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Abstract: In this article, we develop a formula for an inverse Riemann zeta function such that for w = ((s) we have
s = ¢~ (w) for real and complex domains s and w. The presented work is based on extending the analytical recurrence
formulas for trivial and non-trivial zeros to solve an equation ((s) — w = 0 for a given w-domain using logarithmic
differentiation and zeta recursive root extraction methods. We further explore formulas for trivial and non-trivial zeros of the
Riemann zeta function in greater detail, and next, we introduce an expansion of the inverse zeta function by its singularities,
study its properties and develop many identities that emerge from them. In the last part we extend the presented results as
a general method for finding zeros and inverses of many other functions, such as the gamma function, the Bessel function of
the first kind, or finite/infinite degree polynomials and rational functions, etc. We further compute all the presented formulas
numerically to high precision and show that these formulas do indeed converge to the inverse of the Riemann zeta function
and the related results. We also develop a fast algorithm to compute ¢ ~* (w) for complex w.
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constants

I. INTRODUCTION

The Riemann zeta function is classically defined by an
infinite series

(=3 (1)
n=1

which is absolutely convergent (s) > 1, where s = o+it is
a complex variable. The values for the first few special cases
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¢(5) = 1.03692775514337 .. .,

and so on. For s = 1, the series diverges asymptotically
as v + log(k), where v = 0.5772156649. .. is the Euler-
Mascheroni constant. The special values for an even positive
integer argument are generated by the Euler’s formula

¢(2h) = |2g21:) !|

(2m)*, A3)

for which the value is expressed as a rational multiple of 72*
where the constants By are Bernoulli numbers defined such
that B =1, By = f%, By = % and so on. For an odd posi-
tive integer argument, the values of ((s) converge to unique
constants, which are not known to be expressed as a rational
multiple of 72**1 as occurs in the even positive integer case.
For s = 3, the value is commonly known as Apéry’s con-
stant [1]. The key connection to prime numbers is by means
of Euler’s infinite product formula
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where p; = 2, po = 3, p3 = 5 and so on, denote the
prime number sequence. These prime numbers can be re-
cursively extracted from the Euler product by the Golomb’s
formula [2]. Hence, if we define a partial Euler product up to
the n'" order as

0.9 =] (1 - 18)1 , )

forn > 1 and Qo(s) = 1, then we obtain a recurrence rela-
tion for the p,, 41 prime

Qn(s) ) —1/s
Pl = hm (1 - . (6)
! ¢(s)
This leads to representation of primes by the following limit
identities
1 —1/s
= i -
P { <) } ’
~ 1) —1/s
p2 = lim {1 - 2 @)
S§—00 )
1_ 1 1 i —1/s
p3 = lim [1 — ( 2 ) 3 ] ,
s5—00 ¢(s)

and so on, whereby all the previous primes are used to ex-
cite the Riemann zeta function in a such a way as to extract
the next prime. A detailed proof and numerical computation
is shown in [3, 4]. We will find that this recursive structure
(when taken in the limit as s — ©0) is a basis for the rest
of this article and will lead to formulas for trivial and non-
trivial zeros and the inverse Riemann zeta function.

Furthermore, the Riemann zeta series (1) induces a gen-
eral Weierstrass factorization of the form

e(log(27r)717%)s

C(S): 2(8—1) X
0 (®)
XH(l)BP’”H<1S>€PZt,
n=1 Pt,n Pt Pnt

where it analytically extends the zeta function to the whole
complex plane and reveals its full structure of the poles and
zeros [5, p. 807]. Only a simple pole exists at s = 1, hence
¢(s) is convergent everywhere else in the complex plane, i.e.,
the set C\1. Moreover, there are two kinds of zeros classi-
fied as the trivial zeros p; and non-trivial zeros p,:. The first
infinite product term of (8) encodes the factorization due to
trivial zeros

Pt = =21, €))

for n >
—2,—4,—6..

1 which occur at negative even integers
., where n is the index variable for the n'®

zero. The second infinite product term of (8) encodes the fac-
torization due to non-trivial zeros, which are complex num-
bers of the form

Pnt,n = On + ltn ) (10)

and, as before, n is the index variable for the n*" zero (this
convention is straightforward if the zeros are on the critical
line). But, in general, the real components of non-trivial ze-
ros are known to be constrained to lie in a critical strip in
aregion where 0 < o,, < 1. It is also known that there is an
infinity of zeros located on the critical line at o = %, but it
is not known whether there are any zeros off of the critical
line, a problem of the Riemann hypothesis (RH), which pro-
poses that all zeros should lie on the critical line. The first
few zeros on the critical line at 0, = % have imaginary
components t; = 14.13472514..., to = 21.02203964...,
t3 = 25.01085758..., and so on, which were computed by
an analytical recurrence formula as

t71,+1: lim |: 22 — (2m —

m— 00 2

log(|¢) (2

2t

1)!

1
- 22m > z t2m

k=1

2m

(11)
as we have shown in [4, 6] assuming (RH). The key compo-
nent of this representation is a 2m'" derivative of log[¢(s)]
evaluated at s = % Also, ((s, a) is the Hurwitz zeta function

1
((s,0) =Y —— (12)
Yoy

which is a shifted version of (1) by an arbitrary parameter
a > 0. Now, substituting the Weierstrass infinite product
(8) into the Golomb’s formula (6) can be used to generate
primes directly from non-trivial zeros. In later sections we
will show that non-trivial zeros can also be generated di-
rectly from primes.

Furthermore, the Riemann zeta function can have many
points s, such that w = ((s,) can map to the same
w value. In Fig. 1, we plot ((s) for real s and w, and note
that for s > 1 the function is monotonically decreasing
from +oo and tends O(1) as s — oo, and for the domain
—2.7172628292... < s < 1 it is monotonically decreas-
ing from 0.0091598901 . .. to —oo, as also shown in Fig. 2.
And for s < —2.7172628292..., it becomes oscillatory
where there are many s,, solutions. For example, the first
two s values

1
((=3) = 35 -
map to the same w value as shown in Fig. 2. It is usually
customary to report {(—3) = 155, but is actually the second
solution ss, the first solution, or the principal solution s; is
the value —2.47270347 . ..

¢(—2.47270347...) = (13)
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s-domain

Fig. 1. A plot of w = {(s) for s € (—2,5)
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Fig. 2. A zoomed-in plot of w = {(s) for s € (—8,0) showing oscillatory behavior

In this article we seek to develop a formula for an in-
verse Riemann zeta function s = ¢ ~!(w). In general, the
existence of an inverse is established by an inverse function
theorem as shown in [7, p. 135], where for any holomorphic
function f(z) an inverse exists provided that f'(z) # 0 in
the z-domain. Hence, for

w = ((s), (14)
there is an inverse function
s=("H(w), (15)
which implies that
L) =5, (16)
and
¢ Hw)) = w, an

for some real and complex domains w and s, assuming that
¢'(s) # 0 in the s-domain. Also, [8] discusses additional
theoretical basis behind solutions to (14), also known as
a-points, which we refer to as s,. The presented method
can also recursively compute these multiple solutions of
s, = (71 (w) but, as we will find, the computational require-
ments become very high and start exceeding the limitations
of the test computer. Therefore, we will primarily focus on
the principal solution s, which, as we will find, will cover
almost the entire complex plane.

