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Abstract
The aim of the paper is to establish the basic governing equations for anisotropic

thermoelastic medium with double porosity and microtemperatures and to con-
struct the fundamental solution of system of equations in cases of steady, pseudo-,
quasi-static oscillations and equilibrium.
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INTRODUCTION
Grot[1] extended the theory of thermodynamics of elastic bodies with mi-

crostructure with the assumption that the microelements have different tempera-
tures. He modified Clausius-Duhem inequality to include microtemperatures and
added first-order moment of energy equations to the basic balance laws for de-
termining the microtemperatures of a continuum. Iesan and Quintanilla[2] con-
structed a linear theory for elastic materials with inner structure whose particles,
in addition to the classical displacement and temperature fields, possess microtem-
peratures. They proved an existence theorem for initial boundary value problems
via the semigroup theory and established the continuous dependence of solutions
of the initial data and body loads. Iesan[3] established the field equations of a
theory of microstretch thermoelastic bodies with microtemperatures. He proved
a uniqueness theorem in the dynamic theory of anisotropic materials. Iesan[4]
derived a linear theory of microstretch elastic solids with microtemperatures in
which a microelement of a continuum is equipped with the mechanical degrees of
freedom for rigid rotations and microdilatation in addition to the classical transla-
tion degrees of freedom. He also established a uniqueness result in the dynamical
theory of anisotropic bodies.
———
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The double porosity model represents a double porous structure, one is macro
porosity which is connected to pores and other is micro porosity which is connected
to fissures. Wilson and Aifantis [5] developed the theory for deformable materials
with double porosity. Iesan and Quintanilla[6] derived a non-linear theory of ther-
moelastic solids with double porosity structure. They also linearized the above
theory and formulated the basic initial-boundary-value problems. Kansal[7-9] de-
veloped linear generalized theories of thermoelastic diffusion and micropolar ther-
moelastic diffusion with double porosity and constructed fundamental solutions of
system of equations in case of steady oscillations. Svandaze and his co-workers[10-
15] have also constructed fundamental solutions in the theory of thermoelasticity
with double porosity as well as microtemperatures. Recently Kansal[16] developed
fundamental solutions of a system of equations of isotropic micromorphic thermoe-
lastic diffusion materials with microtemperatures and microconcentrations in case
of steady oscillations in terms of elementary functions.

In the section 2, the constitutive relations, field equations for anisotropic ther-
moelastic bodies with double porosity and microtemperatures are derived. The
system of linearlized equations of steady, peudo-, quasi-static oscillations and equi-
librium in the theory of thermoelastic solids with double porosity and microtem-
peratures are obtained in section 3. In sections 4 and 5, in terms of elementary
functions, the fundamental solutions of basic governing equations in cases of steady,
peudo-, quasi-static oscillations and equilibrium are constructed. Finally some ba-
sic properties of fundamental matrix in case of steady oscillations are discussed in
section 6.

1. BASIC EQUATIONS
Following[2,6,7], the balance of linear momentum, the balance of energy and

the balance of first moment of energy are given by

σji,j + ρFi = ρüi, (1)

ρU̇ = σjiėji +Ωiν̇1,i + χiν̇2,i − qi,i − ξν̇1 − ζν̇2, (2)

ρε̇i = −Qji,j − qi +Qi, (3)

where ξ and ζ satisfy the relations

Ωi,i + ξ + ρg̃ = ρk1ν̈1, (4)

χi,i + ζ + ρl̃ = ρk2ν̈2. (5)

Here U is the internal energy per unit mass, ρ is the density, qi is the heat flux
vector, Qij is the first heat flux moment tensor, Qi is the micro heat flux average
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vector, ui are the components of the displacement vector u, Fi are the compo-
nents of the external forces per unit mass, εi is the first moment of energy vector,
σij(= σji) are the components of stress tensor, eij(= eji) =

1
2(ui,j + uj,i) are com-

ponents of strain tensor, ν1 and ν2 are the volume fraction fields corresponding to
pores and fissures respectively, k1 and k2 are coefficients of equilibrated inertia, g̃
and l̃ are, respectively, extrinsic equilibrated body forces per unit mass associated
to macro pores and fissures, Ωi, χi are respectively the components of equilibrated
stress vectors corresponding to ν1, ν2.

The local form of the principle of entropy can be expressed in the form of an
inequality called Clausius-Duhem inequality

ρṠ +
qi,i
T

− qi
T 2
T,i +

Qij,i

T
Tj −

Qij

T 2
T,iTj +

Qij

T
Tj,i ≥ 0. (6)

where S is entropy per unit mass, T is absolute temperature, Ti is the microtem-
perature vector.

In view of equations (3) and (6), the balance of energy (2) reduces to

ρ[T Ṡ−U̇−Tiε̇i]+σij ėij+Ωiν̇1,i+χiν̇2,i−ξν̇1−ζν̇2−
qi
T
T,i−

Qij

T
T,iTj+QijTj,i−(qi−Qi)Ti ≥ 0.

(7)
If we introduce Helmholtz free energy function Γ as

Γ = U + Tiεi − TS, (8)

Then relation (7) becomes

−ρ[Γ̇+Ṫ S−Ṫiεi]+σij ėij+Ωiν̇1,i+χiν̇2,i−ξν̇1−ζν̇2−
qi
T
T,i−

Qij

T
T,iTj+QijTj,i−(qi−Qi)Ti ≥ 0.

(9)
The function Γ can be expressed in terms of independent variables eij , ν1, ν1,i, ν2, ν2,i, T, T,i, Ti
and Ti,j . Therefore, we have

Γ̇ =
∂Γ

∂eij
ėij +

∂Γ

∂ν1
ν̇1 +

∂Γ

∂ν1,i
ν̇1,i +

∂Γ

∂ν2
ν̇2+

∂Γ

∂ν2,i
ν̇2,i +

∂Γ

∂T
Ṫ +

∂Γ

∂T,i
Ṫ,i +

∂Γ

∂Ti
Ṫi +

∂Γ

∂Ti,j
Ṫi,j . (10)

Equation (9) with the help of equation (10) becomes

[σij − ρ
∂Γ

∂eij
]ėij + [Ωi − ρ

∂Γ

∂ν1,i
]ν̇1,i + [χi − ρ

∂Γ

∂ν2,i
]ν̇2,i − [ξ + ρ

∂Γ

∂ν1
]ν̇1
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−[ζ + ρ
∂Γ

∂ν2
]ν̇2 − ρ[S +

∂Γ

∂T
]Ṫ + ρ[εi −

∂Γ

∂Ti
]Ṫi − ρ

∂Γ

∂T,i
Ṫ,i − ρ

∂Γ

∂Ti,j
Ṫi,j

−qi
T
T,i −

Qij

T
T,iTj +QijTj,i − (qi −Qi)Ti ≥ 0.

The inequality should be convinced for all rates ėij , ν̇1, ν̇1,i, ν̇2, ν̇2,i, Ṫ , Ṫ,i, Ṫi and
Ṫi,j . Hence the coefficients of above variables must vanish, that is

σij = ρ
∂Γ

∂eij
,Ωi = ρ

∂Γ

∂ν1,i
, χi = ρ

∂Γ

∂ν2,i
, ξ = −ρ ∂Γ

∂ν1
,

ζ = −ρ ∂Γ
∂ν2

, S = −∂Γ
∂T

, εi =
∂Γ

∂Ti
, (11)

∂Γ

∂T,i
=

∂Γ

∂Ti,j
= 0, (12)

−qiT,i −QijT,iTj + TQijTj,i − T (qi −Qi)Ti ≥ 0. (13)

Let us introduce the notations

ϕ = ν1 − (ν1)0, ψ = ν2 − (ν2)0, θ = T − T0, (14)

where T0 is the reference temperature of the body chosen such that | θ
T0
| ≪ 1, (ν1)0

and (ν2)0 are the volume fraction fields in reference configuration.

