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Abstract: A simple model was developed for studies of the polymerization process of branched polymers. Monte Carlo sim-
ulations were carried out by means of the Dynamic Lattice Liquid algorithm. A living polymerization in bulk of dendrimers
and hyperbranched polymers was studied. The mass and structure of both types of macromolecules were investigated.
The influence of the functionality of well-defined cores on the structure of the system was also examined. The differences
in the kinetics in the formation of both architectures and changes to their structures were discussed. It was shown that both
architecture exhibit low dispersity which was found to be higher for hyperbranched macromolecules.
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I. Introduction

Non-linear polymers may be divided into the follow-
ing classes: cross-linked, branched and dendritic. The latter
class might be further divided into: random hyperbranched
polymers, dendrigrafts, dendrons and dendrimers [1]. Den-
drimers are macromolecules that are completely and regu-
larly branched. Their dendritic structure is three-dimensional
and geometrically perfect [2–3] and therefore they consti-
tute an important model for theoretical considerations [2, 4].
They consist of a central branching point and branched re-
peating units emanating from it [5–7]. Dendrimers are usu-
ally characterized by functionality of branching point (usu-
ally 3 or 5), the length of the spacer (the number of mers

between branching points), and the number of generations
(the number of shells containing branching points).

Dendrimers are important because of their applications
in nanotechnology, drug delivery, catalysis, coatings, biosen-
sors, drug carriers, etc. [2, 7, 8–13]. The polymerization of
dendrimers is carried out according to two schemes, diver-
gent and convergent, with increasing and constant reactions
per growth step, respectively [7–8]. The properties of den-
drimers differ significantly from those of their linear coun-
terparts [14]. Moreover, they vary considerably from regu-
lar star-branched polymers [15]. Dendrimers with a small
number of generations form an entangled melt, while those
with a larger number of generations can be treated as densely
packed structures [16]. The number of chain entanglements
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is low and their influence on viscoelastic properties is small,
but the viscosity of dendrimers appeared to be a nonmono-
tonic function of molecular weight [17–19].

Theoretical treatment of dendrimers was performed
mainly using self-consistent mean field and renormaliza-
tion group calculations [20–21], Monte Carlo simulations
[15, 22–27], and Molecular Dynamics simulations [21–22,
31–37]. The structure and viscoelastic properties of den-
drimers studied by computer simulations showed the impact
of the functionality, the number of generations, and spacer
length on the polymer properties [15, 27, 34–36].

Hyperbranched polymers are synthetized by the poly-
merization of ABn monomers, where n ≥ 2 [3, 11, 37–38].
Therefore, the main advantage of hyperbranched polymers
over dendrimers is easier synthesis at considerably lower
costs, while the main disadvantage is that these macro-
molecules are irregular and disperse [39–41]. Their structure
and dynamic properties also differ from those of dendrimers.
The applications of hyperbranched polymers are mainly de-
termined by their relatively low costs, lack of entangle-
ments, and a large number of functional groups [38–40].
The structure of hyperbranched polymers was studied via
theories [42–48], Monte Carlo simulations, [45–46, 49–50],
and Molecular/Brownian Dynamics simulations [51–56].

These theoretical studies showed main differences be-
tween dendrimers and hyperbranched polymers. The size of
hyperbranched polymers is greater than that of dendrimers
and it decreases with the degree of branching. The scal-
ing of the macromolecule size was found similar for both
architectures under consideration and the scaling exponent
varied between 0.57 and 0.62, which is close to that for
densely packed globules. The shape of hyperbranched poly-
mers appeared to be more prolate when compared to regu-
lar dendrimers. Hyperbranched polymers were also shown
to exhibit quite different viscoelastic properties compared
to linear chains (considerably lower values of viscosity and
a maximum of intrinsic viscosity for certain molecular mass)
[37–38, 56].

In this paper, the polymerization processes of dendrimers
and hyperbranched polymers are compared. An idealized
coarse-grained lattice model, the Dynamic Lattice Liquid
(DLL), was used. It is classified as the cooperative Monte
Carlo simulation method. The main advantages of this model
was the possibility of studying polymer systems at high den-
sities and the usage of prefabricated, well-defined cores.
Thus, the polymerization process was performed in bulk.

