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Rise of the Poisson’s Ratio in f.c.c. Hard Sphere Crystals
with the Narrowest Orthogonal Nanochannels
Filled by Hard Spheres of Another Diameter
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Abstract: Auxetic materials, i.e. materials exhibiting negative Poisson’s ratio, stand to answer the demand for novel ma-
terials with unique and application-tailored properties. The vast range of potential applications motivates researchers to
search for new materials with such properties, or to look for ways to modify the properties of existing materials. The study
of systems with structural inclusions falls into the latter category. This work reports numerical investigations of elastic
properties of hard sphere f.c.c. crystal. The investigations have been focused on Monte Carlo simulations of systems with
arrays of inclusions filled by hard spheres of different diameter, resulting in binary systems, i.e. systems composed of two
kinds of particles that differ only in size. Two different layouts of narrow nanoinclusions have been studied in the isobaric-
isothermal ensemble. It has been shown that even the narrowest inclusions can significantly alter elastic properties of hard
particle crystal by eliminating auxetic properties while maintaining the effective cubic symmetry.
Key words: auxetics, mechanical metamaterials, negative Poisson’s ratio, nanochannels, hard sphere crystals, Monte Carlo
simulations

I. Introduction

Elastic properties of matter are one of its longest studied
aspects. Despite that, studies in materials science still de-
liver unexpected results that, in turn, drive the technological
progress. The discovery of negative Poisson’s ratio (PR) [1]
materials or, more precisely, showing that they exist in real
life [2], providing the first theoretical models, and their solu-
tions for systems with such counterintuitive properties [3, 4],
may be considered as an example of such breakthroughs.

Since the early 1990’s, materials with negative Poisson’s ra-
tio are called auxetics [5]. Through the past thirty years, they
have gained an ever-growing community of researchers ded-
icated to expanding our understanding of the mechanisms
and phenomena behind their properties. These new findings
help to solve real-world challenges and advance the applica-
tions of auxetic materials [6–9]. The advantage of auxetics
is based on the existence of negative Poisson’s ratio, at least
in some crystallographic directions. In the latter case, they
are called partial auxetics [10]. The negative Poisson’s ra-
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tio has been found in model structures [11–15], man-made
foams [16, 17], and also in real cubic materials [18], poly-
mers [19, 20], and composites [21]. Apart from the experi-
mental and theoretical [22–24] studies, the computer simula-
tions of auxetics [25–27] are also a rapidly developing source
of knowledge on this type of materials. Elastic properties are
investigated on various levels, from macroscopic (typically)
FEM simulations [28, 29], through mezoscopic models [30],
to micro-level, atomic systems [31]. The latter also includes
model systems with inclusions [32, 33].

Recent studies have shown that such modifications to
the crystal structure of materials exert strong impact on the
macroscopic elastic properties and, in particular, the Pois-
son’s ratio [34]. The investigated models with various forms
of triple-channel inclusions [34] delivered unexpected con-
clusions that with a careful choice of the inclusion orienta-
tion and layout one can eliminate one of the characteristic
features of f.c.c. HS system, namely the negative value of
Poisson’s ratio in the [110][11̄0]-direction. The effect was
observed for various sizes of the inclusions, covering from
almost 9 to 19 percent of particles in the system. It has
been argued that the layout of inclusions is the crucial pa-
rameter behind the observed changes of elastic properties.
The present work is a continuation of that research. The goal
of this study is to complete the picture by investigating the
elastic properties of similar systems featuring very thin in-
clusions, covering only a little over 2% of particles in the
model.

This article has been organized in the following way.
The studied models are described in the next section, Sec. III
is devoted to the method of elastic properties calculations in
the isobaric-isothermal ensemble and the details of computer
simulations. The discussion of obtained results is in Sec. IV,
whereas Sec. V holds conclusions.

