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Abstract: The main purpose of this paper is to construct the fundamental solutions of a system of equations of isotropic mi-
cromorphic thermoelastic diffusion materials with microtemperatures and microconcentrations in case of steady oscillations
in terms of elementary functions. In a particular case, the fundamental solutions of the system of equations of equilibrium
theory of isotropic micromorphic thermoelastic diffusion materials with microtemperatures and microconcentrations are
also established.
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I. Introduction

Diffusion is defined as the mass transfer of a substance
from high concentration regions to low concentration re-
gions. Various authors [1–7] have established different theo-
ries of thermoelastic diffusion to describe the coupled me-
chanical behavior among temperature, concentration, and
strain fields in elastic solids.

The theory of thermodynamics of elastic bodies with mi-
crostructure was extended by Grot [8] with the assumption
that the microelements have different temperatures. He mod-
ified Clausius-Duhem inequality to include microtempera-
tures and added first-order moment of energy equations to
the basic balance laws for determining the microtempera-
tures of a continuum. Iesan and Quintanilla [9] constructed
a linear theory for elastic materials with inner structure
whose particles, in addition to the classical displacement and
temperature fields, possess microtemperatures. They proved
an existence theorem for initial boundary value problems
via the semigroup theory and established the continuous de-

pendence of solutions of the initial data and body loads.
The field equations of a theory of microstretch thermoe-
lastic bodies with microtemperatures were established by
Iesan [10]. He proved a uniqueness theorem in the dynamic
theory of anisotropic materials. Iesan [11] derived a linear
theory of microstretch elastic solids with microtemperatures
in which a microelement of a continuum is equipped with
the mechanical degrees of freedom for rigid rotations and
microdilatation in addition to the classical translation de-
grees of freedom. He also presented uniqueness and contin-
uous dependence results. Svandaze [12, 13] constructed fun-
damental solutions in the theories of thermoelasticity with
microtemperatures and micromorphic elastic solids with mi-
crotemperatures, respectively. Aouadi et al. [14] developed
the nonlinear theory of thermoelastic diffusion materials
with microtemperatures and microconcentrations. They also
obtained a linear theory of thermoelastic diffusion materi-
als with microtemperatures and microconcentrations. They
proved the well-posedness of the linear anisotropic problem
with the help of the semigroup theory of linear operators
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and studied the asymptotic behavior of the solutions. Chirilă
and Marin [15] derived the field equations and consecutive
equations of the linear theory of microstretch thermoelastic-
ity for materials whose particles have microelements that are
equipped with microtemperatures and microconcentrations.

The constitutive relations, field equations for isotropic
micromorphic thermoelastic diffusion materials with mi-
crotemperatures and microconcentrations are established in
Sec. 2. In Sec. 3, the system of linearized equations of steady
oscillations and equilibrium in the theory of micromorphic
thermoelastic diffusion solids with microtemperatures and
microconcentrations are obtained. In Sec. 4, in terms of ele-
mentary functions, the fundamental solution of basic govern-
ing equations in case of steady oscillations are constructed.
Some basic properties of the fundamental matrix in case of
steady oscillations are discussed in Sec. 5. In Sec. 6, the fun-
damental solution of basic governing equations in case of
equilibrium are constructed.

II. Basic Equations

We assume that the body occupies at time t0 the bounded
regular region B of three-dimensional space. We confine our
attention to the linear theory of elastic bodies. The balance
of linear momentum can be written in the form

tji,j + ρfi = ρüi , (1)

where tij are the components of stress tensor, ui are the com-
ponents of displacement vector u, ρ is the reference mass
density, and fi is the body force.

The balance of first stress moments is given by

mpij,p + tji − sji + ρ lij = σ̇ij , (2)

where mpij are the components of first stress moment ten-
sor, sij are the components of microstress tensor, σij are the
components of inertial spin tensor, and lij is the first body
moment density.

Let ϵ denote the internal energy density and let εi,Ωi de-
note the first moments of energy vector and mass diffusion
respectively. Then the balance of energy, the balance of the
first moment of energy and mass diffusion are respectively
given by

ρϵ̇ = tij u̇j,i + (sij − tij)ϕ̇ji +mpij ϕ̇ij,p + qi,i + ρη, (3)
ρε̇i = qji,j + qi − ς̃i + ρMi , (4)

ρΩ̇i = ηji,j + ηi − σi . (5)

Here qij , ηij are the first moment of heat flux and mass dif-
fusion flux tensors, respectively, ς̃i is the microheat flux av-
erage, σi is the micromass diffusion flux average, qi are the
components of heat flux vector , ηi are the components of

mass diffusion flux vector, η is the heat supply, Mi is the
first heat source moment vector, and ϕij are the components
of microdeformation tensor.

The local form of the principle of entropy can be express-
ed as

ρṠ −
(
1

T
qp +

1

T
qpgTg

)
,p

+

(
Pηp
T

+
P

T
Tgηpg

)
,p

+

− 1

T
ρ(η +MiTi) ≥ 0,

(6)

where S is the entropy density, T is the absolute temperature,
and Ti is the microtemperature vector.

The local form of the mass concentration law is

ηj,j = Ċ, (7)

where C is the concentration of diffusion material. For each
micro element, the mass conservation law becomes

Ċ =
(
ηg + Cpηgp

)
,g
, (8)

where Cp is the microconcentartion vector.
The spin inertia is given by

σij = ˙̃ngj ϕ̇ipϕ̇pg , (9)

where ˙̃ngj is the microinertia tensor.
Eringen [16] introduced a special kind of micromorphic

solids called microstretch solids. In this case, for all motions,
we have

ϕij = ϕδij , mijg =
1

3
h̃iδjg, ˙̃nij =

1

3
τ ′δij , lij =

1

3
L̃δij ,

(10)
where ϕ is the dilatation function, h̃i is the microstress vec-
tor, L̃ is the generalized external body load, and τ ′ is a given
constant.

Eqs. (2), (3) and (9) become

h̃i,i − s+ ρL̃ = τ ′ ϕ̈, (11)

ρϵ̇ = tij ėij + h̃iϕ̇,i + sϕ̇+ qi,i + ρη, (12)

σij = τ ′ϕ̇, (13)

where s = sii − tii is the intrinsic body load, and eij =
= 1

2 (ui,j + uj,i) are the components of strain tensor.
From Eqs. (4)–(6), (8), (12), we get

ρṠT − ρϵ̇+ tij ėij + sϕ̇+ h̃iϕ̇,i +
1

T
T,iqi − ρε̇iTi+

+(qi − ς̃i)Ti +
1

T
qpgT,pTg − qpgTg,p −

1

T
PηpT,p+

+P,pηp + PĊ − PCiηji,j − PCi,jηji + T

(
P

T
Tiηji

)
,j

+

+ηji,jCi + (ηj − σj)Cj − ρCiΩ̇i ≥ 0.
(14)
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If we introduce function ψ by

ψ = ϵ+ Tiεi + CiΩi − TS, (15)

then, the relation (14) becomes

−ρ[ψ̇ + Ṫ S − Ṫiεi − ĊiΩi] + tij ėij + sϕ̇+

+h̃iϕ̇,i +
1

T
T,iqi + (qi − ς̃i)Ti+

+
1

T
qpgT,pTg − qpgTg,p −

1

T
PηpT,p+

+P,pηp + PĊ − PCiηji,j − PCi,jηji+

+T

(
P

T
Tiηji

)
,j

+ ηji,jCi + (ηj − σj)Cj ≥ 0.