We develop a recursive formula for an inverse Riemann
zeta function as:

1
an:C_l(w):W%i_I}nooi " emoi~
2m) _a (13)
d 2m 1 2m
xmlog{(g(s)fw)(sfl)} SHO*; Ska] )
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where s,, is the value for which w = {(s,,). We do not know
much about the behavior at higher branches but, roughly,
if s,, are real they will generate solutions s, for a given
w-domain. The formula for the principal branch is

s1=CHw)= lim + [—(mll)!x
1 (19

)
s—>0:|

and it is valid for all complex w-domain except in a small
strip region R(w) € (j1,1) U {S(w) = 0} that we deter-
mined experimentally, and j7; = 0.00915989... is a con-
stant. As we will show in more detail in later sections, this
formula can easily invert the Basel problem

m

x o log[(C(s) —w)(s —1)]

2
(T
— =2 20
() s -
or the Apéry’s constant
¢71(1.20205690315959428 . . .) = 3, 21)

and essentially the entire complex domain w € C with an
exception of a strip region R(w) € (j1,1) U {S(w) = 0}
where there lie (possibly) an infinite number of singularities.

The way in which we will arrive at the presented for-
mula is by connecting two simple Theorems. Theorem 1, as
presented in Sec. 2, is the mth log-derivative formula for ob-
taining a generalized zeta series over the zeros of a function.
Such a method appears in the literature from time to time and
can be traced back to Euler who, according to a reference
in [9, p. 500], used it to devise a means of computing sev-
eral zeros of the Bessel function of the first kind by solving
a system of equations generated by the log-derivative for-
mula. In the works of Voros, Lehmer, and Matsuoka, it has
been used to find a closed-form formula for the secondary
zeta functions [10-13]. Then, Theorem 2, as given in Sec. 3,
develops a method for finding a zeta recurrence formula for
the nt+1 term of a generalized zeta series, i.e., all terms
of a generalized zeta series must be known in order to gen-
erate the n'P+1 term, as we have shown in our previous
work [4, 6]. In Sec. 4 we connect these two theorems and
find formulas for trivial and non-trivial zeros of the Rie-
mann zeta function and explore their properties in greater de-
tail. We then develop a formula for an inverse zeta function
and study its properties, such as the singularity expansion
that emerges from these results. We empirically observe that
there are infinitely many singularities of the inverse zeta that
are spread out along a narrow strip (j1,1) forming a linear
singularity. In the final part we briefly extend the presented
results to find zeros (and inverses) of many common func-
tions, such as the gamma function, the Bessel function of the
first kind, the trigonometric functions, Lambert-W function,
and any entire function or finite/infinite degree polynomial
or rational function (provided that the function fits the con-
straints of this method).

Throughout this article we numerically compute the pre-
sented formulas to high precision in PARI/GP software pack-
age [14], as it is an excellent platform for performing arbi-
trary precision computations, and show that these formulas
do indeed converge to the inverse of the Riemann zeta func-
tion to high precision. We note that when running the script
in PARI, the precision has to be set very high (we gener-
ally set precision to 1000 decimal places). Also, the Wol-
fram Mathematica software package [15] was instrumental
in developing this article.

II. LOGARITHMIC DIFFERENTIATION

In this section we outline the zeta m'® log-derivative
method. We recall the argument principle that for an analytic
function f(z) we have

17 f(2)
27 Jo f(2)

which equals the number of zeros N, minus the number
of poles NNV,, (counting multiplicity) which are enclosed in
a simple contour 2. But now, instead of working with the
number of zeros or poles, the aim of the m'™" log-derivative
method is to find a generalized zeta series over the ze-
ros and poles of the function f(z) in question. Hence if
Z = {z1,29,23,...,N,} is a set of all zeros of f(z) and
P = {p1,p2,p3,... Np} is a set of all poles of f(z) in the
whole complex plane, then the generalized zeta series are

dz=N,—N,, (22)

N

25 =3+, (23)
n=1""
and
N, 1
P(s)=>_ —. (24)
n=1 Pn

The number of zeros or poles may be finite or infinite, but
in the latter case the convergence of a generalized zeta se-
ries to the right-half side of the line R(s) > p may de-
pend on the distribution of its terms. If the number of zeros
and poles is finite, then one could count them by evaluating
Z(0) — P(0) = N, — N, which reduces to the argument
principle (22). The argument principle may be modified fur-
ther by introducing another function h(z) as such

L[ () i Jr
o b, 72 h(z)dz = ;h(zn) —;h(pn). (25)

The proof is a slight modification of a standard proof of (22)
using the Residue theorem, and if we let h(z) = z~%, then
we have

L ) idz = Z(s) — P(s).

21 Jq f(2) 2° (26)
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However, in the following sections we will not pursue (26) as
the integral makes the study and computation more difficult,
as well as being dependent on the contour. There is a sim-
pler variation of (26) which is better suited for our study.
The main formula of the zeta m'" log-derivative method is:

Theorem 1.
1 dam

_mdzﬁbg [f(2)] = Z(m) — P(m),

z—0

27

valid for a positive integer variable m > 1.

This formula generates Z(m) — P(m) over all zeros and
poles in the whole complex plane, as opposed to being en-
closed in some contour by (26). We now outline a basic proof
of Theorem 1.

Proof. If we model an analytic function f(z) having simple
zeros and poles by admitting a factorization of the form

() = g(z)ﬁ1 (1 - ;) i[l <1 - ;)1 e

where ¢(z) is a component not having any zeros or poles,
then

log[f(z)]=loglg +Zlog<1—> Zlog(l—)
n=1
(29)
Now, using the Taylor series expansion for the logarithm as
2, 2F 22 28
log(1 —2z) = — —=—2z—-— - —— 30
og(1—z) 2% im 5y , (30)

for |z| < 1, we obtain

N, oo k Np oo
1 1
log[f(2)] =loglg()] ) _ >~ ¢ <ZZ> I <:>
n=1k=1 " n=lk=1 "
(€29
Now interchanging the order of summation yields
<k
log[f ()] =loglg(2)] —>_ [Z - +Z Z !
k=1 n=1""
(32)

and hence, by recognizing the inner sum as a generalized
zeta series yields

iz

=1

log[f(2)] = log[g

+ZP

) — P(m) by the

- (33)

From this form, we can now extract Z(m
th order differentiation as

dm f(z) _
(m — 1) dzm log L}(z)] 0 Z(m) = P(m), (34)
evaluated as z — 0 in the limit.
O

We can also obtain an integral representation using the
Cauchy integral formula applied to coefficients of Taylor ex-
pansion (34) as

zloigo{ B % 720 (z — Zlo)erl tos (gg;) dz} -

= Z(m) — P(m),

(35)
where ) is a simple contour encircling the origin but, unlike
(26), is not enclosing zeros or poles. In order to apply (34)
and (35) successfully, one has to judiciously choose g(z) as
to remove it from f(z) so that the m'" log-differentiation
will not produce unwanted artifacts due to g(z).