II. The Model

In this work, we consider a model system consisting of
N spheres which form the f.c.c. crystal. Particles interact
through hard potential, which is expressed as:

ϕij =

{
∞, rij < σij ,

0 , rij ≥ σij ,
(1)

where rij is the distance between the centres of particles
i and j, σij = (σi + σj)/2, σi, and σj are the diameters
of spheres i and j. The hard sphere (HS) potential includes
short-range correlations originating from the excluded vol-
ume effects [35–37], and is one of the fundamental inter-
actions in condensed matter physics [36] and liquid the-
ory [38]. It is the simplest approximation that can exhibit
melting and provides an exceptional insight into effects re-
sulting from the relative particle dimensions. From the point
of view of the current research, the most important aspect of
HS interaction is that it allows one to mimic the existence of
the negative Poisson’s ratio [34, 39, 40].

Original f.c.c. crystal of spheres with equal diameters (σ)
has been modified by replacing arbitrarily selected Ninc par-

Fig. 1. Illustration of the channel size studied in this work. Inclu-
sion is formed by particles (marked as red spheres) lying directly
on a selected crystalline axis marked by the black line. To clearly
show channel particles, part of the matrix spheres (green) have been

removed from the illustration

ticles with spheres of another diameter (σ′). The latter par-
ticles will be referred to as an inclusion. In the considered
model, inclusion is formed by particles lying directly on
a selected crystalline axis, which is oriented along one of
the main crystalline directions. A single nanochannel is pre-
sented in Fig. 1. The selected channel’s axis is oriented in
the [010]-direction, while the red spheres indicate particles
forming the inclusion. In this work, inclusions are formed
by three nanochannels oriented in the following directions:
[100], [010], and [001], thus forming a mutually orthogonal
layout. There are many combinations in which such three
channels can be arranged in 3D space. Here, as in the pre-
vious work [34], we studied two border cases of (i) crossing
and (ii) separated nanochannel layout. In Fig. 2, both of them
are presented. The illustrated systems have been additionally
doubled in each direction. The concentration c = Ninc/N of
the included particles depends on the size of the system (N ),
and also on the particular layout of nanochannels in space.

Periodic boundary conditions have been applied to all
studied models. As it has been stated in previous work [34],
results obtained for the periodic box containing the single su-
percell agreed (within the statistical error) with simulations
of systems with the periodic box doubled, quadrupled, and
octupled in size. Therefore, to save computational time the
systems with the single supercell have been simulated.

III. The Method

III. 1. Theory
To evaluate the elastic properties of the studied systems,

extensive Monte Carlo (MC) simulations in the isobaric-
isothermal ensemble (NpT ) [35, 41] have been performed.
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Fig. 2. Different channel layouts illustrated for the system based on a 6 × 6 × 6 f.c.c. supercell, periodically doubled in each direction.
The layout with nanochannels crossing each other (left). The layout in which the nanochannels do not contact each other (right). The radii
of the nanochannels are less than σ

√
2/2 (to include only the particles on the channel’s axis). Red spheres represent the channel particles,

and the cylindrical shades help to identify the channels’ orientation. The green spheres indicating matrix particles have been reduced in
size just to reveal the structure of the inclusions

In order to calculate the elastic compliance tensor (S), the
Parrinello-Rahman method [42, 43] has been applied. In this
method, all Sαβγδ elements are easily obtained from shape
fluctuations of the periodic box by calculating the strain ten-
sor ε for the system under dimensionless pressure p∗ =
= pσ3/kBT as [35, 43]:

ε =
1

2

(
h−1
p .h.h.h−1

p − I
)
, (2)

where: kB is the Boltzmann constant, T is the temperature,
I is a unit matrix, h is a symmetric matrix formed by vec-
tors defining the edges of a periodic parallelepiped, and hp

is the reference matrix at equilibrium under dimensionless
pressure (p∗). The knowledge of the strain tensor compo-
nents permits determination of the elastic compliance tensor
elements as follows [35]:

Sαβγδ =
Vp

kBT
⟨∆εαβ∆εγδ⟩ , (3)

where Vp is the volume of the system at equilibrium under
the pressure p∗, ∆εαβ = εαβ − ⟨εαβ⟩, ⟨εαβ⟩ is the average
in the NpT ensemble, and α, β, γ, δ = x, y or z. Based on
the knowledge of the elastic compliance tensor, the Poisson’s
ratio can be calculated by the formula [44]:

νnm = −mαmβSαβγδnγnδ

nζnηSζηκλnκnλ
. (4)

Poisson’s ratio depends on the choice of two directions
that are mutually orthogonal. These directions are repre-
sented by the unit vector n⃗, in which the external stress is
applied, and the unit vector m⃗, in which the Poisson’s ratio
is measured. Here, on Greek indexes, the Einstein summa-
tion is used. For convenience, further in the text we used

the elastic compliance matrix Sij elements in the Voigt no-
tation [45] instead of the Sαβγδ tensor elements. The Latin
indices for the Sij take the values i, j = 1, . . . , 6.

III. 2. Simulations
The Monte Carlo simulations were performed for sys-

tems containing N = 864 particles (which corresponds to
the supercell of 6× 6× 6 f.c.c. cells). The simulations have
been carried out in the NpT ensemble at pressures: p∗ = 50,
100, 250, and 1250. The number of particles forming the
inclusion (Ninc) varied depending on the layout and was
equal to 16 for crossing and 18 for separate nanochannels.
This results in concentration of inclusion particles c equal to
1.85% and 2.08%, respectively. Elastic properties of models
were studied for different values of inclusion spheres diame-
ters (σ′). They were changed according to the scaling factor
σ′/σ, and the values ranged between 0.95 and 1.1 or less
(depending on the pressure magnitude). For each value of
σ′/σ and p∗, twenty-five independent simulation runs were
performed. The length of each run was 107 MC cycles with
equilibration, which lasted 106 MC cycles. For more details
on the simulations see ref. [34], and references therein.

IV. Results and Discussion

The problem of the nanochannel layout impacting the
elastic properties of the system has been recently investi-
gated. The study showed that three identical channels, but
laid out differently in the crystal structure, have a substan-
tially different impact on the system’s properties. It was
discovered that periodic arrays of orthogonally oriented
nanochannels, either crossing each other or remaining sep-
arate, contribute to the overall increase of Poisson’s ratio
and changes in the anisotropy of the models [34]. Two sizes
of nanochannels were previously investigated. The overall
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Fig. 3. Components of simulation box matrix (hij) for all the studied systems presented as a function of the scaling factor σ′/σ. Row
(a) contains the diagonal components, whereas row (b) presents h22 and h33 components divided by h11. The off-diagonal components
divided by h11 are presented in the inserts to the plots at row (b). Colours indicate data for different values of pressure p∗. In figures at
(a) and (b), the computational uncertainties of the presented data are below 0.1% and are much smaller than the symbols representing
them. In the inserts in the figures in row (b), the zero value is within the error bars. The miniature structures indicate the corresponding

nanochannel layout

concentrations of inclusion particles (depending on the lay-
out) ranged from 8.8% to 18.75%, and consistently showed
that the changes in elastic properties are primarily due to
the selected layout rather than the size of the nanochannel.
The present research is aimed at completing this investiga-
tion by studying the systems with the smallest possible in-
clusion sizes (of c equal to 1.85% and 2.08%) and checking
their impact on the Poisson’s ratio of the system. The ma-
jor difference between the current model and the one studied
in [34] is that particles forming inclusions do not come in
direct contact with each other.