(16)

Function ψ can be expressed in terms of independent vari-
ables eij , ϕ, ϕ,i, T, T,i, Ti, Ti,j ,C, C,i, Ci and Ci,j . There-
fore, we have

ψ̇=
∂ψ

∂eij
ėij +

∂ψ

∂ϕ
ϕ̇+

∂ψ

∂ϕ,i
ϕ̇,i+

∂ψ

∂T
Ṫ +

∂ψ

∂T,i
Ṫ,i+

∂ψ

∂Ti
Ṫi+

+
∂ψ

∂Ti,j
Ṫi,j +

∂ψ

∂C
Ċ +

∂ψ

∂C,i
Ċ,i +

∂ψ

∂Ci
Ċi +

∂ψ

∂Ci,j
Ċi,j .

(17)
Eq. (16) with the help of Eq. (17) becomes[
tij − ρ

∂ψ

∂eij

]
ėij + ρ

[
Ωi −

∂ψ

∂Ci

]
Ċi + ρ

[
εi −

∂ψ

∂Ti

]
Ṫi+

+

[
s− ρ

∂ψ

∂ϕ

]
ϕ̇+

[
h̃i − ρ

∂ψ

∂ϕ,i

]
ϕ̇,i − ρ

[
S +

∂ψ

∂T

]
Ṫ+

+

[
P − ρ

∂ψ

∂C

]
Ċ − ρ

∂ψ

∂T,i
Ṫ,i − ρ

∂ψ

∂Ti,j
Ṫi,j − ρ

∂ψ

∂C,i
Ċ,i+

−ρ ∂ψ

∂Ci,j
Ċi,j +

1

T
T,iqi + (qi − ς̃i)Ti +

1

T
qpgT,pTg+

−qpgTg,p −
1

T
PηpT,p + P,pηp − PCiηji,j − PCi,jηji+

+T

(
P

T
Tiηji

)
,j

+ ηji,jCi + (ηj − σj)Cj ≥ 0.

(18)
The inequality should be convinced for all rates
ėij , ϕ̇, ϕ̇,i, Ṫ , Ṫ,i, Ṫi, Ṫi,j ,Ċ, Ċ,i, Ċi and Ċi,j . Hence the co-
efficients of the above variables must vanish, that is

tij = ρ
∂ψ

∂eij
,Ωi =

∂ψ

∂Ci
, εi =

∂ψ

∂Ti
, s = ρ

∂ψ

∂ϕ
,

h̃i = ρ
∂ψ

∂ϕ,i
, S = −∂ψ

∂T
, P = ρ

∂ψ

∂C
,

(19)

∂ψ

∂T,i
= 0,

∂ψ

∂Ti,j
= 0,

∂ψ

∂C,i
= 0,

∂ψ

∂Ci,j
= 0, (20)

T,iqi + T (qi − ς̃i)Ti + qpgT,pTg − TqpgTg,p − PηpT,p+

+TP,pηp − TPCiηji,j − TPCi,jηji + T 2

(
P

T
Tiηji

)
,j

+

+Tηji,jCi + T (ηj − σj)Cj ≥ 0.
(21)

Let us introduce the notation

θ = T − T0, (22)

where T0 is the reference temperature of the body chosen
such that | θ

T0
| ≪ 1.

In the linear theory of materials possessing a centre of
symmetry, we can take ψ in the form

2ρψ = cijpleijepl + 2aijeijθ + 2bijeijC + 2fijeijϕ+

+Aijϕ,iϕ,j + ϑϕ2 − 2nθϕ− 2νCϕ− 2dijϕ,iTj+

−2ϑijϕ,iCj − 2ϖθC − αijTiTj − βijCiCj+

−2EijTiCj + χC2 − ρCEθ
2

T0
.

(23)
From Eq. (19), it follows that

tij = cijplepl + aijθ + bijC + fijϕ,

h̃i = Aijϕ,j − dijTj − ϑijCj ,

ρS = −aijeij + nϕ+
ρCEθ

T
+ϖC,

ρεi = −djiϕ,j − αijTj − EijCj ,

P = bijeij − νϕ−ϖθ + χC,

s = fijeij − nθ − νC + ϑϕ,

Ωi = −βijCj − EjiTj − ϑijϕ,j .

(24)

The linear expressions for qi, qij , ς̃i, ηij , σi, ηi are

qi = kijθ,j + κijTj ,

qij = −mijpgTg,p ,

ς̃i = (kij −Kij)θ,j + (κij − Lij)Tj ,

ηij = −nijpgCg,p ,

σi = (hij −Hij)P,j + (h̃ij − H̃ij)Cj ,

ηi = hijP,j + h̃ijCj .

(25)

The linearlized form of Eq. (6) is

ρT0Ṡ = qi,i . (26)

In view of Eqs. (13), (24) and (25), Eqs. (1), (4), (5), (7), (11)
and (26) become

cijplepl,j + aijθ,j + bijC,j + fijϕ,j + ρfi = ρüi ,

−djiϕ̇,j−αij Ṫj−EijĊj+mjipgTg,pj=Kijθ,j+LijTj+ρMi ,

−βijĊj−EjiĊj − ϑij ϕ̇,j + njipgCg,pj = HijP,j+H̃ijCj ,

T0[−aij ėij + nϕ̇+
ρCE

T0
θ̇ +ϖĊ] = kijθ,ij + κijTj,i ,

hij [bijeij − νϕ−ϖθ + χC],ji + h̃ijCj,i = Ċ,

Aijϕ,ij−dijTj,i−ϑijCj,i−fijeij+nθ+νC−ϑϕ+ρL̃=τ ′ϕ̈.
(27)



14 T. Kansal

In case of an isotropic and homogeneous material, the con-
secutive equations become

tij = λ ellδij + 2µeij − β1θδij − β2Cδij + b ϕ δij ,

ρS = β1ell +
ρCE

T0
θ +ϖC + nϕ,

P = −β2ell −ϖ θ + χC − ν ϕ,

ρεi = −c1Ti − κ1Ci − ϱ ϕ,i ,

ρΩi = −m1Ci − κ1Ti − wϕ,i ,

ς̃i = (k − k3)θ,i + (k1 − k2)Ti ,

qij = −k4Tl,lδij − k5Ti,j − k6Tj,i ,

σi = (h− h3)P,i + (h1 − h2)Ci ,

ηij = −h4Cl,lδij − h5Ci,j − h6Cj,i ,

h̃i = γ ϕ,i − ϱ Ti − wCi ,

s = b ell − n θ − ν C + ϑϕ,

qi = kθ,i + k1Ti

ηi = hP,i + h1Ci ,

(28)

where

cijpl = λδijδpl + µδipδjl + µδilδjp, aij = −β1δij ,
bij = −β2δij , dij = ϱδij , Eij = κ1δij , αij = c1δij ,

fij = bδij , ϑij = wδij , βij = m1δij , Aij = γδij ,

kij = kδij , κij = k1δij , Lij = k2δij ,Kij = k3δij ,

mijpl = k4δijδpl + k6δipδjl + k5δilδjp,

hij = hδij , h̃ij = h1δij , H̃ij = h2δij , Hij = h3δij ,

nijpl = h4δijδpl + h6δipδjl + h5δilδjp.

(29)

Here λ, µ, β1, β2, ϱ, c1, κ1, b, w, m1, γ, k, k1, . . . , k6, h,
h1, . . . , h6 are material constants.