In the linear theory of materials possessing a centre of symmetry, we can take
Γ in the form

2ρΓ = cijpneijepn + d∗ϕ2 + fψ2 − aθ2

T0
+ qijϕ,iϕ,j + fijψ,iψ,j − sijTiTj

+2pijeijϕ+ 2γijeijψ − 2aijeijθ + 2αijϕ,iψ,j − rijϕ,iTj − dijψ,iTj

+2α1ϕψ − 2γ1ϕθ − 2γ2ψθ. (15)

From equation (11), it follows that

σij = cijpnepn + pijϕ+ γijψ − aijθ,

Ωi = qijϕ,j + αijψ,j − rijTj ,

χi = αijϕ,j + fijψ,j − dijTj ,

ξ = −pijeij − d∗ϕ− α1ψ + γ1θ,

ζ = −γijeij − α1ϕ− fψ + γ2θ,
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ρS = aijeij + γ1ϕ+ γ2ψ +
aθ

T0
,

ρεi = −sijTj − rijϕ,j − dijψ,j . (16)

The linear expressions for qi, Qi and Qij are

qi = −[kijθ,j + κijTj ],

Qi = (Kij − kij)θ,j + (−κij + Lij)Tj ,

Qij = mijpnTn,p . (17)

The linearized form of equation (6) is

ρT0Ṡ = −qi,i. (18)

In view of equations (16) and (17), equations (1), (3)-(5) and (18) become

cijpnepn,j + pijϕ,j + γijψ,j − aijθ,j + ρFi = ρüi,

−pijeij + qijϕ,ij − d∗ϕ+ αijψ,ij − α1ψ + γ1θ − rijTj,i + ρg̃ = ρk1ϕ̈,

−γijeij + αijϕ,ij − α1ϕ+ fijψ,ij − fψ + γ2θ − dijTj,i + ρl̃ = ρk2ψ̈.

T0[aij ėij + γ1ϕ̇+ γ2ψ̇] + aθ̇ = kijθ,ij + κijTj,i

mjipnTn,pj − sij Ṫj − rijϕ̇,j − dijψ̇,j = Kijθ,j + LijTj . (19)

In the case of an isotropic and homogeneous material, the constitutive equations
become

σij = λeppδij + 2µeij − βθδij + p1ϕδij + p2ψδij ,

Ωi = t1ϕ,i + r1ψ,i − r2Ti, χi = r1ϕ,i + t2ψ,i − r3Ti,

ξ = −p1epp − d∗ϕ− α1ψ + γ1θ, ζ = −p2epp − α1ϕ− fψ + γ2θ,

ρS = βepp + γ1ϕ+ γ2ψ +
aθ

T0
, ρεi = −αTi − r2ϕ,i − r3ψ,i,

qi = −[kθ,i + κ1Ti], Qi = (κ3 − k)θ,i + (−κ1 + κ2)Ti,

Qij = κ4Tp,pδij + κ5Ti,j + κ6Tj,i, (20)

where

cijpn = λδijδpn + µδipδjn + µδinδjp, aij = βδij , pij = p1δij , γij = p2δij ,

qij = t1δij , αij = r1δij , rij = r2δij , fij = t2δij , dij = r3δij , sij = αδij ,

mijpn = κ4δijδpn+κ6δipδjn+κ5δinδjp, kij = kδij , κij = κ1δij , Lij = κ2δij ,Kij = κ3δij .
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Here λ, µ, β, p1, p2, t1, t2, r1, r2, r3, d
∗, α1, γ1, γ2, f, α, a, k, κ1, ..........., κ6 are material

constants.

Therefore from equation (19), we obtain the basic governing equations for ho-
mogeneous isotropic thermoelastic material with double porosity and microtem-
peratures in the absence of body and equilibrated body forces as

µ∆u+ (λ+ µ) grad divu+ p1 gradϕ+ p2 gradψ − β grad θ = ρü,

−p1 divu+ (t1∆− d∗)ϕ+ (r1∆− α1)ψ + γ1θ − r2 divw = ρk1ϕ̈,

−p2 div u+ (r1∆− α1)ϕ+ (t2∆− f)ψ + γ2θ − r3 divw = ρk2ψ̈,

T0[β div u̇+ γ1ϕ̇+ γ2ψ̇] + aθ̇ = k∆θ + κ1divw,

κ6∆w+(κ4+κ5) grad divw−αẇ−r2 grad ϕ̇−r3 gradψ̇ = κ3 grad θ+κ2 w, (21)

where w = (T1, T2, T3) is microrotation vector and ∆ is Laplacian operator.

2. STEADY OSCILLATIONS
Let x = (x1, x2, x3) be the point of the Euclidean three-dimensional space E3,

|x| = (x21 + x22 + x23)
1
2 , Dx = ( ∂

∂x1
, ∂
∂x2

, ∂
∂x3

).

Let us assume the displacement vector, volume fraction fields, temperature change
and microtemperature vector functions as:[

u(x, t), ϕ(x, t), ψ(x, t), θ(x, t),w(x, t)

]
= Re

[
(u∗, ϕ∗, ψ∗, θ∗,w∗)e−ιωt

]
, (22)

where ω is oscillation frequency.

Therefore from system of equations (21), we obtain the system of linearlized equa-
tions of steady oscillations in the theory of thermoelastic solids with double poros-
ity and microtemperatures as[

µ∆+ (λ+ µ) grad div + ρω2
]
u+ p1 gradϕ+ p2 gradψ − β grad θ = 0,

−p1 divu+

[
t1∆− d∗ + ρk1ω

2
]
ϕ+ (r1∆− α1)ψ + γ1θ − r2 divw = 0,

−p2 divu+ (r1∆− α1)ϕ+

[
t2∆− f + ρk2ω

2
]
ψ + γ2θ − r3 divw = 0,

ιωT0[β divu+ γ1ϕ+ γ2ψ] + [k∆+ ιωa]θ + κ1 divw = 0,
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ιω[r2 gradϕ+r3 gradψ]−κ3 grad θ+
[
κ6∆+(κ4+κ5) grad div−κ2+ ιωα

]
w = 0 .

(23)

If we replace ω by −ιτ , where τ is a complex number and Re(τ) > 0 in the
system of equations (23), then the system of equations of pseudo-oscillations may
be obtained as:[

µ∆+ (λ+ µ) grad div − ρτ2
]
u+ p1 gradϕ+ p2 gradψ − β grad θ = 0,

−p1 divu+

[
t1∆− d∗ − ρk1τ

2
]
ϕ+ (r1∆− α1)ψ + γ1θ − r2 divw = 0,

−p2 divu+ (r1∆− α1)ϕ+

[
t2∆− f − ρk2τ

2
]
ψ + γ2θ − r3 divw = 0,

τT0[β divu+ γ1ϕ+ γ2ψ] + [k∆+ τa]θ + κ1 divw = 0,

τ [r2 gradϕ+r3 gradψ]−κ3 grad θ+
[
κ6∆+(κ4+κ5) grad div−κ2+τα

]
w = 0 . (24)

On taking ρ = 0 i.e. quasi-static case, we obtain the system of equations of quasi-
static oscillations as:[

µ∆+ (λ+ µ) grad div

]
u+ p1 gradϕ+ p2 gradψ − β grad θ = 0,

−p1 divu+ (t1∆− d∗)ϕ+ (r1∆− α1)ψ + γ1θ − r2 divw = 0,

−p2 divu+ (r1∆− α1)ϕ+ (t2∆− f)ψ + γ2θ − r3 divw = 0,

ιωT0[β divu+ γ1ϕ+ γ2ψ] + [k∆+ ιωa]θ + κ1 divw = 0,

ιω[r2 gradϕ+r3 gradψ]−κ3 grad θ+
[
κ6∆+(κ4+κ5) grad div−κ2+ ιωα

]
w = 0 .