We begin the investigation of very narrow (i) crossing
each other and (ii) separate nanochannels by verifying the
symmetry of the models studied at four different pressures.
Fig. 3 presents the components of box matrix hp for systems
at equilibrium under the reduced pressure p∗, plotted with
respect to the size of the particles forming inclusions (σ′/σ).
By convention in this work, the data corresponding to dif-
ferent pressure values (starting from 50 and up to 1250) are
marked with different colours indicated on the plots. In row
(a) of Fig. 3, the diagonal components of the box matrix
are shown. Row (b) presents their relations with respect to
the h11 component, along with the similar relation for the
off-diagonal matrix components (presented on the inserts).

The data concerning the different channel layouts have been
arranged in columns, indicated by small graphics at the top
of the figure. It can be observed that for all the studied cases
the diagonal components are equal (within the range of sta-
tistical error), and the off-diagonal components are roughly
5 orders of magnitude less than the diagonal ones (and can
be treated as equal to zero). This indicates that the shape of
the system remains cubic despite the inclusion.

Analysis of the matrices of the elastic compliance (S)
or elastic constants (B) allows one to infer the symmetry
of studied systems. The elastic compliances are determined
by the Monte Carlo simulations from the fluctuations of the
shape of periodic box (eq. 3). The elastic constants are cal-
culated from the following relation [35]:∑

n,m

SijmnBmnkl = (δikδjl + δilδjk)/2 . (5)

In Figs. 4 and 5, the S and B are presented in columns for
crossing and separate channels, respectively, and for the in-
creasing pressures in descending rows. The following re-
lations between matrix elements: X11 = X22 = X33,
X44 = X55 = X66, X12 = X13 = X23 and all the other el-
ements equal to zero were found. Here, X stands for S or B.
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Fig. 4. Components of the elastic compliance matrix S for systems with crossing (left column) and separate (right column) nanochannels.
Each row corresponds to a different pressure as indicated in the figure. The meaning of the symbols used is explained in the row cor-
responding to p∗ = 1250. The computational uncertainties of the presented data are below 3% and are much smaller than the symbols
representing them. The quantities represented by the cross (×) and the plus (+) symbols are equal to zero within the range of computa-

tional error
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Fig. 5. Components of the elastic constants’ matrix B for systems with crossing (left column) and separate (right column) nanochannels.
Each row corresponds to a different pressure as indicated in the figure. The meaning of the symbols used is explained in the row cor-
responding to p∗ = 1250. The computational uncertainties of the presented data are below 3% and are much smaller than the symbols
representing them. The quantities represented by the cross (×) and the plus (+) symbols are equal to zero within the range of computa-

tional error
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Fig. 6. Averaged Poisson’s ratio in main crystallographic directions as a function of the scaling factor σ′/σ. Poisson’s ratios in directions
[100], [110], and [111] are denoted by circles, triangles, and squares, respectively. As indicated by the added miniature structures, models
with crossing nanochannels are presented in the left column, and the right column holds the plots for models with separate nanochannels.

Colours indicate data for different values of dimensionless pressure p∗

Those requirements correspond to cubic symmetry. There-
fore, one can conclude that all the considered systems show
an effective cubic symmetry. Important remark: the systems
with separate channels and with σ′/σ ̸= 1 do not have
a 4-fold symmetry axis, so they are not cubic.

In Fig. 4, it can be seen that the impact of the changes in
inclusion particle diameters is similar to what was observed
earlier for the wider channels [34]. Typically, an increase in
σ′/σ ratio is accompanied by an increase of S11 and S44

compliances, and the decrease of S12. This is regardless of
the channel arrangement. The increase, however, is more sig-
nificant for the separate nanochannels. Along with the in-

crease of the reduced external pressure, it can be observed
that the values increase (decrease) only for a certain range
of σ′/σ. With further increase of the channel particles size,
values for S11 and S44 start to decline and even fall below
the values of cubic system for the p∗ = 1250 and the cross-
ing channel layout. This is also similar to earlier observa-
tions, although the values for corresponding compliances are
smaller than in the case of wider channels, especially in ref-
erence to the separate nanochannel systems.