Therefore, from equation (27) we obtain the govern-
ing equations for homogeneous isotropic micromorphic ther-
moelastic diffusion solid with microtemperatures and micro-
concentrations in the absence of heat, mass diffusion sources
and loads as:

µ∆u+ (λ+ µ) grad divu− β1 grad θ+

−β2 gradC + b gradϕ = ρü,

k6∆v + (k4 + k5) grad divv − k2v − k3 grad θ =

= c1v̇ + κ1ẇ + ϱ grad ϕ̇,

h6∆w + (h4 + h5) grad divw − h2w − h3 gradP =

= κ1v̇ +m1ẇ + w grad ϕ̇,

β1T0 div u̇+ ρCE θ̇ +ϖT0Ċ + nT0 ϕ̇ =

= k∆ θ + k1 divv,

h∆[−β2 divu−ϖ θ + χC − ν ϕ] + h1 divw = Ċ,

−bdivu− ϱdivv − w divw + n θ + ν C+

+(γ∆− ϑ)ϕ = τ ′ϕ̈,
(30)

where ∆ is Laplacian operator, v = (T1, T2, T3) and w =
= (C1, C2, C3)

In the upcoming sections, the chemical potential has
been used as a state variable rather than concentration.
Therefore, the system of equations (30) with the help of
Eq. (28)3 becomes

[µ∆+ (λ0 + µ) grad div]u− ρ ü− γ1 grad θ+

−γ2 gradP + γ3 gradϕ = 0,

k6∆v + (k4 + k5) grad divv − k2v − k3 grad θ =

= c1v̇ + κ1ẇ + ϱ grad ϕ̇,

h6∆w + (h4 + h5) grad divw − h2w − h3 gradP =

= κ1v̇ +m1ẇ + w grad ϕ̇,

−γ1T0 div u̇+ k1 divv + k∆ θ − cT0 θ̇+

−κT0Ṗ − β T0 ϕ̇ = 0,

−γ2 div u̇+ h1 divw − κ θ̇ + h∆P −mṖ − α ϕ̇ = 0,

−γ3 divu− ϱdivv − w divw + β θ + αP+

+(γ∆− υ)ϕ = τ ′ϕ̈,
(31)

where

m =
1

χ
, κ = mϖ, α = ν m, γ1 = β1 + β2κ, γ2 = β2m,

λ0 = λ− β2γ2, γ3 = b− β2 α, c =
ρCE

T0
+ϖκ,

β = n+ϖα, υ = ϑ− ν α.

III. Steady Oscillations

The displacement vector, microtemperature, microcon-
centration, temperature change, chemical potential and mi-
crostretch functions are assumed as:[

u(x, t),v(x, t),w(x, t), θ(x, t), P (x, t), ϕ(x, t)

]
=

= Re

[
(u∗,v∗,w∗, θ∗, P ∗, ϕ∗)e−ιωt

]
,

(32)
where ω is oscillation frequency.

Using Eq. (32) in the system of equations (31) and omit-
ting asterisk (∗) for simplicity, the system of equations of
steady oscillations are obtained as

[µ∆+ (λ0 + µ) grad div + ρω2]u− γ1 grad θ+

−γ2 gradP + γ3 gradϕ = 0,

[k6∆+ (k4 + k5) grad div − k2 + ιωc1]v + ιωκ1w+

−k3 grad θ + ιωϱ gradϕ = 0,
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ιωκ1v + [h6∆+ (h4 + h5) grad div − h2 + ιωm1]w+

−h3 gradP + ιω w gradϕ = 0,

ιωγ1T0 divu+ k1 divv + [k∆+

+ιωcT0]θ + ιωκT0P + ιωβT0 ϕ = 0,

ιωγ2 divu+ h1 divw + ιωκ θ + [h∆+

+ιωm]P + ιωαϕ = 0,

−γ3 divu− ϱdivv − w divw + β θ + αP+

+(γ∆− υ + τ ′ω2)ϕ = 0.
(33)

We introduce the second order matrix differential operators
with constant coefficients

F(Dx) =

(
Fgl(Dx)

)
12×12

,

where

Fpq(Dx) = [µ∆+ ρω2]δpq + (λ0 + µ)
∂2

∂xp∂xq
, Fp;q+3(Dx) = Fp+3;q(Dx) = 0,

Fp;q+6(Dx) = Fp+6;q(Dx) = 0, Fp;10(Dx) = −γ1
∂

∂xp
, Fp;11(Dx) = −γ2

∂

∂xp
,

Fp;12(Dx) = γ3
∂

∂xp
, Fp+3;q+3(Dx) = [k6∆− k2 + ιωc1]δpq + (k4 + k5)

∂2

∂xp∂xq
,

Fp+3;q+6(Dx) = Fp+6;q+3(Dx) = ιωκ1δpq, Fp+3;10(Dx) = −k3
∂

∂xp
,

Fp+3;11(Dx) = F11;p+3(Dx) = 0, Fp+3;12(Dx) = ιωϱ
∂

∂xp
,

Fp+6;q+6(Dx) = [h6∆− h2 + ιωm1]δpq + (h4 + h5)
∂2

∂xp∂xq
,

Fp+6;10(Dx) = F10;p+6(Dx) = 0, Fp+6;11(Dx) = −h3
∂

∂xp
, Fp+6;12(Dx) = ιωw

∂

∂xp
,

F10;q(Dx) = ιωγ1T0
∂

∂xq
, F10;q+3(Dx) = k1

∂

∂xq
, F10;10(Dx) = k∆+ ιωcT0, F10;11(Dx) = ιωκT0,

F10;12(Dx) = ιωβT0, F11;q = ιωγ2
∂

∂xq
, F11;q+6(Dx) = h1

∂

∂xq
, F11;10(Dx) = ιωκ,

F11;11(Dx) = h∆+ ιωm,F11;12(Dx) = ιωα, F12;q(Dx) = −γ3
∂

∂xq
,

F12;q+3(Dx) = −ϱ ∂

∂xq
, F12;q+6(Dx) = −w ∂

∂xq
,

F12;10(Dx) = β, F12;11(Dx) = α, F12;12(Dx) = γ∆− υ + τ ′ω2 p, q = 1, 2, 3,

(34)

and

F̃(Dx) =

(
F̃gl(Dx)

)
12×12

,

where

F̃pq(Dx) = µ∆δpq + (λ0 + µ)
∂2

∂xp∂xq
,

F̃p+3;q+3(Dx) = k6∆δpq + (k4 + k5)
∂2

∂xp∂xq
,

F̃p+6;q+6(Dx) = h6∆δpq + (h4 + h5)
∂2

∂xp∂xq
,

F̃10;10(Dx) = k∆, F̃11;11(Dx) = h∆,

F̃12;12(Dx) = γ∆, F̃p;q+3(Dx) = F̃p;q+6(Dx) =

= F̃p+3;q(Dx) = F̃p+6;q(Dx) = 0,

F̃p+3;q+6(Dx)=F̃p+6;q+3(Dx)=F̃ie(Dx)=F̃ei(Dx)=0,

F̃er(Dx)=0; p, q=1, 2, 3; e, r=10, 11, 12;

e ̸= r; i=1, . . . , 9.
(35)

The system of equations (33) can be represented as

F(Dx)U(x) = 0, (36)

where U = (u,v,w, θ, P, ϕ) is a twelve-component vector
function on E3. The matrix F̃(Dx) is called the principal
part of operator F(Dx).

Definition 1. The operator F(Dx) is said to be elliptic if
|F̃(k)| ≠ 0, where k = (µ1, µ2, µ3).
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Since |F̃(k)| = µ2λ̃kk6k7hh6h7γ|k|24, λ̃ = λ0 + 2µ,
k7 = k4 + k5 + k6, h7 = h4 + h5 + h6. Therefore, op-
erator F(Dx) is an elliptic differential operator iff

µλ̃kk6k7hh6h7γ ̸= 0. (37)

Definition 2. The fundamental solutions of the system of
equations (33) (the fundamental matrix of operator F) is the

matrix G(x) =

(
Ggl(x)

)
12×12

satisfying condition

F(Dx)G(x) = δ(x) I(x), (38)

where δ(x) is the Dirac delta, I = (δgl)12×12 is the unit
matrix and x ∈ E3.