(25)
If we put ω = 0 in the equations (23), the system of equations of equilibrium
theory of thermoelasticity with double porosity and microtemperatures as:[

µ∆+ (λ+ µ) grad div

]
u+ p1 gradϕ+ p2 gradψ − β grad θ = 0,

−p1 divu+ (t1∆− d∗)ϕ+ (r1∆− α1)ψ + γ1θ − r2 divw = 0,

−p2 divu+ (r1∆− α1)ϕ+ (t2∆− f)ψ + γ2θ − r3 divw = 0,

k∆θ + κ1 divw = 0,
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−κ3 grad θ +
[
κ6∆+ (κ4 + κ5) grad div − κ2

]
w = 0 . (26)

We introduce the second order matrix differential operators with constant coeffi-
cients

F(i)(Dx) =

(
F

(i)
gh (Dx)

)
9×9

,

where

F (1)
pq (Dx) = [µ∆+ ρω2]δpq + (λ+ µ)

∂2

∂xp∂xq
, F

(1)
p4 (Dx) = −F (1)

4p (Dx) = p1
∂

∂xp
,

F
(1)
p5 (Dx) = −F (1)

5p (Dx) = p2
∂

∂xp
, F

(1)
p6 (Dx) = −β ∂

∂xp
, F

(1)
44 (Dx) = t1∆−d∗+ρk1ω2,

F
(1)
45 (Dx) = F

(1)
54 (Dx) = r1∆− α1, F

(1)
46 (Dx) = γ1, F

(1)
4;q+6(Dx) = −r2

∂

∂xq
,

F
(1)
55 (Dx) = t2∆− f + ρk2ω

2, F
(1)
56 (Dx) = γ2, F

(1)
5;q+6(Dx) = −r3

∂

∂xq
,

F
(1)
6q (Dx) = ιωβT0

∂

∂xq
, F

(1)
64 (Dx) = ιωγ1T0, F

(1)
65 (Dx) = ιωγ2T0,

F
(1)
66 (Dx) = k∆+ ιωa, F

(1)
6;q+6(Dx) = κ1

∂

∂xq
, F

(1)
p+6;q(Dx) = 0,

F
(1)
p+6;4(Dx) = ιωr2

∂

∂xp
, F

(1)
p+6;5(Dx) = ιωr3

∂

∂xp
, F

(1)
p+6;6(Dx) = −κ3

∂

∂xp
,

F
(1)
p+6;q+6(Dx) = (κ6∆−κ2+ιωα)δpq+(κ4+κ5)

∂2

∂xp∂xq
, F

(1)
p;q+6(Dx) = 0 p, q = 1, 2, 3,

Here i = 1, 2, 3, 4 corresponds to static, pseudo-, quasi-static oscillations and equi-
librium theory of thermoelasticity with double porosity and microtemperatures
respectively. The matrices F(i)(Dx), i = 2, 3, 4 can be obtained from matrix
F(1)(Dx) by taking ω = −ιτ, ρ = 0 and ω = 0 respectively.

and

F̃(Dx) =

(
F̃gh(Dx)

)
9×9

,

where

F̃pq(Dx) = µ∆δpq + (λ+ µ)
∂2

∂xp∂xq
, F̃pi(Dx) = F̃ip(Dx) = 0, F̃44(Dx) = t1∆,

F̃45(Dx) = F̃54(Dx) = r1∆, F̃jn(Dx) = F̃nj(Dx) = 0,



9

F̃55(Dx) = t2∆, F̃66(Dx) = k∆,

F̃p+6;q+6(Dx) = (κ6∆−κ2+ιωα)δpq+(κ4+κ5)
∂2

∂xp∂xq
, F̃6;q+6(Dx) = F̃q+6,6(Dx) = 0,

p, q = 1, 2, 3 i = 4, ..., 9 j = 4, 5 n = 6, 7, 8, 9.

The system of equations (23)-(26) can be represented as

F(i)(Dx)U(x) = 0, i = 1, 2, 3, 4

where U = (u, ϕ, ψ, θ,w) is a nine-component vector function on E3. The matrix
F̃(Dx) is called the principal part of operator F(i)(Dx).

DEFINITION 1: The operator F(i)(Dx), i = 1, 2, 3, 4 is said to be elliptic if
|F̃(v)| ≠ 0, where v = (v1, v2, v3).

Since |F̃(v)| = µ2λ̃σkκ26κ7|v|18, λ̃ = λ+ 2µ, σ = t1t2 − r21, κ7 = κ4 + κ5 + κ6,

therefore operator F(i)(Dx) is an elliptic differential operator iff

µλ̃σkκ6κ7 ̸= 0. (27)

DEFINITION 2: The fundamental solutions of the system of equations (23)-(26)

(fundamental matrices of operators F(i)) are the matrices G(i)(x) =

(
G

(i)
gh(x)

)
9×9

satisfying conditions

F(i)(Dx)G
(i)(x) = δ(x) I(x), i = 1, 2, 3, 4 (28)

where δ(x) is the Dirac delta, I = (δgh)9×9 is the unit matrix and x ∈ E3.

3. CONSTRUCTION OF G(x) IN TERMS OF ELEMENTARY FUNC-
TIONS

Let us consider the system of non-homogeneous equations

[µ∆+ (λ+ µ) grad div + ρω2]u− p1 gradϕ− p2 gradψ + ιωβT0 grad θ = H,

p1 divu+ (t1∆+ d1)ϕ+ (r1∆− α1)ψ + ιωγ1T0θ + ιωr2 divw = L,

p2 divu+ (r1∆− α1)ϕ+ (t2∆+ d2)ψ + ιωγ2T0θ + ιωr3 divw =M,

−β divu+ γ1ϕ+ γ2ψ + (k∆+ ιωa)θ − κ3 divw = Z,

−r2 gradϕ− r3 gradψ + κ1 grad θ + [κ6∆+ (κ4 + κ5) grad div + κ8]w = X, (29)
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where d1 = −d∗ + ρk1ω
2, d2 = −f + ρk2ω

2, κ8 = −κ2 + ιωα and H,X are three-
component vector functions on E3; L,M and Z are scalar functions on E3.

The system of equations (29) may also be written in the form

F(1)tr(Dx)U(x) = Q(x), (30)

where F(1)tr is the transpose of matrix F(1) , Q = (H, L,M,Z,X) and x ∈ E3.

Applying operator div to the equations (29)1 and (29)5, we obtain

[λ̃∆+ ρω2] divu− p1∆ϕ− p2∆ψ + ιωβT0∆θ = divH, (31)

−r2∆ϕ− r3∆ψ + κ1∆θ + [κ7∆+ κ8]divw = divX. (32)

The equations (29)2-(29)4, (31) and(32) may be expressed in the form

N(1)(∆)S = Q̃, (33)

where S = (divu, ϕ, ψ, θ,divw), Q̃ = (w1, ......, w5) = (divH, L,M,Z, divX) and

N(1)(∆) =

(
N

(1)
gh (∆)

)
5×5

=


λ̃∆+ ρω2 −p1∆ −p2∆ ιωβT0∆ 0

p1 t1∆+ d1 r1∆− α1 ιωγ1T0 ιωr2
p2 r1∆− α1 t2∆+ d2 ιωγ2T0 ιωr3
−β γ1 γ2 k∆+ ιωa −κ3
0 −r2∆ −r3∆ κ1∆ κ7∆+ κ8


5×5

(34)

The equations (29)2-(29)4, (31) and (32) may also be written as

Γ(1)(∆)S = Ψ, (35)

where

Ψ = (Ψ1, .......,Ψ5),Ψp =
1

M∗

5∑
i=1

N
(1)
ip

∗
wi,

Γ(1)(∆) =
1

M∗ |N
(1)(∆)|, M∗ = λ̃kκ7σ p = 1, ....., 5 (36)

and N
(1)
ip

∗
is the cofactor of the element N

(1)
ip of the matrix N(1).