III. THE ZETA RECURRENCE FORMULA

We now outline a method to extract the terms of a gener-
alized zeta series by means of a recurrence formula satisfied
by the terms of such series. Hence, if the terms of a gen-
eralized zeta series are to be zeros of a function, then such
a method effectively gives a recurrence formula satisfied by
the zeros, which in turn can be used to compute the zeros.
And similarly, the same holds if the terms of a generalized
zeta series are poles of a function. In fact, any quantities rep-
resented by the terms of a generalized zeta series can be
recursively found. In [4], we developed a formula for the

th41 prime based on the prime zeta function. However, for
the purpose of this paper let us consider the generalized zeta
series over zeros z,, of a function

N
21 1 1 1

Z(s) = —gz—s—f—f—kf—k (36)
e A G

and let us also assume that the zeros are positive, real, and
ordered from smallest to largest such that 0 < z; < 29 <

< 23 < ... < zp, then the asymptotic relationship holds
1 1
—> (37)
Z?L Zn+1

as s — oo. To illustrate how fast the terms decay, let us take
z1 = 2 and 29=3. Then for s = 10 we compute

% =9.7656... x 1074,

1 (38)
— =1.6935...x107°,

38

where we roughly see an order of magnitude difference.
But for s = 100 we compute

1
— =7.8886...
25

1
— =1.9403...
35

x 10731,
(39)
x 10748,



62 A. Kawalec

where we see a difference by 17 orders of magnitude. Hence,
as s — 00, then

0 (2,°) > 0 (2,541) , (40)
as the z,, 7, term completely vanishes in relation to z,*, and
so the 2z, ° term dominates the limit. As a result, we write

215> >t > o> 0. 41

From this we have

Z(s) ~O (zl_s) , (42)
as s — oo where the lowest order term dominates, and we
refer to it as the principal term, or in the case where the zeta
series are considered to be zeros of a function, the principal
zero. This rapid decay of higher order zeta terms (41) opens
a possibility for a recursive root extraction as shown by The-
orem 2 next.

Theorem 2. If {z,,} is a set of positive real numbers ordered
such that 0 < z1 < 29 < 23 < ... < zp, and so on, then the
recurrence relation for the n'P+1 term is

n —1/s
. 1
Zngr = lim (Z(s) — Z Z> . (43)

k=1 "k

Proof. First we begin solving for z; in (36) to obtain

1 1 1
—=7Z(s)— ———— ey (44)
z] z5 25
1 2 3
and then we get
1 1 —1/s
Z 3

z1 = lim
S— 00

—1/s
. ) ,  (46)
then because the series is convergent and since z; ° > z, °,
then O[Z(s)] ~ O(z1 ) as s — o0, and so the higher order
zeros decay as O(z, °) faster than Z(s), and so Z(s) dom-
inates the limit, hence the formula for the principal zero is:

z = lim [Z(s)] V",

S5— 00

(47)

The next zero is found the same way, by solving for 25 in
(36) we get

§—00

—1/s
zo = lim (Z(s)—l—ls—...) ,  (43)

and since the higher order zeros decay as z; ° faster than
Z(s) — z{ °, we then have

1 —1/s
zo = lim (Z(s) - S) .
§—00 Zl

And continuing on to next zero, by solving for z3 in (36) and
by removing the next dominant terms, we obtain

—1/s
1 1

zzg= lim ( Z(s) — — — — ,
§—00 2] z5

and the process continues for the next zero. Hence, in gen-
eral, the recurrence formula for the nt®+1 zero is

n —1/s
1
lim (Z(s) - Z) . 6D

Zny1 = lim
k=1 "k

(49)

(50)

thus all zeros up to the n*" order must be known in order to
generate the n*"+1 zero. O

Let us next give an example of how Theorem 1 and The-
orem 2 are applied to find a formula for zeros for a function.
Suppose that we wish to find zeros of the function

sin(7s)

f(s)= = 0. (52)

s
We know in advance that the zeros are just integer multiples:
zn = £n (for any non-zero integer n = 1,2, 3. ..). But now,
if we apply the m'" log-derivative formula to (52), then we
get a generalized zeta series of over the zeros as
1 am sin(ms)
e

2(m) = = Ty gem %8

;o (33

s—0

which is equal to the zeta series over all zeros (including the
negative ones) as such

1 1 1
Zm) = gt g T
PN S Y
ARG

From this we can deduce that even values become double of
a half the side of zeros (which in this example is equivalent

to ((s)) as

Z(2m) = 2¢(2m), (55)
and the odd values cancel
Z(2m+1)=0. (56)
In view of this, the Euler’s formula (3) is
| By | 2k
2k) = 2 57
C(2k) = 5 (2™, (57)
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and is an example of a closed-form representation of {(2k)
that does not involve zeros directly, i.e., the positive inte-
gers. But such a formula may not always be available, so
we will just use the m'" log-derivative formula (53) as the
main closed-form representation of Z(s). Also, on a side
note, the Bernoulli numbers are expansions coefficients of
another function

x > "
= B,—, 58
er —1 7;0 n! (58)

where they can be similarly obtained by m'" differentiation:

B, = lim {d—mi}

z—0 Ldx™ e — 1

(39)

Hence, in essence, the Euler’s formula (57) is just a trans-
formed version of (53) but it just happens that Bernoulli
numbers are rational constants. And so, when putting this
together, we obtain a full solution to (52) as a recurrence re-
lation

Y~ Lm |- 1 d®m) o sin(7s) n
T msse | 2(2m — 1) ds@m) 81 7s | lsmo
n 1 T 2m
k=1 Z’%m] ’
(60)

where a 2m limit value ensures that it is even, and so, an ad-
ditional factor of % is added due to (54). The principal zero
is:

I 1 dm) sin(7rs) o
= lim |-
AT T 2@m-)ldsem™ % T as |lsso]
(61)
and a numerical computation for m = 20 yields
z1 = 0.99999999999997726263 . . ., (62)

which is accurate to 13 digits after the decimal place, and
the script to compute it in PARI is presented in Algorithm 1.
The key aspect of the script is the derivhum function for
computing the m*™ derivative very accurately, which will be
very useful for the rest of this article. The next zero is recur-
sively found as

, 1 d®m) sin(rs)
2= Hm [_Z(le)!ds(zm) Og{ s ] 0
-
e
(63)

but we must know the first zero in advance in order to com-
pute the next zero. A numerical computation for m = 20
yields

zg = 1.99999999547806838689 . . . , (64)

which is accurate to 8 digits after the decimal place. Then,
the next zero in the sequence is

y 1 dm) sin(7s) N
= lim |—
B e | 2em - Dldsem 8 | T as Lo
1 1 T 2m
T 12m 92m ?
(65)

but we must know the first two zeros in advance in order to
compute the next zero. A numerical computation for m = 20
yields
z3 = 2.99999924565967669286 . . . , (66)

which is accurate to 6 digits after the decimal place, and so
on. We see that the accuracy becomes lesser for higher zeros,
and so the limit variable m has to be increased to get better
accuracy. One can then continue this process and extract the
Znp+1 ZEro.