IV. Construction of G(x)
in Terms of Elementary Functions

Let us consider the system of non-homogeneous equa-
tions

[µ∆+ (λ0 + µ) grad div + ρω2]u+ ιωγ1T0 grad θ+

+ιωγ2 gradP − γ3 gradϕ = H,

[k6∆+ (k4 + k5) grad div + k8]v + ιωκ1w + k1 grad θ+

−ϱ gradϕ = V,

ιωκ1v+[h6∆+(h4+h5) grad div+h8]w+h1 gradP+

−w gradϕ = W,

−γ1 divu−k3 divv+[k∆+ιωcT0]θ+ιωκP+β ϕ=Z,

−γ2 divu−h3 divw+ιωκT0 θ+[h∆+ιωm]P+αϕ=X,

γ3 divu+ ιωϱdivv + ιω w divw + ιωβ T0 θ + ιωαP+

+[γ∆+ ζ]ϕ = Y,
(39)

where k8 = −k2 + ιωc1,h8 = −h2 + ιωm1, ζ = τ ′ω2+
−υ,H,V,W are three-component vector functions on E3;
Z and X are scalar functions on E3.

The system of equations (39) may also be written in the
form

Ftr(Dx)U(x) = Q(x), (40)

where Ftr is the transpose of matrix F, Q = (H,V,W,
Z,X, Y ) and x ∈ E3.

Applying operator div to the Eqs. (39)1−3, we obtain

[λ̃∆+ρω2] divu+ιωγ1T0∆θ+ιωγ2∆P − γ3∆ϕ=divH,
(41)

(k7∆+ k8) divv + ιωκ1 divw + k1∆θ − ϱ∆ϕ=divV,
(42)

ιωκ1 divv+(h7∆+h8) divw+h1∆P −w∆ϕ=divW.
(43)

The Eqs. (39)4−6 and (41)–(43) may be expressed in the
form

N(∆)S = Q̃, (44)

where S = (divu,divv,divw, θ, P, ϕ), Q̃ = (w1, . . . ,
w6) = (divH,divV,divW, Z,X, Y ) and

N(∆) =

(
Ngl(∆)

)
6×6

=

=


λ̃∆+ ρω2 0 0 ιωγ1T0∆ ιωγ2∆ −γ3∆

0 k7∆+ k8 ιωκ1 k1∆ 0 −ϱ∆
0 ιωκ1 h7∆+ h8 0 h1∆ −w∆

−γ1 −k3 0 k∆+ ιωcT0 ιωκ β
−γ2 0 −h3 ιωκT0 h∆+ ιωm α
γ3 ιωϱ ιω w ιωβ T0 ιωα γ∆+ ζ


6×6

. (45)

The Eqs. (39)4−6 and (41)–(43) may also be written as

Γ1(∆)S = Ψ, (46)

where

Ψ = (Ψ1, . . . ,Ψ6),Ψp =
1

M∗

6∑
i=1

N∗
ipwi,

Γ1(∆)=
1

M∗ |N(∆)|,M∗=λ̃kk7hh7γ, p=1, . . . , 6,

(47)

and N∗
ip is the cofactor of element Nip of matrix N. From

Eqs. (45) and (47), we see that

Γ1(∆) =

6∏
i=1

(∆ + λ2i ),

where λ2i , i = 1, . . . , 6 are the roots of the equation
Γ1(−ξ) = 0 (with respect to ξ).
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Applying operator Γ1(∆) to the Eq. (39)1, we get

Γ1(∆)(∆ + λ27)u = Ψ′ , (48)

where

λ27 =
ρω2

µ
,Ψ′ =

1

µ

[
Γ1(∆)H− grad[(λ0 + µ)Ψ1+

+ιωγ1T0Ψ4 + ιωγ2Ψ5 − γ3Ψ6]

]
.

Multiplying Eqs. (39)2 and (39)3 by h6∆ + h8 and ιωκ1,
respectively, we obtain

(h6∆+ h8)[k6∆+ (k4 + k5) grad div + k8]v + (h6∆+

+h8)ιωκ1w = (h6∆+ h8)[V − k1 grad θ + ϱ gradϕ],
(49)

and

(ιωκ1)
2v + ιωκ1[h6∆+ (h4 + h5 )grad div + h8]w =

= ιωκ1[W − h1 gradP + w gradϕ].
(50)

Using Eq. (50) in (49), we obtain

[(h6∆+ h8)(k6∆+ k8)− (ιωκ1)
2]v = ιωκ1(h4+

+h5) grad divw+(h6∆+h8)[V−k1 grad θ+ϱ gradϕ+
−(k4+k5) grad divv]−ιωκ1[W−h1 gradP+w gradϕ].

(51)
Applying operator Γ1(∆) to the Eq. (51) and using Eq. (46),
we get

Γ1(∆)Γ2(∆)v = Ψ′′, (52)

where

Γ2(∆) =
1

N∗

∣∣∣∣ k6∆+ k8 ιωκ1
ιωκ1 h6∆+ h8

∣∣∣∣ , N∗ = k6h6 ,

and

Ψ′′=
1

N∗

[
(h6∆+h8)[Γ1(∆)V−k1 gradΨ4+ϱ gradΨ6+

−(k4 + k5) gradΨ2]− ιωκ1[Γ1(∆)W − h1 gradΨ5+

+w gradΨ6 − (h4 + h5) gradΨ3]

]
.

(53)
It can be seen that

Γ2(∆) = (∆ + λ28)(∆ + λ29),

where λ28, λ
2
9 are the roots of the equation Γ2(−ξ) = 0 (with

respect to ξ).
Multiplying Eqs. (39)2 and (39)3 by ιωκ1 and k6∆+k8,

respectively, we obtain

(ιωκ1)[k6∆+ (k4 + k5) grad div + k8]v + (ιωκ1)
2w =

= (ιωκ1)[V − k1 grad θ + ϱ gradϕ],
(54)

and

(ιωκ1)(k6∆+ k8)v + (k6∆+ k8)[h6∆+

+(h4 + h5 )grad div + h8]w =

= (k6∆+ k8)[W − h1 gradP + w gradϕ].

(55)

Using Eq. (54) in (55), we obtain

[(h6∆+ h8)(k6∆+ k8)− (ιωκ1)
2]w =

= ιωκ1(k4 + k5) grad divv + (κ6∆+ κ8)×

×[W − h1 gradP + w gradϕ− (h4 + h5) grad divw]+

−ιωκ1[V − k1 grad θ + ϱ gradϕ].
(56)

Applying operator Γ1(∆) to the Eq. (56) and using Eq. (46),
we get

Γ1(∆)Γ2(∆)w = Ψ′′′, (57)

where

Ψ′′′ =
1

N∗

[
(k6∆+ k8)[Γ1(∆)W − h1 gradΨ5+

+w gradΨ6 − (h4 + h5) gradΨ3]+

−ιωκ1[Γ1(∆)V − k1 gradΨ4 + ϱ gradΨ6+

−(k4 + k5) gradΨ2]

]
.

(58)

From Eqs. (46), (48), (52) and (57), we obtain

Θ(∆)U(x) = Ψ̂(x), (59)

where Ψ̂ = (Ψ′,Ψ′′,Ψ′′′,Ψ4,Ψ5,Ψ6) and

Θ(∆) =

(
Θgq(∆)

)
12×12

,

Θpp(∆) = Γ1(∆)(∆ + λ27) =

7∏
i=1

(∆ + λ2i ),

Θp+3;p+3(∆) = Θp+6;p+6(∆) = Γ1(∆)Γ2(∆) =

=

9∏
i=1,i̸=7

(∆ + λ2i ),

Θp+9;p+9(∆) = Γ1(∆) =

6∏
i=1

(∆ + λ2i ), Θgq(∆) = 0,

p = 1, 2, 3; g, q = 1, . . . , 12; g ̸= q.