From equations (34) and (36), we see that

Γ(1)(∆) =
5∏

i=1

(∆ + λ2i ),
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where λ2i , i = 1, ...., 5 are the roots of the equation Γ(1)(−v) = 0(with respect to v).

Applying operator Γ(1)(∆) to the equations (29)1 and (29)5, respectively, we obtain

Γ(1)(∆)(∆ + λ26)u = Ψ′,

Γ(1)(∆)(∆ + λ27)w = Ψ′′, (37)

where λ26 =
ρω2

µ , λ27 =
κ8
κ6

and

Ψ′ =
1

µ

{
Γ(1)(∆)H− grad

[
(λ+ µ)Ψ1 − p1Ψ2 − p2Ψ3 + ιωβT0Ψ4

]}
,

Ψ′′ =
1

κ6

{
Γ(1)(∆)X− grad

[
(κ4 + κ5)Ψ5 − r2Ψ2 − r3Ψ3 + κ1Ψ4

]}
. (38)

From equations (36) and (38), we obtain

Θ(1)(∆)U(x) = Ψ̂(x), (39)

where Ψ̂ = (Ψ′,Ψ2,Ψ3,Ψ4,Ψ
′′) and

Θ(1)(∆) =

(
Θ

(1)
gh (∆)

)
9×9

,

Θ(1)
pp (∆) = Γ(1)(∆)(∆ + λ26) =

6∏
i=1

(∆ + λ2i ),

Θ
(1)
p+3;p+3(∆) = Γ(1)(∆) =

5∏
i=1

(∆ + λ2i ),

Θ
(1)
p+6;p+6(∆) = Γ(1)(∆)(∆ + λ27) =

7∏
i=1,i ̸=6

(∆ + λ2i ),

Θ
(1)
gh (∆) = 0 p = 1, 2, 3 g, h = 1, ....., 9 g ̸= h

The equations (36) and (38) can be rewritten in the form

Ψ′ =

[
1

µ
Γ(1)(∆)J+ w

(1)
11 (∆) grad div

]
H+

5∑
i=2

w
(1)
i1 (∆) gradwi,

Ψ′′ =
4∑

i=1

w
(1)
i5 (∆) gradwi +

[
1

κ6
Γ(1)(∆)J+ w

(1)
55 (∆) grad div

]
X,
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Ψl = w
(1)
1l (∆) divH+

4∑
i=2

w
(1)
il (∆)wi + w

(1)
5l (∆) divX l = 2, 3, 4 (40)

where, we have used the following notations:

w
(1)
p1 (∆) = − 1

M∗µ

[
(λ+ µ)Ñ

(1)
p1 (∆)− p1Ñ

(1)
p2 (∆)− p2Ñ

(1)
p2 (∆) + ιωβT0Ñ

(1)
p4 (∆)

]
,

w
(1)
p5 (∆) = − 1

M∗κ6

[
(κ4 + κ5)Ñ

(1)
p5 (∆)− r2Ñ

(1)
p2 (∆)− r3Ñ

(1)
p3 (∆) + κ1Ñ

(1)
p4 (∆)

]
,

w(1)
pq (∆) =

Ñ
(1)
pq (∆)

M∗ p = 1, ...., 5 q = 2, 3, 4

From equations (40), we have

Ψ̂(x) = R(1)tr(Dx)Q(x), (41)

where

R(1)(Dx) =

(
R

(1)
gh (Dx)

)
9×9

,

R
(1)
ij (Dx) =

1

µ
Γ(1)(∆)δij + w

(1)
11 (∆)

∂2

∂xi∂xj
,

R
(1)
i;p+2(Dx) = w

(1)
1p (∆)

∂

∂xi
, R

(1)
p+2;i(Dx) = w

(1)
p1 (∆)

∂

∂xi
,

R
(1)
i;j+6(Dx) = w

(1)
15 (∆)

∂2

∂xi∂xj
, R

(1)
i+6;j(Dx) = w

(1)
51 (∆)

∂2

∂xi∂xj
,

R
(1)
i+6;p+2(Dx) = w

(1)
5p (∆)

∂

∂xi
, R

(1)
p+2;i+6(Dx) = w

(1)
p5 (∆)

∂

∂xi
,

R
(1)
i+6;j+6(Dx) =

1

κ6
Γ(1)(∆)δij + w

(1)
55 (∆)

∂2

∂xi∂xj
,

R
(1)
p+2;n+2(Dx) = w(1)

pn (∆) i, j = 1, 2, 3 p, n = 2, 3, 4 (42)

From equations (30), (39) and (41), we obtain

Θ(1)U = R(1)trF(1)trU.

The above relation implies

R(1)trF(1)tr = Θ(1).
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Therefore, we obtain
F(1)(Dx)R

(1)(Dx) = Θ(1)(∆). (43)

We assume that
λ2p ̸= λ2q ̸= 0 p, q = 1, ....., 7 p ̸= q.

Let

Y(1)(x) =

(
Y

(1)
ij (x)

)
9×9

, Y (1)
pp (x) =

6∑
g=1

r
(1)
1g ςg(x),

Y
(1)
p+3;p+3(x) =

5∑
g=1

r
(1)
2g ςg(x), Y

(1)
p+6;p+6(x) =

7∑
g=1,g ̸=6

r
(1)
3g ςg(x),

Y
(1)
ij (x) = 0 p = 1, 2, 3 i, j = 1, ....., 9 i ̸= j

where

ςn(x) = −e
ιλn|x|

4π|x|
, r

(1)
1g =

6∏
i=1,i ̸=g

(λ2i − λ2g)
−1, r

(1)
2h =

5∏
i=1,i ̸=h

(λ2i − λ2h)
−1,

r
(1)
3l =

7∏
i=1,i ̸=6,l

(λ2i−λ2l )−1 n = 1, ....., 7 g = 1, ....., 6 h = 1, ...., 5 l = 1, ...., 5, 7 (44)

LEMMA 1: The matrixY(1) defined above is the fundamental matrix of operator
Θ(1)(∆), i.e.

Θ(1)(∆)Y(1)(x) = δ(x) I(x) (45)

PROOF: To prove the lemma, it is sufficient to prove that

Γ(1)(∆)(∆+λ26)Y
(1)
11 (x) = δ(x),Γ(1)(∆)Y

(1)
44 (x) = δ(x),Γ(1)(∆)(∆+λ27)Y

(1)
77 (x) = δ(x).

(46)
Consider

6∑
i=1

r
(1)
1i =

∑6
j=1(−1)jzj

z7
,

where

z1 =
6∏

i=3

(λ22 − λ2i )
6∏

j=4

(λ23 − λ2j )
6∏

l=5

(λ24 − λ2l )(λ
2
5 − λ26),

z2 =
6∏

i=3

(λ21 − λ2i )
6∏

j=4

(λ23 − λ2j )
6∏

l=5

(λ24 − λ2l )(λ
2
5 − λ26),

z3 =
6∏

i=2,i ̸=3

(λ21 − λ2i )
6∏

j=4

(λ22 − λ2j )
6∏

l=5

(λ24 − λ2l )(λ
2
5 − λ26),
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z4 =
6∏

i=2,i ̸=4

(λ21 − λ2i )
6∏

j=3,j ̸=4

(λ22 − λ2j )
6∏

l=5

(λ23 − λ2l )(λ
2
5 − λ26),

z5 =
6∏

i=2,i ̸=5

(λ21 − λ2i )
6∏

j=3,j ̸=5

(λ22 − λ2j )
6∏

l=4,l ̸=5

(λ23 − λ2l )(λ
2
4 − λ26),

z6 =
7∏

i=2,i ̸=6

(λ21 − λ2i )
5∏

j=3

(λ22 − λ2j )
5∏

l=4

(λ23 − λ2l )(λ
2
4 − λ25),

z7 =
6∏

i=2

(λ21 − λ2i )
6∏

j=3

(λ22 − λ2j )
6∏

l=4

(λ23 − λ2l )
6∏

p=5

(λ24 − λ2p)(λ
2
5 − λ26).