As a second example, we find a formula for zeros of the
Bessel function of the first kind

Jul) = Eor(n(fllw 5

for all v > —1 real orders. We denote the zeros of (67) as
Z,,», Where n is the index variable for the n'® zero for v order
of the Bessel function. The Weierstrass product representa-
tion of (67) is

(67)

1 T\’ T x?
0= (B L 0-a) o

for v > —1 involving the zeros directly [5, p. 370]. To find
the roots of this function we apply Theorem 1 to obtain
a generalized zeta series over the Bessel zeros

1 dm) J,(2)
Z,(2m) = — 1 =
(2m) 2(2m — 1)! do(@m) og[ xv } z—0
_y L
n=1 xﬁjﬂ% 7
(69)

which is essentially the 2m'" derivative of log[J, (z)/z"]

evaluated at x = 0, where it is taken in a limiting sense
x — 0 as to avoid division by zero. Here we choose g(x) =
= " to cancel it from .J,, () as shown in the previous sec-
tion. This will prevent any artifacts of =¥ in (68) from being
generated by the log-differentiation. Furthermore, the Bessel
function is even; hence we consider the 2m values.
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The first few special values of Z,(2m) for even orders
are:

Zu(2) = 4(u1+1)’

W= 0+ I;(V +2)°

Z,(6) = 3200 + 1)3(3+ 2)(v+3)’

Z®) = g5t 1)4(3?2)121@ +3)(+4)’
Z,(10) = g5y +72V)2J(r,,13 3)(v+4)(v+5)
7.(12) = 211 + 1811 + 513v + 473

2048(v+1)8(v2+2)3(v+3)2(v+4)(v+5)(v+6)

(70)
and so on. These generated values are rational functions of
the Bessel order v > —1 for even orders, and this implies
that if v > —1 is rational, so is Z,(2m). These formulas
for Z,(2m) were generated using another recurrence rela-
tion found in Sneddon [16] as an alternative to (69), which is
given in Appendix B. In Tab. 1 we give the values of Z,(2m)
for different m and v.

Tab. 1. Generated values of Z, (m) for different m and v

m  Zo(m) Z1(m) Zs(m) Z3(m)
1 1 1 1
2 1 3 iz 6
4 a1 e B 1
32 192 576 1280
6 1 1 1 1
192 3072 17280 61440
] 11 1 7 13
12288 16080 3317760 34406400
10 19 13 11 1
122880 8847360 139345920 110100480
12 473 11 797 263
17694720 110100480 267544166400 1189085184000

And now, by applying Theorem 2 we obtain a full recur-
rence formula satisfied by the Bessel zeros:

n —1/s
. 1
Tymir = lim (Z,As)—zms ) NGV
v,k

k=1

To verify (71) numerically we compute the principal zero
using (69), since it is more efficient than (70), for the limit
variable m = 250 and v = 0 which results in

) 1
wop = lim [Zo(2m)] > = 72)
= 2.404825557695772768621631879326 . . . ,

and numerical results is accurate to 181 decimal places (we
are showing just the first 30 digits). In [9, p. 500-503],
Rayleigh-Cayley generated values for Z,(2m) as shown in
(70), extended Euler’s original work and computed the

Algorithm 1 PARI script for computing the first zero (61)
{

m = 20; // set limit variable
delta = 10"(—100); // set s->0 limit for deriv

/I compute generalized zeta series

A = —derivnum(s = delta,log(sin(Pixs)/(Pixs)),2xm);
B = 1/factorial 2+m—1);

Z = AxB/2;

/I compute the first zero
z1 = (Z)"(—1/(2xm));
print(z1);

smallest Bessel zero using this method in papers dating back
to year 1874. Moving on, the next zero is found the same

way, we compute
_.L
2m
1 m
2m -

0,1
= 5.5200781102863106495966041128130. . .,

Zo,2 = lim Z()(Qm) —
m—o0

(73)

for m = 250, and it is accurate to 99 decimal places but in or-
der to ensure convergence the first zero xg ; has to be known
to high enough precision (usually much higher than can be
efficiently computed using this method as we did above).
Henceforth, as a numerical experiment we take 2 ; that was
already pre-computed to high enough precision using more
efficient means to 1000 decimal places using the standard
equation solver found on mathematical software packages
(such root finding algorithms are very effective but must as-
sume an initial condition), rather than taking the zero com-
puted above with less accuracy. And similarly, the third zero
is computed as

1 ;1
it e 7 I )

= 8.6537279129110122169541987126609 . . .,

which is accurate to 68 decimal places and that it was as-
sumed zp; and xo2 was already pre-computed to high
enough precision (1000 decimal places using the standard
equation solver) in order to ensure convergence. Hence, in
general, one can continue and keep removing all the known
zeros up to the nt" order in order to compute the n*"+1 zero.
In numerical computations the key is that the accuracy of the
previous zeros must be much higher than the next zero in or-
der to ensure convergence, i.e., ¥, ;, > ¥, ., and also one
cannot use the same limit variable to compute the next zero
based on the previous zero as it will cause self-cancelation
in the formula. Numerically, there is a fine balance as to how
many accurate digits are available and the magnitude of the
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limit variable m used to compute the next zero. We also note
that this method is not numerically an efficient method to
compute zeros but it allows to have a true closed-form rep-
resentation of the zeros, and also that one does not need to
make an initial guess for the zero, as is generally the case for
many root finding algorithms.

We also remarked that the generalized zeta series will be
rational for rational Bessel order v > —1. Since the first zero
can be written as

Trl = ’rr}i—I;HOO [Zy(Qm)]iﬁ ’

(75)

and that implies that we have a 2m'™ root of a rational num-
ber, which is irrational. Hence, for most purposes the se-
quence converging to the first Bessel zero for any rational
v > —1 order will be irrational up to the limit variable m.
For example, for Z,(2m) for m = 6 in (70) we have an
approximation to converging to the first zero

B 211 4 1810% + 513v + 473 i
048 (4 1) 52+ 2)3 (v 1+ 3)2 (v 1 A) (v 1 5) v+ 6)|
(76)
which is irrational for any rational v > —1. We remark that
this is not a definite proof of the irrationality of the Bessel
zero but rather a condition where one can set m arbitrarily
high as m — oo, and the sequence converging to the first
Bessel zero will be irrational.

The presented methods by Theorem 1 and Theorem 2
can be effectively used to find zeros of many different func-
tions, such as the digamma function, Bessel functions, the
Airy function, and many other finite and infinite degree poly-
nomials (provided that the zeros are loosely well-behaved),
and in the next section we will apply this method to find the
trivial and non-trivial zeros of the Riemann zeta function.