The Eqs. (47), (48), (53) and (58) can be rewritten in the
form
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Ψ′ =
1

µ

[
Γ1(∆)J+ w11(∆) grad div

]
H+

6∑
i=2

wi1(∆) gradwi ,

Ψ′′ =

[
1

N∗ (h6∆+ h8)Γ1(∆)J+ w22(∆) grad div

]
V + w12(∆) grad divH+ w42(∆) gradZ+

+w52(∆) gradX + w62(∆) gradY +

[
− 1

N∗ ιωκ1Γ1(∆)J+ w32(∆) grad div

]
W,

Ψ′′′ =

[
1

N∗ (k6∆+ k8)Γ1(∆)J+ w33(∆) grad div

]
W + w13(∆) grad divH+ w43(∆) gradZ+

+w53(∆) gradX + w63(∆) gradY +

[
− 1

N∗ ιωκ1Γ1(∆)J+ w23(∆) grad div

]
V,

Ψp = w1p(∆) divH+ w2p(∆) divV + w3p(∆) divW + w4p(∆)Z+

+w5p(∆)X + w6p(∆)Y ; p = 4, 5, 6,

(60)

where J = (δgh)3×3 is the unit matrix.
In the Eqs. (60), the following notations have been used:

wp1(∆) = − 1

M∗µ

[
(λ0 + µ)N∗

p1(∆) + ιωγ1T0N
∗
p4(∆) + ιωγ2N

∗
p5(∆)− γ3N

∗
p6(∆)

]
,

wp2(∆) = − 1

M∗N∗

[
(h6∆+ h8)[(k4 + k5)N

∗
p2 + k1N

∗
p4 − ϱN∗

p6]− ιωκ1[h1N
∗
p5 + (h4 + h5)N

∗
p3 − wN∗

p6]

]
,

wp3(∆) = − 1

M∗N∗

[
(k6∆+ k8)[(h4 + h5)N

∗
p3 + h1N

∗
p5 − wN∗

p6]− ιωκ1[k1N
∗
p4 + (k4 + k5)N

∗
p2 − ϱN∗

p6]

]
,

wp4(∆) =
N∗

p4

M∗ , wp5(∆) =
N∗

p5

M∗ , wp6(∆) =
N∗

p6

M∗ p = 1, . . . , 6.

From Eqs. (60), we have

Ψ̂(x) = Rtr(Dx)Q(x), (61)

where

R(Dx) =

(
Rgq(Dx)

)
12×12

,

Rij(Dx) =
1

µ
Γ1(∆)δij + w11(∆)

∂2

∂xi∂xj
,

Ri+3;j+3(Dx) =
1

N∗ (h6∆+ h8)Γ1(∆)δij + w22(∆)
∂2

∂xi∂xj
,

Ri+6;j+6(Dx) =
1

N∗ (k6∆+ k8)Γ1(∆)δij + w33(∆)
∂2

∂xi∂xj
,

Ri;j+3(Dx) = w12(∆)
∂2

∂xi∂xj
, Ri;j+6(Dx) = w13(∆)

∂2

∂xi∂xj
,

Ri;p+6(Dx) = w1p(∆)
∂

∂xi
, Ri+3;j(Dx) = w21(∆)

∂2

∂xi∂xj
,

Ri+3;j+6(Dx) = w23(∆)
∂2

∂xi∂xj
− 1

N∗ ιωκ1Γ1(∆)δij ,

Ri+3;p+6(Dx) = w2p(∆)
∂

∂xi
, Ri+6;j = w31(∆)

∂2

∂xi∂xj
,

Ri+6;j+3(Dx) = w32(∆)
∂2

∂xi∂xj
− 1

N∗ ιωκ1Γ1(∆)δij ,
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Ri+6;p+6(Dx) = w3p(∆)
∂

∂xi
, Rp+6;i(Dx) = wp1(∆)

∂

∂xi
,

Rp+6;i+3(Dx) = wp2(∆)
∂

∂xi
, Rp+6;i+6(Dx) = wp3(∆)

∂

∂xi
,

Rp+6;l+6 = wpl(∆) i, j = 1, 2, 3 p, l = 4, 5, 6.

(62)

From Eqs. (40), (59) and (61), we obtain

ΘU = RtrFtrU.

The above relation implies

RtrFtr = Θ.

Therefore, we obtain

F(Dx)R(Dx) = Θ(∆). (63)

We assume that

λ2p ̸= λ2q ̸= 0 p, q = 1, . . . , 9 p ̸= q.

Let

Y(x) =

(
Yij(x)

)
12×12

, Ypp(x) =

7∑
g=1

r1gςg(x),

Yp+3;p+3(x) = Yp+6;p+6(x) =

9∑
g=1,g ̸=7

r2gςg(x),

Yp+9;p+9(x) =

6∑
g=1

r3gςg(x), Yqz(x) = 0,

p = 1, 2, 3; q, z = 1, . . . , 12; q ̸= z,

where

ςg(x) = −e
ιλg|x|

4π|x|
, r1p =

7∏
i=1,i̸=p

(λ2i − λ2p)
−1,

r2l =

9∏
i=1,i̸=7,i̸=l

(λ2i − λ2l )
−1, r3q =

6∏
i=1,i̸=q

(λ2i − λ2q)
−1,

p=1, . . . , 7; g=1, . . . , 9; l=1, . . . , 6, 8, 9; q=1, . . . , 6.
(64)

Lemma 1. Matrix Y defined above is the fundamental ma-
trix of operator Θ(∆), i.e.

Θ(∆)Y(x) = δ(x) I(x). (65)

Proof: To prove the lemma, it is sufficient to prove that

Γ1(∆)(∆ + λ27)Y11(x) = δ(x),

Γ1(∆)Γ2(∆)Y44(x) = δ(x),

Γ1(∆)Y10;10(x) = δ(x).

(66)

Consider

7∑
i=1

r1i =

∑7
j=1(−1)j+1zj

z8
,

where

z1 =

7∏
i=3

(λ22 − λ2i )

7∏
j=4

(λ23 − λ2j )

7∏
l=5

(λ24 − λ2l )

7∏
p=6

(λ25 − λ2p)(λ
2
6 − λ27),

z2 =

7∏
i=3

(λ21 − λ2i )

7∏
j=4

(λ23 − λ2j )

7∏
l=5

(λ24 − λ2l )

7∏
p=6

(λ25 − λ2p)(λ
2
6 − λ27),

z3 =

7∏
i=2,i̸=3

(λ21 − λ2i )

7∏
j=4

(λ22 − λ2j )

7∏
l=5

(λ24 − λ2l )

7∏
p=6

(λ25 − λ2p)(λ
2
6 − λ27),

z4 =

7∏
i=2,i̸=4

(λ21 − λ2i )

7∏
j=3,j ̸=4

(λ22 − λ2j )

7∏
l=5

(λ23 − λ2l )

7∏
p=6

(λ25 − λ2p)(λ
2
6 − λ27),

z5 =

7∏
i=2,i̸=5

(λ21 − λ2i )

7∏
j=3,j ̸=5

(λ22 − λ2j )

7∏
l=4,l ̸=5

(λ23 − λ2l )

7∏
p=6

(λ24 − λ2p)(λ
2
6 − λ27),
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z6 =

7∏
i=2,i̸=6

(λ21 − λ2i )

7∏
j=3,j ̸=6

(λ22 − λ2j )

7∏
l=4,l ̸=6

(λ23 − λ2l )

7∏
p=5,p̸=6

(λ24 − λ2p)(λ
2
5 − λ27),

z7 =

6∏
i=2

(λ21 − λ2i )

6∏
j=3

(λ22 − λ2j )

6∏
l=4

(λ23 − λ2l )

6∏
p=5

(λ24 − λ2p)(λ
2
5 − λ26),

z8 =

7∏
i=2

(λ21 − λ2i )

7∏
j=3

(λ22 − λ2j )

7∏
l=4

(λ23 − λ2l )

7∏
p=5

(λ24 − λ2p)

7∏
q=6

(λ25 − λ2q)(λ
2
6 − λ27).

