
mension with finite dg: Dy = 1 + [In(v27e/In(1/dq)] =
= 1+1.4189385/1n(1/4). A like result also holds for an er-
godic four-dimensional oscillator flow problem. We describe
and show that next.

II1I. Information Dimensions
for Hoover-Holian Oscillators

Fig. 4 suggests the near-perfect linear dependence of the
information dimension for a four-dimensional harmonic os-
cillator on the logarithm of the mesh spacing. This is the
same functional dependence that applied to Gibbs’ canoni-
cal distribution for the one-dimensional oscillator. In Fig. 4
the red open circles display the exact analytic dependence
calculated below. The filled circles are the results of numeri-
cal simulations with as many as 5124 ~ 69 billion hypercube
bins, and differ from the analytic dependence by a fraction
of a percent.

In 1996 Hoover and Holian discovered [3] that the
ergodic motion of a four-dimensional harmonic oscillator
could be simulated by adding two thermostat variables, £ and
¢, to a one-dimensional oscillator’s coordinate ¢ and mo-
mentum p. These two new “thermostatting” variables control
the fourth and second moments of the velocity distribution,
(p*, p?). The equations of motion are

{i=p;ip=—q-*—Cp; E=p"—3p*; (=p*-T}.

Equilibrium Information Dimensions
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Fig. 4. Information dimensions from simulations for the equilib-
rium four-dimensional Hoover-Holian oscillator [3] as functions,
1/1n(1/6), of the mesh spacing § = dg are D; = 9.8105, 7.3936,
6.3950, 5.8522, 5.5100 for meshes with 32*, 64%, 128", 2567,
512* 12 x 12 x 12 x 12 hypercubes. The corresponding values
of § range from 12/32 to 12/512. Applied to all these simula-
tion data the quadratic-fit intercept is 4.00 while the linear- and
cubic-fit intercepts are 3.98 and 4.02, all quite close to the ex-
act dimensionality of the Gaussian (the green open circle) of 4.
Two billion Runge-Kutta points, separated from their neighbors
by 64 timesteps, with dt = 0.001, were used in our numeri-
cal solutions of the three coarsest-mesh four-dimensional oscilla-
tor problems. The 18-day 512* mesh-point benchmark simulation,
with Dy = 5.51003, included 500 billion time steps. This gave
a rough match of the resolution of the coarser 128* mesh. The ini-
tial conditions for all these ergodic simulations were (g, p, £, () =
= (0,4,0,0). Those relatively-rare points lying outside the four-
dimensional 12 x 12 x 12 x 12 hypercube were discarded from
the dimensionality analyses. The filled and open red circles cor-
respond to simulation and analytic dimensionalities, respectively,
with the analyses, 9.7867, 7.3906, 6.3977, 5.8547, 5.5122, based
on a four-dimensional Gaussian distribution

The route to the information dimension requires four-
dimensional steps parallel to those for the one-dimensional
oscillator but with dg = dp = d§ = d{ = 6:

Drin(s) = Pln(P) = (—(¢* +p* + &+ (*)/2+
—2In(27) — 41n(1/6))
1
Dr=4+[21n(2me)/ In(1/8)]|=4+41[5.67575413/ In(1/4)].

Notice that the one- and four-dimensional problems
show the same linear dependence on the logarithm of the
mesh scale d, with convergence slowing as the dimension-
ality is increased. The four-dimensional oscillator result for
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Dy is precisely equal to four times the one-dimensional one.
It is amazing that practical mesh lengths give information di-
mension estimates, Dy = Y [PIn(P)]/1In(d) so greatly ex-
ceeding the actual geometric dimensionality, 4, of (¢, p, £, ¢)
space. The surprisingly good agreement with the extrapo-
lated dimensionality for the equilibrium Gaussian oscilla-
tor suggests further trials of the nonequilibrium oscillator.
We carried these nonequilibrium trials out with up to 256*
sampling bins, along the lines described in the next section.

Nonequilibrium steady states can be achieved
by introducing a temperature gradient, for instance
T(q) =1+ etanh(q), where the maximum temperature
gradient is €. In Tab. IIT of Ref. 2 the Kaplan-Yorke dimen-
sionality of 3.79 corresponds to the nonequilibrium profile
with T'(¢) = 1+ 0.4tanh(q) — 0.6 < T' < 1.4. Let us
next see whether or not the direct measurement of D; away
from equilibrium agrees with this alternative algorithm, the
Kaplan-Yorke guess.