IV. FORMULAS FOR THE RIEMANN ZEROS

As described in the Introduction, the Riemann zeta func-
tion consists of trivial zeros p; and non-trivial zeros py¢, SO
that the full generalized zeta series over the zeros is

Z(8) = Z4(8) + Znt(8), a7
where
=1
Zi(s) =D —, (78)
n=1 pt,n
and
> 1 1
Znt(S)ZZ( —+ = ) (79)
n=1 pnt,n pnt,n

are the trivial and non-trivial components, where they are
taken in conjugate-pairs. Now, when applying the root-
extraction to (77) directly is not straightforward. First we
observe that

O[Zi(s)] > O[Zn:(s)], (80)
as s — 00, since
1 1
; + ) (81)
28 (%-Fltl)s (5 —ltl)s
or roughly
1 1
— —. 82
> > (82)

Hence, Z;(s) dominates the limit in relation to Z,,;(s).

Next, we develop a formula for trivial zeros using
the root-extraction method. It is first convenient to remove
the pole of {(s) by inspecting the Weierstrass infinite prod-
uct (8) to consider the function

fls) = ((s)(s = 1),

then the m'" log-derivative gives the generalized zeta series
over all zeros as

(83)

1 dm (84)

=1 -1 .

(m — 1)l ds™ 0g [C(s)(s )] 50
As a result, the recurrence formula for trivial zeros is:
_ 1 dm)

Ptn+1= —W}gnoo T @m—1)! ds@m log [((s)(s—1)] s_>0+

n 1 [e’e) 1 1 T 2m

>t ()

(85)

We first note that we have used a 2m limiting value but in this
case one could also use an odd limit value. However, then an
alternating sign (—1)™ is needed in the recurrence formula
to account for positive and negative terms, but we wish to
omit that. Secondly, we have also added a negative sign in
front to account for a negative branch in s-domain restricted
to —0.5 < R(s) < {0.0091598901 ... U I(s) = 0}, so that
trivial zeros will come out negative. This sign change will be
more apparent in later sections. Thirdly, there is a contribu-
tion due to the conjugate-pairs of non-trivial zeros. Initially,
the Z;(s) is the dominant lowest term; hence the contribution
due to non-trivial zeros is negligible and may be dropped but
during the course of removing the trivial zeros recursively in
order to generate the n'"+1 trivial zero we eventually arrive
at a point where the first non-trivial zero term dominates the
limit, as we will see shortly.
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First we begin to verify the trivial zero formula numeri-
cally and we compute the principal zero as

1 d(2m)

T ey o8 €(5) (5 1)

pr,1=— lim

m— o0 s—0

(86)
and the script in PARI is shown in Algorithm 2. By running

the script for a limit variable m = 20 we compute
p,1 = —1.999999999999954525260798701750 ..., (87)

which is a close approximation to within 13 decimal places.
The next zero is found as

1 d(2m)
== Jim |- e o -+
B
2]
(83)

but this time we must know the first zero in advance, so that

we compute
pt2 = —3.999999990956136773796946421201 ..., (89)

accurate to within 8 decimal places, and similarly the third
Zero is

1 d2m)
pra== MM 1= T s 08 ) s=11| | +
11 T
(=2)2m  (—4)2m ’
(90)

but this time we must know first two previous zeros, so that
we compute

pr.3 = —5.999998491319353326392575769396 . .., (91)

which is accurate to 5 decimal places. We see that the ac-
curacy progressively reduces for higher zeros, so the limit
variable m has to be increased to get better accuracy.

Algorithm 2 PARI script for computing first trivial zero us-
ing (86)

{

// set limit variable
m = 20;

/I compute generalized zeta series
A = —derivnum(s = 0,log(zeta(s)*(s—1)),2+m);
B = 1/factorial(2xm—1);

7 = AxB;
// compute the first trivial zero

rho_t_1=272"(—1/(2xm));
print(rho_t_1);

We keep repeating this but now we re-compute with
m = 200 to get better accuracy until we get to the 7" trivial
zero, which should be —14, so by computing

—1 d(27n)
Pt = — W}gnoo mm log [C(S)(S — 1)] 54)0—1—
6 ~zm
n:l —2n 2m‘|
92)

yields

pe,7 = —14.000007669086476837019928729271 . . .,
93)
where we notice that it is becoming less accurate. So when
we compute the next zero

—1 d2m)
pro == M| o oty 1B~ DI+
7 ~m
Z —2n 2m‘| ’
n:l
(94)
we get
pr.s = 14.2975976399 ... —i0.1122953782..., (95)

where it is seen no longer converging to —16 as expected.
However, due to equality (82) the first non-trivial zero term
is dominating the limit, so if we incorporate the first non-
trivial zero term

-1 d(?m)
pts = —n}gnoo @m — 1)1 ds@ log [¢(s)(s — 1)] T
_ i ]_ B 1 B 1 “2m
(96)

as to remove its contribution, then we re-compute the trivial
Zero again

pr.8 = —15.999999999999999999999861627109 . . .,
o7
as desired. Hence this process continues for the n'"+1 trivial
zero but for higher trivial zero terms more non-trivial terms
have to be removed in this fashion.

Moving on next, we seek to find a formula for non-trivial
zeros but according to (82) the trivial zeros dominate the
generalized zeta series, and also that non-trivial zeros are
complex will make the root extraction more difficult. So we
consider the Weierstrass/Hadamard product (8) again but re-
write it in a simpler form
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71.5/2

m—nnu&ﬂ}@‘éj’

as to compress the trivial zeros by the gamma function which
has the Weierstrass product

3",

n=1

C(s) = (98)

e~ s

I(s) = 99)
and I'(s) is also known to have many representations making
it a useful function. We now consider the Riemann & function

o= O o = L] (1 - psm) . (100)

as to remove all trivial zero terms (and any other remaining
terms) in order to obtain an exclusive access to non-trivial
zeros. Now, when applying the m'™ log-derivative to £(s)
we get

L am [ DT+3)
Znt(m)z—mdsim o [71_5/22«8)] =
_ f: Lo,
- n=1 (a7l + itn)m (0’,” — itn)m ’
(101)

which is valid for m > 1. The first few special values of this
series are:

1 1
Zni(1) =1— 5~ 5 log(4m) =
1 1
=14 2y — - log(4n) =
+ 57— 5 log(dm)
= 0.023095708966121033814310247906 . . . ,

1
Zni(2) =141 — §7r2 =

1
=14+7"+ 2y — o’ =

= —0.046154317295804602757107990379.. . .,
7
Zu(3) =11~ £C(3) =
3 7
=14+7%+3y7 + 22~ gf(?’) =
= —0.000111158231452105922762668238 . . .,
Zn(4) =1+m3 — Loz
nt - 73 9671— -