(67)

On simplifying the right hand side of above relation, we
obtain

7∑
i=1

r1i = 0. (68)

Similarly, we find that
7∑

i=2

r1i(λ
2
1 − λ2i ) = 0,

7∑
i=3

r1i

[ 2∏
j=1

(λ2j − λ2i )

]
= 0,

7∑
i=4

r1i

[ 3∏
j=1

(λ2j − λ2i )

]
= 0,

7∑
i=5

r1i

[ 4∏
j=1

(λ2j − λ2i )

]
= 0,

7∑
i=6

r1i

[ 5∏
j=1

(λ2j − λ2i )

]
= 0,

6∏
j=1

r17(λ
2
j − λ27) = 1.

(69)

Also,

(∆ + λ2p)ςg(x) = δ(x) + (λ2p − λ2g)ςg(x) p, g = 1, . . . , 9.
(70)

Now consider

Γ1(∆)(∆ + λ27)Y11(x) =

7∏
i=1

(∆ + λ2i )

7∑
g=1

r1gςg(x) =

=

7∏
i=2

(∆ + λ2i )

7∑
g=1

r1g

[
δ(x) + (λ21 − λ2g)ςg(x)

]
=

=

7∏
i=2

(∆ + λ2i )

[
δ(x)

7∑
g=1

r1g +

7∑
g=2

r1g(λ
2
1 − λ2g)ςg(x)

]
.

Using Eqs. (68)–(70) in the above relation, we obtain

Γ1(∆)(∆ + λ27)Y11(x) =

7∏
i=2

(∆ + λ2i )

[ 7∑
g=2

r1g(λ
2
1 − λ2g)ςg(x)

]
=

=

7∏
i=3

(∆ + λ2i )

[ 7∑
g=2

r1g(λ
2
1 − λ2g)

[
δ(x) + (λ22 − λ2g)ςg(x)

]]
=

7∏
i=3

(∆ + λ2i )

[ 7∑
g=3

r1g

[ 2∏
j=1

(λ2j − λ2g)

]
ςg(x)

]
=

=
7∏

i=4

(∆ + λ2i )

[ 7∑
g=3

r1g

[ 2∏
j=1

(λ2j − λ2g)

][
δ(x) + (λ23 − λ2g)ςg(x)

]]
=

7∏
i=4

(∆ + λ2i )

[ 7∑
g=4

r1g

[ 3∏
j=1

(λ2j − λ2g)

]
ςg(x)

]
=

=

7∏
i=5

(∆ + λ2i )

[ 7∑
g=4

r1g

[ 3∏
j=1

(λ2j − λ2g)

][
δ(x) + (λ24 − λ2g)ςg(x)

]]
=

7∏
i=5

(∆ + λ2i )

[ 7∑
g=5

r1g

[ 4∏
j=1

(λ2j − λ2g)

]
ςg(x)

]
=

=

7∏
i=6

(∆ + λ2i )

[ 7∑
g=5

r1g

[ 4∏
j=1

(λ2j − λ2g)

][
δ(x) + (λ25 − λ2g)ςg(x)

]]
=

7∏
i=6

(∆ + λ2i )

[ 7∑
g=6

r1g

[ 5∏
j=1

(λ2j − λ2g)

]
ςg(x)

]
=

= (∆+ λ27)

[ 7∑
g=6

r1g

[ 5∏
j=1

(λ2j − λ2g)

][
δ(x) + (λ26 − λ2g)ςg(x)

]]
= (∆+ λ27)ς7(x) = δ(x).

The Eqs. (66)2 and (66)3 can be proved in the similar way.
We introduce the matrix

G(x) = R(Dx)Y(x). (71)

From Eqs. (63), (65) and (71), we obtain

F(Dx)G(x) = F(Dx)R(Dx)Y(x) =

= Θ(∆)Y(x) = δ(x) I(x).

Hence, G(x) is a solution to Eq. (38).
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Theorem 1. If the condition (37) is satisfied, then the matrix
G(x) defined by the Eq. (71) is the fundamental solution of
the system of equations (33) and the matrix G(x) is repre-
sented in the following form:

Ggl(x) = Rgl(Dx)Y11(x),

Ggq(x) = Rgq(Dx)Y44(x),

Ggj(x) = Rgj(Dx)Y10;10(x),

g = 1, . . . , 12; l = 1, 2, 3; q = 4, . . . , 9; j = 10, 11, 12.

V. Basic Properties of Matrix G(x)

Theorem 2. Each column of matrix G(x) is a solution of
the system of equations (33) at every point x ∈ E3 except at
the origin.

Theorem 3. If the condition (37) is satisfied, then the funda-
mental solution of the system F̃(Dx)U(x) = 0 is the matrix

B(x) =

(
Brz(x)

)
12×12

,

Bij(x) =

[
1

λ̃

∂2

∂xi∂xj
− 1

µ
R̃ij

]
ς∗2 (x),

Bi+3;j+3(x) =

[
1

k7

∂2

∂xi∂xj
− 1

k6
R̃ij

]
ς∗2 (x),

Bi+6;j+6(x) =

[
1

h7

∂2

∂xi∂xj
− 1

h6
R̃ij

]
ς∗2 (x),

B10;10 =
ς∗1 (x)

k
,B11;11 =

ς∗1 (x)

h
,B12;12 =

ς∗1 (x)

γ
,

Biq = Bqi = 0, Bi+3;l = Bl;i+3 = 0,

Bi+6;d = Bd;i+6 = 0, Bdp = 0, ς∗1 = − 1

4π|x|
, ς∗2 = −|x|

8π
,

R̃ij =
∂2

∂xi∂xj
−∆δij ; i, j = 1, 2, 3; q = 4, . . . , 12;

l = 7, . . . , 12; d, p = 10, 11, 12; d ̸= p.
(72)

VI. Fundamental Solutions of System of Equations
in Equilibrium Theory

If we put ω = 0 in the system of equations (33), we ob-
tain the system of equations in the equilibrium theory of mi-
cromorphic thermoelastic diffusion with microtemperatures
and microconcentrations as:

[µ∆+ (λ0 + µ) grad div]u− γ1 grad θ+

−γ2 gradP + γ3 gradϕ = 0,

[k6∆+ (k4 + k5) grad div − k2]v − k3 grad θ = 0,

[h6∆+ (h4 + h5) grad div − h2]w − h3 gradP = 0,

k1 divv + k∆ θ = 0,

h1 divw + h∆P = 0,

−γ3 divu− ϱdivv − w divw + β θ + αC+

+(γ∆− υ)ϕ = 0.

(73)

We introduce the second order matrix differential operators
with constant coefficients

E(Dx) =

(
Egl(Dx)

)
12×12

,

where matrix E(Dx) can be obtained from F(Dx) by taking
ω = 0.

The system of equations (73) can be represented as

E(Dx)U(x) = 0. (74)

Definition 3. Operator E(Dx) is said to be elliptic differen-
tial operator iff Eq. (37) is satisfied.