II. Simulation Method

In order to study large systems consisting of high-mass
macromolecules, a coarse-grained representation was used.
The second assumption was the limitation of degrees of free-
dom in the system by the introduction of a lattice approxi-
mation. Therefore, all objects in the system were located at
the vertices of a face-centered cubic lattice. Each element of
the system (monomer and a mer in a growing chain) was al-
lowed to occupy one lattice point only and therefore the size
of all these objects was assumed to be identical. The sta-
tus of monomer could change into a mer as a result of the

polymerization. Each reaction between a pair of neighbor-
ing objects, i.e. located in a distance of one lattice constant
was irreversible and resulted in formation of an unbreakable
bond. The attempt of the reaction and of the modification
of chains’ conformations takes place simultaneously in each
time step. The probability of attaching a monomer to a grow-
ing chain was assumed to be 0.02, based on previous findings
[15]. The polymerization process was carried out in bulk,
which implied a high density of the system. The DLL model
dynamics was used to move the elements by self-diffiusion.
It was shown that this calculational tool provides a proper
dynamics for the various soft matter systems [2, 57]. This
method was described in detail previously and thus only
a short description is given in order to highlight its main fea-
tures. This model is provided with a dynamics consisting of
local vibrations and occasional diffusion steps. In one Monte
Carlo step (a pseudo-time unit), a field of unit vectors rep-
resenting motion attempts is generated at random and then
assigned to all objects in the system. Only those attempts
are successful which coincide in such a way that the sum of
displacements along a closed path (loop) that included more
than two molecules is equal to zero (the condition of con-
tinuity). In the case of identifying such a loop, each object
is then moved to a neighboring lattice site along this loop.
All objects that did not contribute to these loops stay in their
previous positions. Within a longer time period this kind of
dynamics leads to displacements of individual objects along
random walk trajectories with steps distributed randomly in
time. The most important advantage of this method is that it
naturally takes into account the heterogeneity of the system
and introduces changes in the local mobility of the system
components and steric hindrances resulting from polymer-
ization [15].

The macromolecular system consisted of 106 elements
and the edge of simulation box was L = 100. The ex-
cluded volume was the only interaction potential and pe-
riodic boundary conditions were applied in all directions.
At the beginning of each simulation run, functional cores
(from which the polymerizations of macromolecules start)
were randomly distributed in the system. All the remaining
lattice sites were filled with monomers and the functionality
of each monomer was 4. The studied systems had the follow-
ing concentrations of functional cores: 0.000125, 0.00025,
0.0005 and 0.0010, which corresponded to 125, 250, 500 and
1000 chains, respectively. In simulations of dendrimers, the
spacer was set to 1 while the number of generations was not
imposed to the model, and each simulation run lasted until
exhaustion of the monomer (up to 106 Monte Carlo steps).
Hyper branched polymers were synthetized in a similar way
but contrary to dendrimers the functionality of the attached
monomer was chosen at random [50].

III. Results and Discussion

The kinetics of the polymerization processes for sys-
tems containing dendrimers and hyperbranched polymers
was studied in terms of the conversion of monomer, i.e.,
time-dependent polymer mass increase. Fig. 1a shows the
conversion of monomers as a function of time for dendrimers
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with various numbers of macromolecules in a double loga-
rithmic scale. One can distinguish two clear regimes for all
numbers of macromolecules: the increase of the conversion
to time near 103 Monte Carlo simulation steps and a plateau
where all monomer molecules become attached to polymers.
Fig. 1b presents the derivative of the monomer conversion as
a function of time, i.e. the reaction rate. Here, in the first
regime, the increase in monomer conversion is linear, which
implies that the total reaction rate is almost constant. In the
second regime, a rapid linear decline in the reaction rate is
visible. These changes take place for the monomer conver-
sion around 0.70–0.80. The location of this point depends
very weakly on the number of branches. This point indicates
the time for which free-growing dendrimers with no limita-
tion of surrounding monomers begin to compete with other
polymers for available monomer molecules. This means that
the system was relatively diluted at first, and then became
dense (in terms of polymer concentration). The differences
in monomer conversion and the reaction rate between all
macromolecular systems considered are small, which can be