Similar observations can be made based on the exami-
nation of Fig. 5. The behaviour of elastic constants Bij of
investigated systems is qualitatively the same as for the re-
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Fig. 7. Extreme Poisson’s ratio values for systems, with crossing (left) and separate (right) nanochannels, as a function of the scaling factor
σ′/σ. Maximum PR has been marked with circle symbols and square symbols represented the minimum PR. The values of the reduced

external pressure p∗ have been indicated in colours

spective wider channels. The notable difference is that in the
current cases we observe a broader range of stable systems
at high pressures. For the low pressure (p∗ = 50) we can see
only little changes to elastic constants when σ′/σ increases.
For higher pressures these changes become more significant
where the increase of B12 and the decrease of B44 is clear.

The initial assessment of the impact of inclusions on the
Poisson’s ratio can be performed by observing its averaged
values in the main crystallographic directions [34]. Fig. 6
presents plots organized in columns for the crossing (left)
and separate (right) channel layouts. The presented values
have been averaged over all possible m⃗-directions to the
indicated n⃗-direction. It can be seen that when σ′/σ ̸= 1,
the average Poisson’s ratios always increases. For both mod-
els the increase is more significant for σ′/σ > 1, but one
can clearly notice that models with separate inclusions reach
higher values of average PR. Higher pressure values make
this increase more rapid (occurring for smaller values of
σ′/σ). In [100]-direction PR goes above 0.4, which is close
to the maximum allowed value of 1/2 for 3D isotropic sys-
tems.

This initial assessment, however, does not provide us
with deep insight into the changes in elastic properties of the
system. For this reason, we plot the extreme PR values found
for any n⃗ direction with respect to the σ′/σ ratio. Fig. 7
presents plots for systems with crossing (left column) and
separate (right column) nanochannel layouts. The presented
data explain the increase of the averaged PR values. Here one
can see that the maximum Poisson’s ratio increases, espe-
cially with an increase of σ′/σ. The difference between the
two channel layouts is that while in the case of crossing in-
clusions the minimum Poisson’s ratio increases only slightly,
the increase for separate nanochannels is more significant.

This explains the stronger increase of averaged PR of mod-
els with separate nanochannels. It should also be noted that
in the latter models the minimum Poisson’s ratio goes above
zero. This means that these systems exhibit no auxetic prop-
erties. The observations agree with earlier studies where sep-
arate layouts of wider nanochannesl removed auxetic prop-
erties with an increase of the scaling factor σ′/σ.

Fig. 7 presents only the extreme cases of PR for sys-
tems with respect to the σ′/σ value. In the general case,
the Poisson’s ratio is different for different pairs of n⃗ and
m⃗-directions. Thus, it is difficult to visualize it in the full ex-
tent. However, to get more insight one can plot a 3D surface
of extreme Poisson’s ratios with respect to the n⃗-direction
described by polar (θ) and azimuthal (φ) angles. All the other
PR values for different m⃗-directions lie between these two
surfaces. Fig. 8 presents the plots for both types of systems
under p∗ = 250 and for selected values of scaling factor
σ′/σ, compared to the regular cubic system. The minimum
and maximum PR surfaces have been accompanied by the
surface of the average PR. It can be noticed that in both
systems with inclusions the surface of minimum PR is ele-
vated along with an increase of σ′/σ. In the case of crossing
nanochannels at σ′/σ = 1.05, some minor auxetic proper-
ties are still present in the system (indicated by the isolines
on the θ − φ plane, marking ν = 0), when n⃗ is oriented in
[110] and corresponding directions. However, in the remain-
ing cases there is no occurrence of PR below zero. The lower
parts of the minimum PR surface increase faster for sepa-
rate nanochannel models, thus decreasing the PR amplitude
within the surface itself, but also between the minimum and
maximum PR surfaces. This is the reason why the average
PR surface tends to flatten. This observation correlates with
earlier findings where for wider nanochannels in separate
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Fig. 8. The surfaces of minimum (bottom row), average (middle row), and maximum (top row) Poisson’s ratio, plotted as a function of
n⃗-direction expressed by θ, φ angles. The plots present cubic system (for reference) and two other values of σ′/σ equal to 1.05 and
1.1 for both channel layouts arranged respectively in columns. The presented data corresponds to systems under p∗ = 250 reduced

external pressure
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Fig. 9. Calculated relative isotropy criterion (6) for studied systems with crossing and separate nanochannel inclusions (indicated by
miniature graphics). The spherical plots of the average Poisson’s ratio correspond to systems with σ′/σ indicated by arrow origins.