On simplifying the right hand side of above relation, we obtain

6∑
i=1

r
(1)
1i = 0. (47)

Similarly, we find that

6∑
i=2

r
(1)
1i (λ

2
1 − λ2i ) = 0,

6∑
i=3

r
(1)
1i

[ 2∏
j=1

(λ2j − λ2i )

]
= 0,

6∑
i=4

r
(1)
1i

[ 3∏
j=1

(λ2j − λ2i )

]
= 0,

6∑
i=5

r
(1)
1i

[ 4∏
j=1

(λ2j − λ2i )

]
= 0,

5∏
j=1

r
(1)
16 (λ

2
j − λ26) = 1. (48)

Also,
(∆ + λ2p)ςg(x) = δ(x) + (λ2p − λ2g)ςg(x) p, g = 1, ..., 7. (49)

Now consider

Γ(1)(∆)(∆ + λ26)Y
(1)
11 (x) =

6∏
i=1

(∆ + λ2i )
6∑

g=1

r
(1)
1g ςg(x)

=
6∏

i=2

(∆ + λ2i )
6∑

g=1

r
(1)
1g

[
δ(x) + (λ21 − λ2g)ςg(x)

]

=
6∏

i=2

(∆ + λ2i )

[
δ(x)

6∑
g=1

r
(1)
1g +

6∑
g=2

r
(1)
1g (λ

2
1 − λ2g)ςg(x)

]
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Using equations (47)-(49) in the above relation, we obtain

Γ(1)(∆)(∆ + λ26)Y
(1)
11 (x) =

6∏
i=2

(∆ + λ2i )

[ 6∑
g=2

r
(1)
1g (λ

2
1 − λ2g)ςg(x)

]

=
6∏

i=3

(∆ + λ2i )

[ 6∑
g=2

r
(1)
1g (λ

2
1 − λ2g)

[
δ(x) + (λ22 − λ2g)ςg(x)

]]

=
6∏

i=3

(∆ + λ2i )

[ 6∑
g=3

r
(1)
1g

[ 2∏
j=1

(λ2j − λ2g)

]
ςg(x)

]

=
6∏

i=4

(∆ + λ2i )

[ 6∑
g=3

r
(1)
1g

[ 2∏
j=1

(λ2j − λ2g)

][
δ(x) + (λ23 − λ2g)ςg(x)

]]

=
6∏

i=4

(∆ + λ2i )

[ 6∑
g=4

r
(1)
1g

[ 3∏
j=1

(λ2j − λ2g)

]
ςg(x)

]

=
6∏

i=5

(∆ + λ2i )

[ 6∑
g=4

r
(1)
1g

[ 3∏
j=1

(λ2j − λ2g)

][
δ(x) + (λ24 − λ2g)ςg(x)

]]

=
6∏

i=5

(∆ + λ2i )

[ 6∑
g=5

r
(1)
1g

[ 4∏
j=1

(λ2j − λ2g)

]
ςg(x)

]

= (∆+ λ26)

[ 6∑
g=5

r
(1)
1g

[ 4∏
j=1

(λ2j − λ2g)

][
δ(x) + (λ25 − λ2g)ςg(x)

]]
= (∆+ λ26)ς6(x) = δ(x).

The equations (46)2 and (46)3 can be proved in the similar way.

We introduce the matrix

G(1)(x) = R(1)(Dx)Y
(1)(x). (50)

From equations (43), (45) and (50), we obtain

F(1)(Dx)G
(1)(x) = F(1)(Dx)R

(1)(Dx)Y
(1)(x) = Θ(1)(∆)Y(1)(x) = δ(x) I(x)

Hence, G(1)(x) is a solution to equation (28)1.
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THEOREM 1: If the condition (27) is satisfied, then the matrix G(1)(x) de-
fined by the equation (50) is the fundamental solution of the system of equations
(23) and the matrix G(1)(x) is represented in the following form:

G(1)(x) =

(
G(1)

pq (x)

)
9×9

,

G
(1)
gh (x) = R

(1)
gh (Dx)Y

(1)
11 (x),G

(1)
g;h+3(x) = R

(1)
g;h+3(Dx)Y

(1)
44 (x),

G
(1)
g;h+6(x) = R

(1)
g;h+6(Dx)Y

(1)
77 (x) g = 1, ...., 9 h = 1, 2, 3

4. CONSTRUCTION OF MATRICES G(i)(x) i = 2, 3, 4

PSEUDO-OSCILLATIONS

We introduce the matrix

G(2)(x) = R(2)(Dx)Y
(2)(x), (51)

where, the matricesR(2)(Dx) andY(2)(x) can be obtained from matricesR(1)(Dx)
and Y(1)(x) respectively by taking ω = −ιτ and repeating the above procedure
after equation (28).

THEOREM 2: If the condition (27) is satisfied, then the matrix G(2)(x) de-
fined by the equation (51) is the fundamental solution of the system of equations
(24).

QUASI-STATIC OSCILLATIONS
In this case, the matrixN(3)(∆), operator Γ(3)(∆) and matrix operatorsΘ(3)(∆),

R(3)(Dx), Y
(3)(x) and G(3)(x) are obtained as:

(i) N̂(3)(∆) =

(
N̂

(3)
gh (∆)

)
5×5

, N(3)(∆) =

(
N

(3)
gh (∆)

)
5×5

,

N̂
(3)
11 (∆) = λ̃, N̂

(3)
12 (∆) = −p1, N̂ (3)

13 (∆) = −p2, N̂ (3)
14 (∆) = ιωβT0, N̂

(3)
15 (∆) = 0,

N
(3)
1q (∆) = ∆N̂

(3)
1q (∆), N

(3)
l1 (∆) = N̂

(3)
l1 (∆) = N

(1)
l1 (∆),

N
(3)
22 (∆) = N̂

(3)
22 (∆) = t1∆−d∗, N (3)

23 (∆) = N̂
(3)
23 (∆) = N

(3)
32 (∆) = N̂

(3)
32 (∆) = r1∆−α1,

N
(3)
33 (∆) = N̂

(3)
33 (∆) = t2∆− f,N

(3)
lp (∆) = N̂

(3)
lp (∆) = N

(1)
lp (∆),

N (3)
pq (∆) = N̂ (3)

pq (∆) = N (1)
pq (∆) i = 1, 2, 3 l = 2, 3 p = 4, 5 q = 1, ......, 5.
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(ii) Γ(3)(∆) = ∆
4∏

i=1

(∆+µ2i ),

where µ2i , i = 1, ...., 4 are the roots of the equation |N̂(3)(−v)| = 0(with respect to
v).

(iii) Θ(3)(∆) =

(
Θ

(3)
gh (∆)

)
9×9

,

Θ(3)
pp (∆) = Γ(3)(∆)∆ = ∆2

4∏
i=1

(∆ + µ2i ),

Θ
(3)
p+3;p+3(∆) = Γ(3)(∆) = ∆

4∏
i=1

(∆+µ2i ),Θ
(6)
p+6;p+6(∆) = Γ(3)(∆)(∆+µ25) = ∆

5∏
i=1

(∆+µ2i ),

Θ
(3)
gh (∆) = 0, µ25 =

κ8
κ6

p = 1, 2, 3 g, h = 1, ....., 9 g ̸= h

(iv) w
(3)
p1 (∆) = − 1

M∗µ

[
(λ+µ) Ñ

(3)
p1 (∆)−p1Ñ (3)

p2 (∆)−p2Ñ (3)
p3 (∆)+ιωβT0Ñ

(3)
p4 (∆)

]
,

w
(3)
p5 (∆) = − 1

M∗κ6

[
(κ4 + κ5)Ñ

(3)
p5 (∆)− r2Ñ

(3)
p2 (∆)− r3Ñ

(3)
p3 (∆) + κ1Ñ

(3)
p4 (∆)

]
,

w(3)
pq (∆) =

Ñ
(3)
pq (∆)

M∗ p = 1, ...., 5 q = 2, 3, 4

where Ñ
(3)
ij i, j = 1, ........, 5 is the cofactor of the element N

(3)
ij of the matrix N(3).