2 1
=1+ P+ 2 2+ 3 e =

= 0.000073627221261689518326771307 . . .,

Zua(5) = 1—ma — 520(5) =

5 5
=147+ + 572 + omr + 50+

5 5 31

+ 6’773 + VI ﬁ(@) =

= 0.000000715093355762607735801093.. ..
(102)

The value for Z,;(1) is commonly known throughout the
literature [17], and values for Z,,;(m) for m > 1 also have
a closed-form formula

_ log(I¢)™™(0)

Zaalm) =1 = (127" m) — <5

(103)
valid for m > 1 and is given by Matsuoka [11, p. 249],
Lehmer [10, p. 23], and Voros in [13, p. 73]. This formula is
valid for even and odd index variable m. Another represen-
tation of (101) is given by

Znt(m)=1—(1-=2"")¢(m) + (= 1)"npm—1, (104)
for m > 1 where 7, are the Laurent expansion coefficients
of the series

_C/(S) _ 1 n Z (_nl!)n??n(s _1, (105)

n=0
The first few values are:

1o = —0.57721566490153286061 . . .,
m = 0.18754623284036522460 . . .,

12 = —0.051688632033192893802.. . .,
13 = 0.014751658825453744065 . . .,
na = —0.0045244778884953787412 . ..

(106)

These eta constants are probably less familiar than the Stielt-
jes constants 7,,, and one has —ny = o = -, but its relation
to Stieltjes constants will be discussed later, as our immedi-
ate goal is to express concisely

(=D"
|

n:

fIn = k— o0 n+1

k n n+1
lm{ZMMﬁm—m (k) |
! (107)

as found in [13, p. 25], where the von Mangoldt’s function is
defined as

An) log p, if n=p" for some prime and integer k> 1,
n)=
0, otherwise,

(108)
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which is purely in terms of primes. Hence the expansion co-
efficients 7,, are written as a function of primes, and then it
follows that the generalized zeta series Z,,;(m) can also be
represented in terms of primes. We note, however, that the
limit identity (107) is extremely slow to converge, requiring
billions of prime terms to compute to only a few digits, mak-
ing it very impractical.

Moreover, we note that the generalized zeta series Z,,;(s)
is over all zeros but in order to extract the non-trivial zeros
we will have to assume (RH) so as to remove the real part
of % It is not readily possible to separate the reciprocal of
conjugate-pairs of non-trivial zeros from (101) but what we
can do is to consider a secondary zeta function over the com-
plex magnitude, or modulus, squared of non-trivial zeros as

- 1 = 1
Zint|(8) = = , 109
AP Mra D P e
and then by applying Theorem 2 we can obtain non-trivial
Zeros
n —1/m 1/2

t lim || Z,4(m) Z ! L
n+1=— nt - 1 o - 7 )

M—00 [nt| Pt (%‘i‘ti)m 4
(110)

recursively. We now need a closed-form formula for
Z|nt|(m) which we find can be related to Z,,;(m) in several
ways. The first way is by an asymptotic formula

(m) — Zn1(2m)) (111)

nt

1

as m — oo. This immediately leads to a formula for the
principal zero

Tab. 2. The computation of ¢; by Eq. (112) for different m

m t1 (First 30 Digits) Siﬁigﬁ;:nt
2 5.561891787634141032446012810136 0
3 13.757670503723662711511861003244 0
4 12.161258748655529488677538477512 0
5 14.075935317783371421926582853327 0
6 13.579175424560852302300158195372 0
7 14.116625853057249358432588137893 1
8 13.961182494234115467191058505224 0
9 14.126913415083941105873032355837 1
10 14.077114859427980275510456957007 0
15 14.133795710050725394699252528681 2
20  14.134370485636531946259958638820 3
25 14.134700629574414322701677282886 4
50  14.134725141835685792188021492482 9
100 14.134725141734693789329888107217 16

1 1 —1/m 1 1/2
ty= lim (2Z721t(m) - 2Znt(2m)) i
(112)
and a full recurrence formula
. 1 1
trin = i | (522m) = 3 Zou(2m)+
1/2 (113)

z”: 1 ) Yy

=GR 4
for non-trivial zeros as we have shown in [6, p. 9-14] and
Matsuoka in [11], provided that all the zeros are assumed to
lie on the critical line. A detailed numerical computation of
t1 by Eq. (112) is shown in Tab. 2 and a script in PARI in
Algorithm 3, where we can observe convergence to ¢ as the
limit variable m increases from low to high, and at m = 100
we get over 16 decimal places. A detailed numerical compu-
tation for higher m is summarized in [6].

Algorithm 3 PARI script for computing Eq. (112)
{

// set limit variable
ml = 250;
m2 = 2xml;

/I compute parameters Al to C1 for Z1

Al = derivhum(x = 0,log(abs(zeta(x))),m1);
B1 = 1/factorial(m1—1);

Cl =1—(—1)"ml1%2"(—ml)*zeta(ml);

Z1 = Cl1-Al1xBlI;

/I compute parameters A2 to C2 for Z2

A2 = derivhum(x = 0,log(abs(zeta(x))),m2);
B2 = 1/factorial(m2—1);

C2 =1—-(—1)"m2%2"(—m?2)*zeta(m?2);

72 = C2—A2xB2;

/l compute tl zero
tl = ((Z1"2—Z2)/2)"(—1/m1)—1/4)"(1/2);
print(tl);

The next higher order zeros are recursively found as

(52200 5 zutem+

tQ = hm
m—00

1 —1/m 1 % (114)
‘<1+t%>m) 4
and the next is
. 1 1
b~ lim_ [(2zzt<m>22m<2m>+
3 (115)

1 1 >‘1/m 1
(F+tH™  (G+H™ 4
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and so on, but the numerical computation is even more diffi-
cult, so the limit variable m has to be increased to a very
large value. We can now express the non-trivial zeros in
terms of other constants. By substituting the eta constants
(104) to (112) we obtain the first zero:

b= K; (1= (1= 27")¢m) + (<)) +
Cm a3
(1= = 2mcem) + 772m—1)> -3
(116)

For example, if we let m = 10 then we can generate an ap-
proximation converging to t; as

10568303

-4 1}
+ 720 — 1 ~
92681981263872000 4
~ 14.07711485942798027551 . . .,

31

1
2903040 ot

1
7O+ ) + 19 + 515 — 5

2

where it is seen converging to t;. For this computation we
compute the eta constants:

19 = 0.000017041357047110641032. . .,

Mo = 0.000000000286807697455596 . . ., (118)
using mth differentiation of (103). As mentioned before, one
could alternatively compute these eta constants using primes
by (107) but the number of primes required now would be
in trillions (making it very impractical to compute on a stan-
dard workstation). The main point, however, is that the non-
trivial zeros can be expressed in terms of primes, namely, by
Egs. (107), (105) and (112).