The average PR plotted in top right corner corresponds to regular cubic system at p∗ = 50
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Fig. 10. Poisson’s ratios for selected cases of crossing channels model, plotted in spherical coordinate system. The data is presented in the
sets of three: maximum PR (red), positive (yellow), and negative part of minimum PR. The arrangement, in the form of array, corresponds
to respective pressure and scaling factor values. In the top right corner, examples of each of the three categories have been presented with

the exact scale values, which are consistent for all the plots in the figure
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Fig. 11. Poisson’s ratios for selected cases of separate channels model, plotted in spherical coordinate system. The data is presented in the
sets of three: maximum PR (red), positive (yellow), and negative part of minimum PR. The arrangement, in the form of array, corresponds
to respective pressure and scaling factor values. In the top right corner, examples of each of the three categories have been presented with

the exact scale values, which are consistent for all the plots in the figure
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layout under the same pressure conditions the average PR
surface was almost completely flat [34], giving an impres-
sion of an effectively elastically isotropic system.

To investigate the changes in the isotropy of the sys-
tems at different values of the scaling factor, the criterion
for isotropy has been checked:

B44 =
1

2
(B11 −B12). (6)

The results have been presented in Fig. 9, along with plots
of average Poisson’s ratio surfaces prepared in the spheri-
cal coordinate system. It can be seen that the isotropy of
the nanochannel systems decreases compared to the cubic
one (especially in the case of crossing nanochannels), these
changes are not so significant when compared to the ones
exerted by wider channels [34]. However, one can see on the
spherical plots of the average Poisson’s ratio, that at larger
pressures for separate nanochannels their shape tends to-
wards a sphere. This is due to the changes observed in Fig. 8.

The plots of the Poisson’s ratio in spherical coordinate
system (introduced in Fig. 9) constitute a convenient tool to
observe the changes in the model, exerted by modifications
of external conditions (pressure) or model properties (scal-
ing factor). In Figs. 10 and 11, data for crossing and separate
nanochannel systems, respectively, has been presented with
respect to pressure and σ′/σ. This large amount of data has
been presented in the form of arrays, aligned vertically with
respect to the scaling factor and horizontally with respect
to pressure. One can observe diminishing auxetic proper-
ties and an overall increase of PR values for both systems.
This increase is especially visible in the case of separate
nanochannel systems where the plots of maximum PR grow
substantially, as well as the positive part of minimum PR
(yellow), which visually changes shape due to and increase
of minimum values significantly above zero.

V. Conclusions

In the present work, the elastic properties of two systems
with periodic arrays of orthogonally oriented nanochannels,
either crossing each other or separated, have been studied.
The results of previous studies showed that (i) similar arrays
composed of nanochannels oriented in a single direction en-
hance auxetic properties [40, 46], and (ii) periodic arrays
of three orthogonal nanochannels, crossing or remaining
separate, cause the overall increase of Poisson’s ratio [34].
Whereas the latter involved inclusions covering at least 8.8%
of the system particles, the current study shows that the same
effect can be achieved with much smaller inclusions. It has
been shown that inclusions containing as low as around 2%
of the system particles can exert similar changes to elastic
properties of hard sphere crystals. This work confirms that
the elastic properties of models can be significantly altered
by internal structure modifications, and that the results of the
latter are difficult to predict at a macroscopic level.
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