Definition 4. The fundamental solution of the system of
equations (73) (the fundamental matrix of operator E) is ma-

trix G′(x) =

(
G′

gl(x)

)
12×12

satisfying condition

E(Dx)G
′(x) = δ(x) I(x). (75)

We consider the system of non-homogeneous equations

[µ∆+ (λ0 + µ) grad div]u− γ3 gradϕ = H′,

[k6∆+ (k4 + k5) grad div − k2]v+

+k1 grad θ − ϱ gradϕ = V′,

[h6∆+ (h4 + h5) grad div − h2]w+

+h1 gradP − w gradϕ = W′,

−γ1 divu− k3 divv + k∆ θ + βϕ = Z ′,

−γ2 divu− h3 divw + h∆P + αϕ = X ′,

γ3 divu+ (γ∆− υ)ϕ = Y ′,

(76)

where H′,V′,W′ are three-component vector functions on
E3; Z ′, X ′ and Y ′ are scalar functions on E3.

The system of equations (76) may also be written in the
form

Etr(Dx)U(x) = Q′(x), (77)

where Etr is the transpose of matrix E and Q′(x) =
= (H′,V′,W′, Z ′, X ′, Y ′).

Applying operator div to the Eqs. (76)1−3, we obtain

λ̃∆divu− γ3∆ϕ = divH′,

(k7∆− k2) divv + k1 ∆ θ − ϱ∆ϕ = divV′,

(h7∆− h2) divw + h1 ∆P − w∆ϕ = divW′.

(78)
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Multiplying Eq. (76)6 by −γ3∆ and Eq. (78)1 by γ∆ − υ
and then subtracting, we get

∆(∆− τ2) divu = Φ1 , (79)

where

τ2 =
1

γ λ̃
(λ̃ υ−γ23),Φ1 =

1

γ λ̃
[γ3 ∆Y ′+(γ∆−υ) divH′].

Multiplying Eq. (76)6 by λ̃∆ and Eq. (78)1 by γ3 and then
subtracting, we get

∆(∆−τ2)ϕ = Φ6, Φ6 =
1

γ λ̃
[λ̃∆Y ′−γ3 divH′]. (80)

Using Eq. (76)4 in Eq. (78)2 and then applying ∆(∆ +
−τ2), we get

∆(∆− τ2)(∆−D2) divv = Φ2 , (81)

where

D2 =
1

k k7
(k k2 − k3k1),Φ2 =

1

k k7
[k∆(ϱΦ6+

+(∆−τ2) divV′)]+
k1
k k7

[−γ1Φ1+βΦ6−∆(∆−τ2)Z ′].

Using Eq. (76)5 in Eq. (78)3 and then applying ∆(∆ +
−τ2), we get

∆(∆− τ2)(∆− L2) divw = Φ3, (82)

where

L2 =
1

hh7
(hh2 − h3h1),Φ3 =

1

hh7
[h∆(wΦ6+

+(∆−τ2) divW′)]+
h1
hh7

[−γ2Φ1+αΦ6 −∆(∆−τ2)X ′].

Applying operators ∆(∆−τ2)(∆−D2) and ∆(∆−τ2)(∆+
−L2) to the equations (76)4 and (76)5, respectively, and us-
ing equations (81) and (82), we get

∆2(∆− τ2)(∆−D2) θ = Φ4, (83)

∆2(∆− τ2)(∆− L2)P = Φ5, (84)

where

Φ4 =
1

k
[k3 Φ2+(∆−D2)(∆(∆−τ2)Z ′+γ1Φ1−βΦ6)],

Φ5 =
1

h
[h3 Φ3+(∆−L2)(∆(∆−τ2)X ′+γ2Φ1−αΦ6)].

(85)
Applying operators ∆(∆ − τ2),∆2(∆ − τ2)(∆ +
−D2),∆2(∆ − τ2)(∆ − L2) to equations (76)1,(76)2 and
(76)3, respectively, and using Eqs. (79)–(84), we obtain

∆2(∆− τ2)u = Φ′,

∆2(∆− τ2)(∆−D2)

(
∆− k2

k6

)
v = Φ′′,

∆2(∆− τ2)(∆− L2)

(
∆− h2

h6

)
w = Φ′′′,

(86)

where

Φ′ =
1

µ
[∆(∆−τ2)H′− (λ0+µ) gradΦ1+γ3 gradΦ6],

Φ′′ =
1

k6
[∆2(∆−τ2)(∆−D2)V′− (k4+k5)∆ gradΦ2+

−k1 gradΦ4 + ϱ∆(∆−D2) gradΦ6],

Φ′′′ =
1

h6
[∆2(∆−τ2)(∆−L2)W′−(h4+h5)∆ gradΦ3+

−h1 gradΦ5 + w∆(∆− L2) gradΦ6].
(87)

From Eqs. (80), (83), (84) and (86), we get

Λ(∆)U(x) = Φ̂(x), (88)

where

Φ̂(x) = (Φ′,Φ′′,Φ′′′,Φ4,Φ5,Φ6),Λ(∆) =

(
Λpq(∆)

)
12×12

,

Λii(∆) = ∆2(∆− τ2),Λi+3;i+3(∆) = ∆2(∆− τ2)(∆−D2)

(
∆− k2

k6

)
,

Λi+6;i+6(∆) = ∆2(∆− τ2)(∆− L2)

(
∆− h2

h6

)
,Λ10;10 = ∆2(∆− τ2)(∆−D2),

Λ11;11 = ∆2(∆− τ2)(∆− L2),Λ12;12 = ∆2(∆− τ2),

Λlj = 0; i, j = 1, 2, 3; l, j = 1, . . . , 12; l ̸= j.

Eqs. (80), (85) and (87) can be rewritten as

Φ̂(x) = Ttr(Dx)Q
′(x), (89)

where
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T(Dx) =

(
Tgl(Dx)

)
12×12

,

Tij(Dx) =
1

µ
∆(∆− τ2) δij +m11(∆)

∂2

∂xi∂xj
,

Ti+3;j+3(Dx) =
1

k6
∆2(∆− τ2)(∆−D2) δij +m22(∆)

∂2

∂xi∂xj
,

Ti+6;j+6(Dx) =
1

h6
∆2(∆− τ2)(∆− L2) δij +m22(∆)

∂2

∂xi∂xj
,

Ti+9;i+9(Dx) = mi+3;i+3(∆), Ti;j+3(Dx) = m12(∆)
∂2

∂xi∂xj
,

Ti;j+6(Dx) = m13(∆)
∂2

∂xi∂xj
, Ti;j+9(Dx) = m1;j+3(∆)

∂

∂xi
,

Ti+3;j(Dx) = Ti+3;j+6(Dx) = Ti+3;11(Dx) = Ti+3;12(Dx) = 0,

Ti+3;10(Dx) = m24(∆)
∂

∂xi
, Ti+6;j(Dx) = Ti+6;j+3(Dx) = 0,

Ti+6;10(Dx) = Ti+6;12(Dx) = 0, Ti+6;11(Dx) = m35(∆)
∂

∂xi
,

T10;i(Dx) = T10;i+6(Dx) = T10;11(Dx) = T10;12(Dx) = 0,

T10;i+3(Dx) = m42(∆)
∂

∂xi
, T11;i(Dx) = T11;i+3(Dx) = 0,

T11;10(Dx) = T11;12(Dx) = 0, T11;i+6(Dx) = m53(∆)
∂

∂xi
,

T12;i(Dx) = m61(∆)
∂

∂xi
, T12;i+3(Dx) = m62(∆)

∂

∂xi
, T12;i+6(Dx) = m63(∆)