Furthermore, a recurrence relation for the eta constants
in terms of Stieltjes constants is

n—1
+1 (—1)k-1
n:_1"+1Ln 57 e o
K (=1) n! ¥ +k_0(n_k_1)!77k7 B=1

(119)
found in Coffey [18, p. 532]. Using these relations, the non-
trivial zeros can be written in terms of Stieltjes constants.

(117)  For the first zero ¢1 and m = 2, we obtain an expansion:
2 2 2,2 prA\ Tz 1 H
™M 2 73 2 _ T i il
ti1~ |27y — —— — - = - — — — —— =
1 [( T 1 +71 =72 3 +7 3 3 + 384) 41 (120)
~ 5.561891787634141032446012810136. . .
For m = 3 we obtain an expansion:
21 21 3 3 3 1 1
t =~ 8_— 3)— — ) +3yn -+ = e
1 [(7 g 1CB) = 16720(3) + 39 =+ 52+ 5y 02— 57 s T st
_1 1
1 1 7 7 49 1 o]’ (120
—= — — 5 — =C(3) = =73¢(3) + —C(3)* + ——n" - =
$71 37— g6 = g7 + g ¢B) + 157 ) 41
~ 13.757670503723662711511861003244 . . .
For m = 4 we obtain an expansion:
fom | (4929 = ooy 4+ 292 — —ri9? 4t 4+ 299 — tmerd — 238y + 2929 — MR + 2t
24 Loggh 48 Ly 273"
14+22 +22+2 +1213 1 1 1, 1 n 122
- z z z A2 _Z = _ = -
Taa™ BT YN T GV T YN T Y5 T Y4 T YNV T 57204 T 5V s T g0 16 (122)
-+ 1
1 PR S B 23 4 1
— -—— — —| =12.161258748655529488677538477512. ..
12607 77 T 96 96" ) T 215040" 1
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Hence, as m increases, the value converges to t; as  where they are similarly expressed as
shown in Tab. 2 but the number of Stieltjes constants terms

grows very large. In Tab. 2 we see that the accuracy of ¢; k log™ (1) 10gn+1( k)
for odd m is slightly better than for even m + 1. We recall Yn = klim { Z T 1 } (124)
that the Stieltjes constants ,, themselves are defined as the 7= "

Laurent expansion coefficients of the Riemann zeta function

about s = 1 as Also, the 79 = 7y is the usual Euler-Mascheroni constant.

1 > Ynls —1)" There is also another way to compute Stieltjes constants
((s) = s—1 + Z(‘U"T ) (123)  that we developed (which can be ultimately expressed in
n=0 ’

terms of primes). We observe that ,, are linear coefficients in the Laurent series (123), hence if we form a system of linear
equations as

1 (1) (s1—1)° _(51‘—1)3 (s1—D)* 1
1 (amD) (02D (sao1)? (s2m1)* 10 283 .
(s 1_!1) (s 2_!1)2 (s ‘3!1)3 (s 1311)’“ ! et
L =5 5 i e R Y2 [ = | C(s3) — ss—1 |, (125)
(QECTSN S e ) LT . st AN C(sk) = 57

then for a choice of values for s; = 2, so = 3, s3 = 4 and so on, and using the Cramer’s rule (for solving a system of linear
equations) and some properties of an Vandermonde matrix we find that Stieltjes constants can be represented by determinant
of a certain matrix:

det(An+1)
y=t———"1 126
7 det(A) (126)
where the matrix A,, (k) is matrix A(k) but with an n*® column swapped with a vector B as given next
pp g
1 1 12 _1 (G
1! 21 31 e Kl
1 2 22 _2° (=2)*
1 2] 31 R
Aky=1[1 -3 s R ) , (127)
i _ (k.+1) (k+.1)2 _ (k.+1)3 (71)k(.k+1)k
1! 21 31 e k!
and
(@ -1
HORE
Bk)=| <@ -3 (128)
Ck+1)— 1

The + sign depends on the size of the matrix & but in order to ensure a positive sign the size of £ must be a multiple of 4.
It can be shown that det(A) = 1, hence the determinant formula for Stieltjes constants becomes

Yn = det(Apn41), (129)

and the size of the matrix must be 4k.



The inverse Riemann zeta function

71

Hence, the first few Stieltjes constants can be represented as:

2 3

-1 -5 g il

2 3

<(3) - % _% 22! %

. 2 3

Yo = klgrolo det ¢(4) — % —% ‘2—, %

Ck+1)—1 _(kIL!l) (k+1)* _(k-g!l)?’

(—1)k1F

(_113!ka

k!
(—1)k3k
k!

(=D" (k+1)*
k!

2!
= 0.57721566490153286061 . . .,

and the next Stieltjes constant is

k—o0

2 3

1 4(2) -1 Pl %

2 3

L®-5 5 B

. 2 3

v1 = lim det | 1 C4) -1 s 3

e
= —0.072815845483676724861 . . .,

and the next is

3
1 -4 c@-1 I
3
1L -5 B3 e
_3 1 3%

3

Yo = lim det | 1

k—o0

=

¢(4) -

. : . -
1 - 1)1 (et

= —0.0096903631928723184845 . . .,

(_1)k1k

(_1]3!16216

k!
(—1)*3k
k!

(—1)k£k+1)k
k!

(_l)klk

(_1)k2k

k!
(—1)#3k
k!

(=D* (k+1)*
k!

(130)

(131)

(132)

and so on. And in [4] we performed extensive numerical
computation of (129) where it clearly converges to the Stielt-
jes constants and in essence analytically extends ((s) to the
whole complex plane by the Laurent expansion (123) with
an only knowledge of ((s) for s > 1. Finally, we remark
that the vector B(k) can be expressed in terms of primes by
substituting the Euler product for {(s) as

—1
e (1-5%) -t

-1
H;)Lo:1 (1 - é) - %
-1
B(k)=| T, (1 _ ;4) e (133)

Bl L

’ -1
T (1) -

This in turn leads to computing Stieltjes constants by primes,
then Z|,,;| by the Stieltjes constants and then the non-trivial

zeros by Z,,4. Henceforth, we also obtain a similar formula
for the 7,, constants by defining a similar vector

, (134)

C(k+1) 1

STV

and matrix C,, which is matrix A but with an n** column
swapped with a vector D, and using the Cramers rule we
find that

1
N = — det(Cry1), (135)

and the size of the matrix must be 4k to ensure a positive
sign. For example, 72 would be
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C/ 2 3 -1 klk
1 *% - ((2)) -1 %T' ( k)!
1 _2 _dB) 1 2% (=1)k2*
1 1 3 ~ 2 3t ( k)!k .
. 3 ¢’ (4) R —1)"3
o= lim odet |1 —f —Yy =5 kil W =
i _(k'+1) _C’(k+-1) _1 _(k.+1)3 (*1)’“(.k+1)’€
1! Ch+1) & 31 k!
(136)
= —0.051688632033192893802.. . .
We remarked that the results presented so far are geared Z)ny| (4) = 56A1 — 28Xy +8A3 — Ay =
toward computing Z),,¢ from Z,,; by the asymptotic formula _
(111). We now investigate two other similar formulas of ob- = 0.000000000659827914542401152690 ...,
taining Z),,; given by works of Voros [13]. The first is the Zynt|(5) = 210A1 — 1202 + 45A3 — 10Ag + A5 =
Bologna formula (family) as — 0.000000000003193891860867324232 . ..
(142)