(v) R(3)(Dx) =

(
R

(3)
gh (Dx)

)
9×9

,

R
(3)
ij (Dx) =

1

µ
Γ(3)(∆)δij + w

(3)
11 (∆)

∂2

∂xi∂xj
,

R
(3)
i;p+2(Dx) = w

(3)
1p (∆)

∂

∂xi
, R

(3)
p+2;i(Dx) = w

(3)
p1 (∆)

∂

∂xi
,

R
(3)
i+6;j(Dx) = w

(3)
51 (∆)

∂2

∂xi∂xj
, R

(3)
i;j+6(Dx) = w

(3)
15 (∆)

∂2

∂xi∂xj
,

R
(3)
i+6;j+6(Dx) =

1

κ6
Γ(3)(∆)δij + w

(3)
55 (∆)

∂2

∂xi∂xj
,

R
(3)
i+6;p+2(Dx) = w

(3)
5p (∆)

∂

∂xi
, R

(3)
p+2;i+6(Dx) = w

(3)
p5 (∆)

∂

∂xi
,
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R
(3)
p+2;q+2(Dx) = w(3)

pq (∆) i, j = 1, 2, 3 p, q = 2, 3, 4

(vi) Y(3)(x) =

(
Y

(3)
ij (x)

)
9×9

, Y (3)
pp (x) = r

(3)
11 ς

∗
1 (x)+r

(3)
12 ς

∗
2 (x)+

4∑
g=1

r
(3)
1;g+2ς̃g(x),

Y
(3)
p+3;p+3(x) = r

(3)
21 ς

∗
1 (x) +

4∑
g=1

r
(3)
2;g+1ς̃g(x),

Y
(3)
p+6;p+6(x) = r

(3)
31 ς

∗
1 (x) +

5∑
g=1

r
(3)
3;g+1ς̃g(x),

Y
(3)
ij (x) = 0 p = 1, 2, 3 i, j = 1, ....., 9 i ̸= j

where

ς∗1 = − 1

4π|x|
, ς∗2 = −|x|

8π
, ς̃g(x) = −e

ιµg |x|

4π|x|
g = 1, ....., 5

r
(3)
11 = −µ

2
1µ

2
2µ

2
3 + µ21µ

2
2µ

2
4 + µ21µ

2
3µ

2
4 + µ22µ

2
3µ

2
4

µ21µ
2
2µ

2
3µ

2
4

,

r
(3)
12 = r

(3)
21 =

4∏
i=1

µ−2
i , r

(3)
1;l+2 = µ−4

l

4∏
i=1,i ̸=l

(µ2i − µ2l )
−1,

r
(3)
2;l+1 = −µ−2

l

4∏
i=1,i ̸=l

(µ2i − µ2l )
−1, r

(3)
31 =

5∏
i=1

µ−2
i ,

r
(3)
3;n+1 = −µ−2

l

5∏
i=1,i ̸=n

(µ2i − µ2n)
−1 l = 1, ....., 4 n = 1, ...., 5.

On introducing the matrix

G(3)(x) = R(3)(Dx)Y
(3)(x), (52)

we obtain

F(3)(Dx)G
(3)(x) = F(3)(Dx)R

(3)(Dx)Y
(3)(x) = Θ(3)(∆)Y(3)(x) = δ(x) I(x)

Hence, G(3)(x) is a fundamental solution to equation (28)3.

THEOREM 3: If the condition (27) is satisfied, then the matrix G(3)(x) de-
fined by the equation (52) is the fundamental solution of the system of equations
(25).

EQUILIBRIUM THEORY
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In this case, the matrixN(4)(∆), operator Γ(4)(∆) and matrix operatorsΘ(4)(∆),
R(4)(Dx), Y

(4)(x) and G(4)(x) are obtained as:

(i) N̂(4)(∆) =

(
N̂

(4)
gh (∆)

)
6×6

, N(4)(∆) =

(
N

(4)
gh (∆)

)
6×6

,

N̂
(4)
pi (∆) = N̂

(3)
pi (∆), N

(4)
pi (∆) = N

(3)
pi (∆), N

(4)
il (∆) = N̂

(4)
il (∆) = 0,

N̂
(4)
44 (∆) = k,N

(4)
45 (∆) = N̂

(4)
45 (∆) = −κ3,

N̂
(4)
54 (∆) = κ1, N

(4)
55 (∆) = N̂

(4)
55 (∆) = κ7∆− κ2, N

(4)
l4 (∆) = ∆N̂

(4)
l4 (∆),

p = 1, ...., 5 i = 1, 2, 3 l = 4, 5.

(ii) Γ(4)(∆) = ∆2
3∏

i=1

(∆+ω2
i ),

where ω2
i , i = 1, 2, 3 are the roots of the equation |N̂(4)(−κ)| = 0(with respect to

κ).

(iii) Θ(4)(∆) =

(
Θ

(4)
gh (∆)

)
9×9

,

Θ(4)
pp (∆) = Γ(4)(∆)∆ = ∆3

3∏
i=1

(∆ + ω2
i ),

Θ
(4)
p+3;p+3(∆) = Γ(4)(∆) = ∆2

3∏
i=1

(∆ + ω2
i ),

Θ
(4)
p+6;p+6(∆) = Γ(4)(∆)(∆ + ω2

4) = ∆2
4∏

i=1

(∆ + ω2
i ),Θ

(4)
gh (∆) = 0,

ω2
4 = −κ2

κ6
p = 1, 2, 3 g, h = 1, ....., 9 g ̸= h

(iv) w
(4)
p1 (∆) = − 1

M∗µ

[
(λ+ µ)Ñ

(4)
p1 (∆)− p1Ñ

(4)
p2 (∆)− p2Ñ

(4)
p3 (∆)

]
,

w
(4)
p5 (∆) = − 1

M∗κ6

[
(κ4 + κ5)Ñ

(4)
p5 (∆)− r2Ñ

(4)
p2 (∆)− r3Ñ

(4)
p3 (∆) + κ1Ñ

(4)
p4 (∆)

]
,

w(4)
pq (∆) =

Ñ
(4)
pq (∆)

M∗ p = 1, ...., 5 q = 2, 3, 4

where Ñ
(4)
ij i, j = 1, ....., 5 is the cofactor of the element N

(4)
ij of the matrix N(4).