Fig. 1. Conversion of a monomer (a) and its derivative (b) as a func-
tion of time during polymerization of dendrimers. The color indi-

cates the concentration of cores

Fig. 2. Conversion of a monomer (a) and its derivative (b) as a func-
tion of time during polymerization of hyperbranched polymers.

The color indicates the concentration of cores

Fig. 3. The average total mass of the dendrimer (upper panel)
and hyperbranched polymer (bottom panel) as a function of time.

The color indicates the concentration of cores

explained by the fact that the number of growing chains does
not change in all dendrimer systems studied.

The dendrimers and hyperbranched polymers cannot be
compared directly by means of the number of branches, but
they can be compared when systems contain the same num-
ber of macromolecules, i.e. the same number of multifunc-
tional cores in the system. Fig. 2 shows the monomer con-
version and the reaction rate as functions of time for hyper-
branched polymers. One can observe from Fig. 2a that the
conversion of monomers is slower than in the case of den-
drimers and lasts slightly longer than that confirmed by the
values presented in Fig. 2b.

A question arises if the small differences in monomer
conversion for both architectures lead to differences in the
growth dynamics. Dynamic scaling of a cluster size is usu-
ally described using the Smoluchowski coagulation equation
which describes the cluster size distribution for dilute sys-
tems with binary collisions only [58]. For large clusters at
longer time, the number of clusters formed by l elements
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Fig. 4. Number-averaged mass (upper panel), weight-averaged mass (middle panel) and dispersity (bottom panel) as a function of the
monomer conversion. The case of dendrimer (left) and hyperbranched polymer (right). The color indicates the concentration of cores

exhibits scaling, and the cluster size distribution should ap-
proach the limit form:

nl ≈ N−2Φ(N/l), (1)

where nl is the cluster size distribution, N = N(t) is the
number-average cluster size, while Φ(N/l) is a universally
time-independent cluster size distribution, which character-
izes the aggregation mechanism [59]. Combining the solu-
tion of Eq. (1) with the fractal scaling relationship one ob-
tains the following formula:

N(R) = k0R
df , (2)

where k0 is a prefactor, R is a characteristic size of the clus-
ter, df is the fractal dimension and N(R) is the number of
objects aggregated in the cluster. The mean cluster size given
by Eq. (2) can also be obtained as a function of time:

N(t) ≈ tz ≡ t1/(1−λ) , (3)

where λ is the van Dongen and Ernst homogeneity expo-
nent which describes different growth kinetics induced by
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the object-object interaction [60–61]. This exponent should
take the value 0 and 1 for the diffusion-limited cluster and
the reaction-limited cluster aggregations, respectively. In the
case of macromolecules studied, the number-averaged mass
Mw (the number of polymer segments) of a dendrimer
and a hyperbranched polymer can be treated as N(t) from
Eq. (3). Figs. 3a–b present the average mass Mw of the both
macromolecular architectures studied as a function of time
t. For the case of dendrimers (Fig. 3a), three regimes can
be distinguished for all cases (for all number of polymers
studied). In the first one the growth of the macromolecule
is slow. Then, in the second regime, the mass starts to in-
crease rapidly. In the third, the growth slows down again
due to the high density of polymer segments and because of
competition between dendrimers in acquiring the remaining
monomer molecules. In the latter regimes, the dependence
on the number of polymers appears: the greater the num-
ber, the slower the process. This increase in Mw in the sec-
ond regime can be described by the exponent 2.30, which
is considerably stronger than in the case of star-branched
polymers, where the exponent was found to be 0.84 [15].
The changes in the mass of hyperbranched polymers with
time is presented in Fig. 3b. The behaviour of Mw is very
similar to that of dendrimers. This increase of mass is even
stronger with the exponent of 3.46.