IV. More Nonequilibrium Hoover-Holian
Dy Algorithms

To illustrate nonequilibrium systems, which can gener-
ate fractal distributions we detail the analysis of the Hoover-
Holian oscillator problem in which temperature has a gra-

Nonequilibrium Information Dimensions
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Fig. 5. The nonequilibrium D;, with e = 0.4 are 9.7078, 7.2758,
6.2685, and 5.7166 for 32, 64*, 128*, and 256 bins. The linear-
, quadratic-, and cubic-fit extrapolations to 1/In(1/d) = 0 are 3.83,
3.83, and 3.82, suggesting a slight deviation from the Kaplan-Yorke
estimate of 3.79 found by Hoover and Posch [2], indicated with
a red open circle here. The Kaplan-Yorke dimension is often used
to approximate the information dimension and many assume that it
is exact. See, for instance, the discussion in Tél and Gruiz’ book [5].
We view it as simply another definition. The closeness of the simu-
lations to Dy suggests the more detailed comparison which fol-
lows in the next section

dient, leading to a dissipative heat current and a fractal dis-
tribution. Simulation results are displayed in Fig. 5. To con-
struct the figure we choose a nonequilibrium temperature
profile, T(q) = 1 + 0.4tanh(q) and grids of 32%, 644,
..., 256% hypercubes for exploration of our point-sampling
algorithm. In the end we analyzed two billion (a bit less
than 23!) Runge-Kutta points (dt = 0.001), each sepa-
rated from its neighbors by 64 timesteps, in order to smear
the one-dimensional nature of the continuous (g, p, ¢, () tra-
jectories. For reproducibility we choose the initial values
(¢,p,&,¢) = (0,4,0,0). The worst-case one-dimensional
limit-cycle example with e = 0.8 gives an erroneous dimen-
sionality of 2.19, an artefact of the initial condition, rather
than 1.00 with two billion adjacent sampled points and 128*
hypercube bins.

With 324, 64*, and 128* hypercubes the resulting in-
formation dimensions for the ¢ = 0.4 strange attactor are
9.70782, 7.27580, and 6.26849. Repeating these same three
simulations, but doubling the separation to 128 timesteps be-
tween sampling points, the corresponding dimensions are
9.70770, 7.27579, and 6.26854, a negligible difference.
We conclude that a separation of 64 steps between sampled
points is sufficient and have used that in the nonequilibrium
data, a comprehensive set of sixteen Dy, given in the next
paragraph.

The Posch-Hoover Tab. III in Ref. 2 includes Kaplan-
Yorke dimensions for four values of the maximum tempera-
ture gradient €, 0.2, 0.4, 0.6, and 0.8 for four different values
of the lengthscale parameter h, 2, 1, 0.5 and 0.25:

Ref. 2 Dy h
3.97,3.89, 3.73,1.00 | 3.96, 3.91, 3.79,1.00 2.00
3.94, 3.79, 3.50, 1.00 | 3.95,3.84,3.63,1.02 1.00
3.93,3.72,3.38,3.19 | 3.93,3.78,3.53,3.10 0.50
3.90, 3.65, 3.24, 3.13 | 3.91,3.71, 3.25,2.95 0.25

Each of the nonequilibrium information dimensions dis-
played to the right was computed by analyzing a four-hour
desktop simulation with 128 billion Runge-Kutta time steps.
Typical data are displayed in Fig. 5. The details of our algo-
rithm are as follows. For each of the sixteen combinations of
e and h we generated two billion (g, p, &, {) points selected
from a 128-billion time step simulation, with a point-to-point
time interval of separating analyzed points of 64dt = 0.064.
Those points within a 12 x 12 x 12 x 12 hypercube were dis-
tributed over three regular grids, with 324, 64%, and 128*
smaller Cartesian hypercubes. The resulting probabilities
generate three values of the information dimension. The in-
tercept values of linear and quadratic fits of the three Dj as
functions of 1/1n(1/d) were then averaged to give the nu-
merical dimensions at the right in the preceding paragraph.