(v) R(4)(Dx) =

(
R

(4)
gh (Dx)

)
9×9

,
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R
(4)
ij (Dx) =

1

µ
Γ(4)(∆)δij + w

(4)
11 (∆)

∂2

∂xi∂xj
,

R
(4)
i;p+2(Dx) = w

(4)
1p (∆)

∂

∂xi
, R

(4)
p+2;i(Dx) = w

(4)
p1 (∆)

∂

∂xi
,

R
(4)
i+6;j(Dx) = w

(4)
51 (∆)

∂2

∂xi∂xj
, R

(4)
i;j+6(Dx) = w

(4)
15 (∆)

∂2

∂xi∂xj
,

R
(4)
i+6;j+6(Dx) =

1

κ6
Γ(4)(∆)δij + w

(4)
55 (∆)

∂2

∂xi∂xj
,

R
(4)
i+6;p+2(Dx) = w

(4)
5p (∆)

∂

∂xi
, R

(4)
p+2;i+6(Dx) = w

(4)
p5 (∆)

∂

∂xi
,

R
(4)
p+2;q+2(Dx) = w(4)

pq (∆) i, j = 1, 2, 3 p, q = 2, 3, 4

(vi) Y(4)(x) =

(
Y

(4)
ij (x)

)
9×9

, Y (4)
pp (x) = r

(4)
11 ς

∗
1 (x)+r

(4)
12 ς

∗
2 (x)+

3∑
g=1

r
(4)
1;g+2ς̂g(x),

Y
(4)
p+3;p+3(x) = r

(4)
21 ς

∗
1 (x) + r

(4)
22 ς

∗
2 (x) +

3∑
g=1

r
(4)
2;g+2ς̂g(x),

Y
(4)
p+6;p+6(x) = r

(4)
31 ς

∗
1 (x) + r

(4)
32 ς

∗
2 (x) +

4∑
g=1

r
(4)
3;g+2ς̂g(x),

Y
(4)
ij (x) = 0 p = 1, 2, 3 i, j = 1, ....., 9 i ̸= j

where

ς̂g(x) = −e
ιωg |x|

4π|x|
g = 1, ....., 4

r
(4)
11 = −ω

4
1ω

2
2(ω

2
2 + ω2

3) + ω4
2ω

2
3(ω

2
3 + ω2

1) + ω4
3ω

2
1(ω

2
1 + ω2

2)

ω6
1ω

6
2ω

6
3

,

r
(4)
12 = r

(4)
22 =

1

ω2
1ω

2
2ω

2
3

, r
(4)
1;l+2 = −ω−6

l

3∏
i=1,i ̸=l

(ω2
i − ω2

l )
−1,

r
(4)
21 = −ω

2
1ω

2
2 + ω2

2ω
2
3 + ω2

3ω
2
1

ω4
1ω

4
2ω

4
3

, r
(4)
2;l+2 = ω−4

l

3∏
i=1,i ̸=l

(ω2
i − ω2

l )
−1,

r
(4)
31 = −ω

2
1ω

2
2ω

2
3 + ω2

1ω
2
2ω

2
4 + ω2

1ω
2
3ω

2
4 + ω2

2ω
2
3ω

2
4

ω2
1ω

2
2ω

2
3ω

2
4

, r
(4)
32 =

4∏
i=1

ω−2
i ,
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r
(4)
3;n+2 = ω−4

n

4∏
i=1,i ̸=n

(ω2
i − ω2

n)
−1 l = 1, 2, 3 n = 1, ...., 4.

If we introduce the matrix

G(4)(x) = R(4)(Dx)Y
(4)(x). (53)

then, we obtain

F(4)(Dx)G
(4)(x) = F(4)(Dx)R

(4)(Dx)Y
(4)(x) = Θ(4)(∆)Y(4)(x) = δ(x) I(x)

Hence, G(4)(x) is a solution to equation (28)4.

THEOREM 4: If the condition (27) is satisfied, then the matrix G(4)(x) de-
fined by the equation (53) is the fundamental solution of the system of equations
(26).

5. BASIC PROPERTIES OF G(1)(x)

THEOREM 5: Each column of the matrix G(1)(x) is a solution of the sys-
tem of equations (23) at every point x ∈ E3 except the origin.

THEOREM 6: If the condition (27) is satisfied, then the fundamental solution
of the system F̃(Dx)U(x) = 0 is the matrix

W(x) =

(
Wgh(x)

)
9×9

,

Wij(x) =

[
1

λ̃

∂2

∂xi∂xj
− 1

µ
R̃ij

]
ς∗2 (x),

Wi+6,j+6(x) =

[
1

κ7

∂2

∂xi∂xj
− 1

κ6
R̃ij

]
ς∗2 (x),

W44(x) =
t2
σ
ς∗1 (x),W55(x) =

t1
σ
ς∗1 (x),

W45(x) =W54(x) = −r1
σ
ς∗1 (x),W66(x) =

ς∗1
k
,

Wi;q+3(x) =Wq+3;j(x) =Wpn(x) =Wnp(x) =W6,i+6(x) =Wi+6,6(x) = 0,

R̃ij =
∂2

∂xi∂xj
−∆δij i, j = 1, 2, 3 q = 1, ...., 6 p = 6, 7, 8, 9 n = 4, 5 (54)
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LEMMA 2: If condition (27) is satisfied, then

∆w
(1)
p1 (∆) =

1

M∗ (∆ + λ26)Ñ
(1)
p1 (∆)− 1

µ
Γ(1)(∆)δp1,

∆w
(1)
p5 (∆) =

1

M∗ (∆ + λ27)Ñ
(1)
p5 (∆)− 1

κ6
Γ(1)(∆)δp5, p = 1, ...., 5 (55)

PROOF: Consider

w
(1)
p1 (∆) = − 1

M∗µ

{
λ̃ Ñ

(1)
p1 (∆)− p1Ñ

(1)
12 (∆)− p2Ñ

(1)
13 (∆) + ιωβT0Ñ

(1)
p4 (∆)

}
.

Now

Γ(1)(∆)δp1 =
1

M∗ det N(1)(∆)δp1 =
1

M∗

{
(λ̃∆+ ρω2)Ñ

(1)
p1 (∆)

−p1∆Ñ (1)
12 (∆)− p2∆Ñ

(1)
13 (∆) + ιωβT0∆Ñ

(1)
p4 (∆)

}
.

Therefore,

∆w
(1)
p1 (∆) = − 1

M∗µ

{
λ̃∆Ñ

(1)
p1 (∆)−p1∆Ñ (1)

12 (∆)−p2∆Ñ (1)
13 (∆)+ιωβT0∆Ñ

(1)
p4 (∆)

}

= − 1

M∗µ

[
M∗ Γ(1)(∆)δp1 − (µ∆+ ρω2)Ñ

(1)
p1 (∆)

]
=

1

M∗ (∆ + λ26)Ñ
(1)
p1 (∆)− 1

µ
Γ(1)(∆)δp1

Similarly, we can prove equation (55)2.

THEOREM 7: If condition (27) is satisfied and x ∈ E3 − {0}, then

G
(1)
gh (x) =

∂2

∂xg∂xh

5∑
p=1

cp11ςp(x) + R̃gh c611 ς6(x),

G
(1)
g;l+2(x) =

∂

∂xg

5∑
p=1

cp1lςp(x), G
(1)
l+2;g(x) =

∂

∂xg

5∑
p=1

cpl1ςp(x),

G
(1)
l+2;n+2(x) =

5∑
p=1

cplnςp(x), G
(1)
g;h+6(x) =

∂2

∂xg∂xh

5∑
p=1

cp15ςp(x),
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G
(1)
g+6;h(x) =

∂2

∂xg∂xh

5∑
p=1

cp51ςp(x), G
(1)
l+2;g+6(x) =

∂

∂xg

5∑
p=1

cpl5ςp(x),

G
(1)
g+6;l+2(x) =

∂

∂xg

5∑
p=1

cp5lςp(x),

G
(1)
g+6;h+6(x) =

∂2

∂xg∂xh

5∑
p=1

cp55ςp(x) + R̃gh c755 ς7(x), g, h = 1, 2, 3 l, n = 2, 3, 4

where

cpgh = −
r
(1)
2p

M∗λ2p
Ñ

(1)
gh (−λ2p), cpgl =

r
(1)
2p

M∗ Ñ
(1)
gl (−λ2p),

c611 =
1

ρω2
=

1

µλ26
, c755 =

1

κ8
=

1

κ6λ27
, g, p = 1., , , 5 h = 1, 5 l = 2, 3, 4 (56)

PROOF: From equation (49),

∆ςj(x) = −λ2j ςj(x) j = 1, ...., 7 (57)

Thus, we have

− 1

λ2j

(
∂2

∂xg∂xh
− R̃gh

)
ςj(x) = δgh ςj(x), x ̸= 0 (58)

Consider
G

(1)
gh (x) = R

(1)
gh (Dx)Y

(1)
11 (x)