∂

∂xi
,

T12;10(Dx) = m64(∆), T12;11(Dx) = m65(∆),

m11(∆) = − (λ0 + µ)(γ∆− υ) + γ23

γµλ̃
,m22(∆) = −∆(∆− τ2)[k(k4 + k5)∆ + k1k3]

k k6 k7
,

m33(∆) = −∆(∆− τ2)[h(h4 + h5)∆ + h1h3]

hh6 h7
,m44(∆) =

∆(∆− τ2)(k7∆− k2)

k k7
,

m55(∆) =
∆(∆− τ2)(h7∆− h2)

hh7
,m66(∆) =

∆

γ
,

m12(∆) = −
(∆− k2

k6
)[k1γ1(γ∆− υ) + γ3(kϱ∆+ k1β)]

γ λ̃ k k7
,

m13(∆) = −
(∆− h2

h6
)[h1γ2(γ∆− υ) + γ3(hw∆+ h1α)]

γ λ̃ h h7
,

m14(∆) =
γ1(k7 ∆− k2)(γ∆− υ)− γ3∆(ϱ k3 − β k7)− γ3β k2

γ λ̃ k k7
,

m15(∆) =
γ2(h7 ∆− h2)(γ∆− υ)− γ3∆(w h3 − αh7)− γ3αh2

γ λ̃ h h7
,

m16(∆) = − γ3

γ λ̃
,m24(∆) =

k3 ∆(∆− τ2)

k k7
,m35(∆) =

h3 ∆(∆− τ2)

hh7
,

m42(∆) = −
k1 ∆(∆− τ2)(∆− k2

k6
)

k k7
,m53(∆) = −

h1 ∆(∆− τ2)(∆− h2

h6
)

hh7
,

m61(∆) =
γ3∆

γ λ̃
,m62(∆) =

∆(∆− k2

k6
)[λ̃(ϱ k∆+ β k1)− k1γ1γ3]

γ λ̃ k k7
,
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m63(∆) =
∆(∆− h2

h6
)[λ̃(w h∆+ αh1)− h1γ2γ3]

γ λ̃ h h7
,

m64(∆) =
∆[γ1γ3(k7 ∆− k2) + λ̃[∆(ϱ k3 − β k7) + β k2]]

γ λ̃ k k7
,

m65(∆) =
∆[γ2γ3(h7 ∆− h2) + λ̃[∆(w h3 − αh7) + αh2]]

γ λ̃ h h7
; i, j = 1, 2, 3.

(90)

From Eqs. (77), (88) and (89), we get

E(Dx)T(Dx) = Λ(∆). (91)

Let

Y′(x) =

(
Y ′
ij(x)

)
12×12

, Y ′
pp(x) = r′11ς

∗
2 (x) + r′12ς

∗
1 (x) + r′13ς

∗
3 (x),

Y ′
p+3;p+3(x) = r′21ς

∗
2 (x) + r′22ς

∗
1 (x) + r′23ς

∗
3 (x) + r′24ς

∗
4 (x) + r′26ς

∗
6 (x),

Y ′
p+6;p+6(x) = r′31ς

∗
2 (x) + r′32ς

∗
1 (x) + r′33ς

∗
3 (x) + r′35ς

∗
5 (x) + r′37ς

∗
7 (x),

Y ′
10;10(x) = r′41ς

∗
2 (x) + r′42ς

∗
1 (x) + r′43ς

∗
3 (x) + r′44ς

∗
4 (x),

Y ′
11;11(x) = r′51ς

∗
2 (x) + r′52ς

∗
1 (x) + r′53ς

∗
3 (x) + r′55ς

∗
5 (x),

Y ′
12;12(x) = r′62ς

∗
1 (x) + r′63ς

∗
3 (x),

Y ′
qz(x) = 0; p = 1, 2, 3; q, z = 1, . . . , 12; q ̸= z,

where

ς∗3 (x) = −e
−τ |x|

4π|x|
, ς∗4 (x) = −e

−D|x|

4π|x|
, ς∗5 (x) = −e

−L|x|

4π|x|
,

ς∗6 (x) = −e
−τ1|x|

4π|x|
, ς∗7 (x) = −e

−τ2|x|

4π|x|
,

r′11 = − 1

τ2
, r′12 = −r′13 = − 1

τ4
,

r′21 = −(τ D τ1)
−2, r′22 = −(τ2D2 +D2τ21 + τ2τ21 )(τ D τ1)

−4,

r′23 =
1

τ4(τ2 −D2)(τ2 − τ21 )
, r′24 =

1

D4(D2 − τ2)(D2 − τ21 )
,

r′26 =
1

τ41 (τ
2
1 − τ2)(τ21 −D2)

, r′31 = −(τ L τ2)
−2,

r′32 = −(τ2L2 + L2τ22 + τ2τ22 )(τ L τ2)
−4, r′33 =

1

τ4(τ2 − L2)(τ2 − τ22 )
,

r′35 =
1

L4(L2 − τ2)(L2 − τ22 )
, r′37 =

1

τ42 (τ
2
2 − τ2)(τ22 − L2)

,

r′41 =
1

τ2D2
, r′42 =

τ2 +D2

τ4D4
, r′43 =

1

τ4(τ2 −D2)
, r′44 =

1

D4(D2 − τ2)
,

r′51 =
1

τ2L2
, r′52 =

τ2 + L2

τ4L4
, r′53 =

1

τ4(τ2 − L2)
, r′55 =

1

L4(L2 − τ2)
,

r′62 = −r′63 = − 1

τ4
, τ21 =

k2
k6
, τ22 =

h2
h6

.

(92)
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Lemma 2. Matrix Y′ defined above is the fundamental ma-
trix of operator Λ(∆), i.e.

Λ(∆)Y′(x) = δ(x) I(x). (93)

Proof: To prove the lemma, it is sufficient to prove that

∆2(∆− τ2)Y ′
11(x) = δ(x),

∆2(∆− τ2)(∆−D2)(∆− τ21 )Y
′
44(x) = δ(x),

∆2(∆− τ2)(∆− L2)(∆− τ22 )Y
′
77(x) = δ(x),

∆2(∆− τ2)(∆−D2)Y ′
10;10(x) = δ(x),

∆2(∆− τ2)(∆− L2)Y ′
11;11(x) = δ(x),

∆2(∆− τ2)Y ′
12;12(x) = δ(x).

(94)

It is much easier to prove Eqs. (94). It has been left for the
reader.

We introduce the matrix

G′(x) = T(Dx)Y
′(x). (95)

From Eqs. (91), (93) and (95), we obtain

E(Dx)G
′(x) = δ(x)I(x).

Hence G′(x) is a solution to Eq. (75).

Theorem 4. If condition (37) is satisfied, then matrix G′(x)
defined by Eq. (95) is the fundamental solution of the sys-
tem of equations (73) and matrix G′(x) is represented in the
following form:

G′
gl(x) = Tgl(Dx)Y

′
11(x), G

′
g;l+3(x) = Tg;l+3(Dx)Y

′
44(x),

G′
g;l+6(x) = Tg;l+6(Dx)Y

′
77(x), G

′
gj(x) = Tgj(Dx)Y

′
jj(x),

g = 1, . . . , 11; l = 1, 2, 3; j = 10, 11, 12.
(96)

VII. Conclusions

The fundamental solution of a system of equations in
the theory of micromorphic thermoelastic diffusion materi-
als with microtemperatures and microconcentrations in case
of steady oscillations in terms of elementary functions has

been constructed. Using the potential method, the funda-
mental solution of the system of equations makes it possi-
ble to investigate three-dimensional boundary value prob-
lems of the theory of micromorphic thermoelastic diffusion
materials with microtemperatures and microconcentrations.
Also some basic properties of the fundamental matrix are
discussed.
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