The values for ¢ = 0.8 in the top two lines, 1.00 and 1.02,
correspond to limit cycles. Here the coordinate-dependent
temperature depends upon the parameter h as well as the co-
ordinate ¢, T'(q, h) = 14€tanh(q/h). Although the Kaplan-
Yorke dimensions from Ref. 2 (at the left) are often close to
our extrapolated information dimensions (at the right) the
significant deviations of 0.13, 0.15, and 0.18 indicate the
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approximate nature of Kaplan and Yorke’s approximation.
The data presented here, from an entirely different algorithm
generating hundreds of millions of hypercube probabilities,
show that the ambiguous nature of the information dimen-
sions found for maps likely occurs in flow examples too.

V. Current Status and the Future

The exploration of fractal behavior for flows has been
implemented here by perturbing a thermostatted oscillator’s
ergodic four-dimensional Gaussian distribution with a tem-
perature gradient. This basis presents a useful linear depen-
dence of information dimension on the logarithm of the mesh
spacing . We have demonstrated the feasibility of 18-day
simulations with as many as 512% ~ 60 billion phase-space
bins using a Sheffield University MacPro computer (pictured
with Karl’s biographical sketch) costing about ten times the
price of a student laptop machine.

Detailed exploration of thermostatted nonequilibrium
oscillators shows considerable deviations of D; from the
Kaplan-Yorke Dy values based on the Lyapunov spec-
trum, suggesting that the information dimension for flows
is ambiguous, just as it was for maps. Moore’s-Law biennial
doubling has made studies in four-dimensional spaces fea-
sible, with laptop computers reaching terabyte scale prob-
lems as national laboratory computers remain a few orders
of magnitude larger with exaflop machines (with 10'® float-
ing point operations per second).

608 118 points: é: p*—3p?

Our analytic finding that the information dimension
varies linearly in 1/In(1/§) parallels the computational ex-
perience with maps [1, 4] although different approaches to
the limiting case § — 0 can display considerable curvature.
For examples see the figures in Ref. 1. The linearity of “di-
mension” with respect to In(4) is both interesting and useful.
It is puzzling, even paradoxical, though evidently possible,
that many of the fractional dimensionalities that result from
computation exceed the four dimensions of (g, p, &, () space
in which the data are generated and analyzed. See for exam-
ples the dimensionalities near 10 obtained with 32 bins used
in the analysis of two billion points in Figs. 4 and 5. This
awkward situation suggests the need for further fundamen-
tal investigations of the slow convergence of dimensionality.
A toy-model distribution of unit density ina 12x12x12x12
hypercube spanned by 324 equal hypercubes has an informa-
tion dimension computed as follows:

Dy =(P)/In(d) = —41n(12)/1n(12/32) =
= (—9.9396)/(—0.98083) = 10.134,

in rough agreement with the Gaussian information dimen-
sionality with 32% grid points. Despite the slow convergence
the Dy intercept estimates for the nonequilibrium Hoover-
Holian fractals are quite reasonable!

As was mentioned in Ref. 1 we would be grateful for
readers’ contributions. Ideally these would shed further light
on the paradoxical nature of the coarse-grained dimensions
of the Gaussian distributions and the fractal structures ob-
tained with the addition of thermal dissipation caused by

602 410 points: 5.= p*—3p*T
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Fig. 6. Two (g, p) cross sections from simulations using 2 X 10! time steps with € = 0.4. Thermostat evolutions 5 = p* — 3p? (at the

left) and § = p* — 3p2T (at the right) are compared, with more than 600 000 points in both cases. Points with both |€] < 0.005 and

[¢] < 0.005 and dt = 0.001 are plotted. To avoid visible line segments in these sections we select only those points corresponding to
times that are integral multiples of 5dt. For more details see Ref. 6
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a temperature gradient. In this work we have explored the
properties of the quartic thermostat variable £ obeying the
motion equation f = p* — 3p?. At equilibrium, with con-
stant temperature 7" = 1, a similar thermostat model, with
£ = p* — 3p?T generates an identical (g, p,£,¢) solution.
Away from equilibrium, even for the relatively-small tem-
perature gradients, ¢ = 0.4,0.2, and 0.1, the fractal struc-
tures for the two models are quite different. Exploration of
the differences would provide further insight into the fractal
structures and dimensionality reduction of nonequilibrium
states. See Fig. 6 for (£ = ¢ = 0) cross sections of the frac-
tal distributions for the two quartic-thermostat models with
e = 0.4. Reader contributions elucidating the fractal prop-
erties of these model types can be considered for eligibility
in competitions for a 2023 or 2024 Snook Prize. Email the
Hoovers for more information on this option.
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