The kinetics of polymer growth during the polymeriza-
tion process is usually described by Mw, the weight average
mass Pw, and the dispersity Pw/Mw. Fig. 4 (left) shows the
number-averaged mass Mw, the weight-averaged mass Pw,
and the dispersity Pw/Mw for dendrimers as functions of the
monomer conversion in a log-log plot. Here the monomer
conversion plays the role of non-linear time. One can ob-
serve that after a short initial period, where the consumption
of the monomer is low and stable, the increase of the mass
is almost linearly proportional to the monomer conversion
in a log-log scale – the scaling exponent was found 0.98.
Real experiments showed the same dependence employing
ATRP polymerization [62]. Dispersity is definitely low (near

Fig. 5. The mass distribution for dendrimers (solid symbols) and
hyperbranched polymers (open symbols). The color indicates the

concentration of cores

1.05) and increases significantly at the end of the polymer-
ization process. The dispersity almost does not depend on
the number of macromolecules and is comparable with that
for star-branched polymers (1.07) [15]. Fig. 4 (right) shows
the number-averaged mass, the weight-averaged mass and
the dispersity for hyperbranched polymers. The changes of
Mw and Pw are similar to those for dendrimers, as dis-
cussed above, and the scaling exponent was determined as
1. The changes of dispersity are considerably higher when
compared to those of dendrimers. This parameter was found
to be higher than for dendrimers (mainly between 1.2 and
1.3).

In order to obtain insight into details of dispersity val-
ues in both discussed cases, total mass distributions must
be examined. Fig. 5 presents the distributions of polymer
segments (the mass distribution) at the end of the polymer-
ization process for both macromolecular architectures un-
der consideration. One can see that the width of the mass
distributions for dendrimers and hyperbranched polymers is
comparable, in spite of small differences in dispersity (see
Fig. 4). The width of the distribution increases with the num-
ber of macromolecules.

The differences between the polymer architectures stud-
ied can be seen from the visualization shown in Fig. 6.
The increase of the number of cores (macromolecules) does
not change the shape of the macromolecule significantly. Hy-
perbranched polymers have the shape similar to that of den-
drimers although they are less compact. The distribution of
branching points is uniform in all cases. The distribution of
the end groups is important as they usually are made func-
tional.

IV. Conclusions

The simulations of an idealized model of dendrimers and
hyperbranched polymers were carried out by means of the
Monte Carlo method employing the Dynamic Lattice Liq-
uid model. The main focus of this work was the kinetics of
the bulk polymerization process of macromolecular archi-
tectures. The model system contained well-defined cores and
chain growth was carried out by the attachment of multifunc-
tional monomers. The polymerization was carried out in bulk
to the exhaustion of monomers with no solvent molecules
present.

It was shown that the process of synthesis of both den-
drimers and hyperbranched polymers using well-defined
cores led to structures with well-defined properties. It was
shown that for both macromolecular architectures and for all
discussed cases, i.e. the number of cores (macromolecules),
the dispersity was found to remain very low during the en-
tire polymerization process although it was higher for hyper-
branched polymers. Therefore, this parameter was consider-
ably lower than for systems where cores were formed from
initiator and cross-linker molecules simultaneously with the
polymerization process. The mass of dendrimers and hyper-
branched polymers was found to be comparable at the end of
the synthesis. The kinetics of the polymerization was com-
pared for both architectures, showing a faster polymerization
of dendrimers because of a higher (and growing) number of
points where monomers could be attached.



114 P. Polanowski, K. Hałagan, A. Sikorski

(a)

(b)

(c)

(d)

Fig. 6. The snapshots of dendrimers (left) and hyperbranched polymers (right). The case of cores concentration 0.00125 (a), 0.0025 (b),
0.005 (c), and 0.010 (d) is presented. For dendrimers polymer segments are marked in blue and end groups are marked in yellow. For hy-

perbranched polymers chain segments are marked in white, branching points are marked in red and end groups are marked in blue
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