=

[
1

µ
Γ(1)(∆)δgh + w

(1)
11 (∆)

∂2

∂xg∂xh

] 6∑
j=1

r
(1)
1j ςj(x)

=
6∑

j=1

r
(1)
1j

{[
− 1

µλ2j
Γ(1)(−λ2j )+w

(1)
11 (−λ

2
j )

]
∂2

∂xg∂xh
+

1

µλ2j
Γ(1)(−λ2j )R̃gh

}
ςj(x) (59)

From equation (55)1, we have

w
(1)
11 (−λ

2
j ) = − 1

M∗λ2j
(−λ2j + λ26)Ñ

(1)
11 (−λ2j ) +

1

µλ2j
Γ(1)(−λ2j ). (60)

Using equation (60) in equation (59), we get

G
(1)
gh (x) =

6∑
j=1

r
(1)
1j

{[
− 1

M∗λ2j
(−λ2j+λ26)Ñ

(1)
11 (−λ2j )

]
∂2

∂xg∂xh
+

1

µλ2j
Γ(1)(−λ2j )R̃gh

}
ςj(x)
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(61)

Now,

Γ(1)(−λ2j )r
(1)
1j = 0 j = 1, ..., 5

Γ(1)(−λ2j )r
(1)
1j = 1 j = 6

and
(−λ2j + λ26)r

(1)
1j = r

(1)
2j j = 1, ..., 5

(−λ2j + λ26)r
(1)
1j = 0 j = 6 (62)

By virtue of equation (62), equation (61) becomes

G
(1)
gh (x) =

∂2

∂xg∂xh

5∑
j=1

[
− 1

M∗λ2j
r
(1)
2j Ñ

(1)
11 (−λ2j )

]
ςj(x) + R̃gh

1

µλ26
ς6(x)

=
∂2

∂xg∂xh

5∑
j=1

cj11ςj(x) + R̃gh c611 ς6(x).

The remaining formulae of above theorem can be proved in the similar way.

LEMMA 3: If the condition (27) is satisfied, then

5∑
p=1

r
(1)
2p =

5∑
p=1

r
(1)
2p λ

2
p =

5∑
p=1

r
(1)
2p λ

4
p =

5∑
p=1

r
(1)
2p λ

6
p = 0,

5∑
p=1

r
(1)
2p λ

8
p = 1,

5∑
p=1

r
(1)
2p

λ2p
=

5∏
i=1

λ−2
i =

M∗

ρω2Ñ
(1)
11 (0)

=
M∗

κ8Ñ
(1)
55 (0)

, (63)

and
5∑

p=1

cp11 = −(ρω2)−1,
5∑

p=1

cp11λ
2
p = −λ̃−1

5∑
p=1

cp55 = −κ−1
8 ,

5∑
p=1

cp55λ
2
p = −κ−1

7 ,

5∑
p=1

cp22 =
t2
σ
,

5∑
p=1

cp33 =
t1
σ
,

5∑
p=1

cp44 = k−1. (64)

PROOF: Consider

Ñ
(1)
11 (−λ2p) = kκ7σλ

8
p +M∗

1λ
6
p +M∗

2λ
4
p +M∗

3λ
2
p + Ñ

(1)
11 (0), (65)
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whereM∗
p , p = 1, 2, 3 are coefficients, independent of λp and skipped due to lengthy

calculations.

It is easier to prove the relations (63) using equation (44).

From equations (63) and (65), we get

5∑
p=1

r
(1)
2p

λ2p
Ñ

(1)
11 (−λ2p) =

5∑
p=1

r
(1)
2p [kκ7σλ

6
p +M∗

1λ
4
p +M∗

2λ
2
p +M∗

3 + Ñ
(1)
11 (0)λ−2

p ]

= Ñ
(1)
11 (0)

5∑
p=1

r
(1)
2p

λ2p
=
M∗

ρω2

and

5∑
p=1

r
(1)
2p Ñ

(1)
11 (−λ2p) =

5∑
p=1

r
(1)
2p [kκ7σλ

8
p +M∗

1λ
6
p +M∗

2λ
4
p +M∗

3λ
2
p + Ñ

(1)
11 (0)] = kκ7σ

Therefore, from equation (56), we have

5∑
p=1

cp11 = −
5∑

p=1

r
(1)
2p

M∗λ2p
Ñ

(1)
11 (−λ2p) = −(ρω2)−1,

5∑
p=1

cp11λ
2
p = −

5∑
p=1

r
(1)
2p

M∗ Ñ
(1)
11 (−λ2p) = −kκ7σ

M∗ = −λ̃−1.

Similarly, we can prove equations (64)2 and (64)3.

THEOREM 8: The relations

G(1)
pq (x)−Wpq(x) = constant +O(|x|) p, q = 1, ...., 9 (66)

hold in the neighborhood of the origin.

PROOF: For p, q = 1, 2, 3, consider

G(1)
pq (x)−Wpq(x) =

∂2

∂xp∂xq
Ȳ11(x) + R̃pq Ȳ22(x), (67)

where

Ȳ11(x) =
5∑

j=1

cj11ςj(x)−
ς∗2 (x)

λ̃
,
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Ȳ22(x) = c611 ς6(x) +
ς∗2 (x)

µ
. (68)

From equation (68), we have

Ȳ11(x) =
5∑

j=1

−cj11
4π

∞∑
l=0

ιlλlj
l!

|x|l−1 +
|x|
8πλ̃

= − 1

8π

[
2

5∑
j=1

cj11

∞∑
l=0

ιlλlj
l!

|x|l−1 − |x|
λ̃

]

= − 1

8π

[
2

|x|

5∑
j=1

cj11 − |x|
( 5∑

j=1

cj11λ
2
j +

1

λ̃

)]
− ι

4π

5∑
j=1

cj11λj + Ȳ33(x), (69)

Similarly,

Ȳ22(x) = − 1

8π

[
2

|x|
c611 − |x|

(
c611λ

2
6 −

1

µ

)]
− ι

4π
c611λ6 + Ȳ44(x), (70)

where

Ȳ33(x) = − 1

4π

5∑
j=1

cj11

∞∑
l=3

ιlλlj
l!

|x|l−1,

Ȳ44(x) = − 1

4π
c611

∞∑
l=3

ιlλl6
l!

|x|l−1. (71)

Clearly

Ȳhh(x) = O(|x|2), ∂

∂xe
Ȳhh(x) = O(|x|),

∂2

∂xe∂xi
Ȳhh(x) = constant +O(|x|) e, i = 1, 2, 3 h = 3, 4 (72)

Consider
∂

∂xi

(
1

|x|

)
= − xi

|x|3
,

∂2

∂x2i

(
1

|x|

)
=

[
3x2i
|x|5

− 1

|x|3

]
Hence,

∆
1

|x|
=

3∑
i=1

∂2

∂x2i

(
1

|x|

)
= 0.

Therefore, (
∂2

∂xp∂xq
− R̃pq

)
1

|x|
= δgh∆

1

|x|
= 0. (73)
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Equation (67) with the aid of equations (64),(69)-(73) becomes

G(1)
pq (x)−Wpq(x) =

∂2

∂xp∂xq
Ȳ33(x) + R̃pq Ȳ44(x) = constant +O(|x|).

Similarly other formulae of equation (66) can be proved.

Therefore, matrix W(x) is the singular part of the fundamental matrix G(1)(x) in
the neighborhood of the origin.

CONCLUSIONS

The current paper gives the following outcomes:

1. Without utilizing Darcy’s law, the linear theory of thermoelasticity with double
porosity and microtemperatures is derived. This theory can be useful for finding
fundamental solutions, studying wave phenomenon etc.

2. After reducing the governing equations in isotropic medium, the fundamental
matrix of system of equations in cases of steady, pseudo-, quasi-static oscillations
and equilibrium are obtained and properties of fundamental matrix are discussed.
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