Z\nt\ (m) = Z

n=1

2m—n—1
m—1

>Zm (n), 137)

form > 1(and t = %) given in [13, p. 84]. And the second
(very similar formula) relating to the Z),,;| to the Keiper-Li
constants A, as

- 2m
o n+1
2y (m) = ;en (m B n) Aoy (38)
where )\, are defined by
1 m
Am = 1—(1—— , 139
I N G N
Pnt
which has a closed-form representation as
1 dm m—1
m = mdsim [s logf(s)}s_)1 , (140)

in terms of logarithmic differentiation of the Riemann xi
function, which essentially resembles all our previous re-
sults. The first few constants are:

A1 = 0.02309570896612103381 ... .,
Ao = 0.09234573522804667038 . . .,
Az = 0.20763892055432480379 . . .,
Ay = 0.36879047949224163859 . . .,
A5 = 0.57554271446117745243 . . .,
and so on. The Li’s Criterion for (RH) is if A,,, > 0 for all
m > 1, which has been widely studied. Henceforth, the first

few special values of Z,,;/(m) in terms of Keiper-Li con-
stants are:

Zng (1) = Ay =

= 0.023095708966121033814310247906 . . . ,
Zyt|(2) = 4X — A2 =

= 0.000037100636437464871512505433 . . .,
Z\nt\(S) =151 — 6y + A3 =

= (0.000000143677860288691774848062. . .,

(141)

Now, when using the previous results we can also compute
non-trivial zeros in terms of the Keiper-Li constants. For ex-
ample, for m = 10 we approximate ¢ as

1 ~ [(167960)\1 — 125970y + 775203 — 387604+
+15504\5 — 48456 + 1140A7 — 190As+

1/2
1]
4

~ 14.07711485942798027551 . ..

1
10

~
~

+20>\9 — /\10)

(143)
by substituting (138) to (111). A numerical computation
clearly converges to the correct value. These formulas, to-
gether with our previous results, can be used to compute non-
trivial zeros and generate a wide variety of representations of
non-trivial zeros.

Moving on, another way to obtain the non-trivial zeros is
to consider the secondary zeta function

o0
1
Zi(s) = e (144)
n=1 "

over just the imaginary part of non-trivial zeros ¢,, and ap-
ply Theorem 2 directly, where it suffices to find a closed-
form representation of Z;(s). To do this, we consider the
Riemann xi function again but this time transform the vari-
able s = % + it along the critical line yielding a function
E(t) = &(5 + it), so that its zeros are only the imaginary
parts of non-trivial zeros t,,. Now, when applying the m™
log-derivative formula we get

1 d(2m) |
=(t
2@m 1)1 arem 18 E0)],

9]
1
-5
n=1

Z1(2m) = —

(145)

9

2
tzm
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for m > 1, which yields the generalized zeta series over

imaginary parts of non-trivial zeros t,,. We note that since

Z(t) is even, we only consider the 2m limiting value and

require a factor of % The first few special values of this se-
Z(1 Lot L
1(1) ~ Z ~ H o log

ries are:
T
— T
(27‘1’) ( _>OO)’
0<t<T

H = —0.0171594043070981495 . . .,
1 1 1
Z1(2) = 5(1og \C|)(2)(§) + §7T2 +6(2)

= 0.023104993115418970788933810430. . .,
Z1(3) = 0.000729548272709704215875518569 . . .,
1 1 1
- @y 1 4 _
Z1(4) = — 510 [K) D (5) — 5,7 — 4B(4) + 16
0.000037172599285269686164866262 . . . ,

— 4=

Z1(5) = 0.000002231188699502103328640628 . . .
(146)
For s = 1, the series diverges asymptotically as H +
log ( —) where H is a constant as shown above, which

is 1nvest1gated by Hassani [19] and R.P. Brent [20, 21], but
its precise computation is very challenging because of a very
slow convergence of the series. The presented value was ac-
curately computed to high precision by R.P. Brent [21, p. 6]
using 10'° non-trivial zeros and remainder estimation tech-
niques, which further improve accuracy to over 19 decimal
places. We also remark that the number of non-trivial zeros
are to be taken less than or equal to T'. The resulting Has-
sani constant is analogous to the harmonic sum and Euler’s
constant relation

k
Z%N’erog(k) (k — 00).

n=1

(147)

The even values of (146) given were computed using the
Voros’s closed-form formula

Z1(2m) = (=)™ |: — m(log |C|)(2m)(%)+
_i [(22m _ I)C(Qm) + 227”5(2171)] + 92m ’
(148)

assuming (RH). As there is no known formula such as this
valid for a positive odd integer argument, the odd values
given were computed by an algorithm developed by Arias
De Reyna [22] in a Python software package in a library
mpmath, which roughly works by computing (144) up to
several zeros and estimating the remainder to a high degree
of accuracy. It would otherwise take billions of non-trivial
zeros to compute (144) directly. Also, the function

o~ _(=D"
Bls)=) == (149)
HZ:;) (2n+1)°

is the Dirichlet beta function. Finally, when applying the
root-extraction to (144) by Theorem 2, we find the princi-
pal zero as

ty = lim [Z1(2m)]" 7

m—r 00

(150)

and a numerical computation for m = 250 yields
t1 = 14.1347251417346937904572519835624702707842
571156992431756855674601499634298092567649490102

12214333747 . .,
(151)
using a script in Algorithm 4, which is accurate to 87 deci-
mal places. The second zero is recursively found as

tQ = 111’I1
m—ro0

1 T 2m
{Zl(Qm) - tg} : (152)
1

and a numerical computation for m = 250 yields

to = 21.0220396387715549926284795938969027773335

5195796311 .. .,

(153)
which is accurate to 38 decimal places but the first zero ¢;
used was already pre-computed to 1000 decimal places by
other means in order to ensure convergence. We cannot sub-
stitute the same t; computed in (151) for m = 250 to (152)
as it will cause self-cancelation, so the accuracy of ¢,, must
be much higher than #,,4 ;. Similarly, the third zero is recur-
sively found as

1 1177

and a numerical computation for m = 250 yields
t3 = 25.0108575801456887632137909925628218186595

4965846378 . . .

(155)
which is accurate to 43 decimal places, but the ¢; and ¢, ze-
ros used were already pre-computed to 1000 decimal places
by other means in order to ensure convergence. We cannot
substitute the same ¢ and t computed in (151) and (153)
for m = 250 to (154) as it will cause self-cancelation, so the
accuracy of ¢,, must be much higher than ¢,, ;. Hence, a full
recurrence formula is

n 1 _ﬁ
Z1(2m) — Z W] . (156)

TfnJrl = lim
m—o0
k=1 F

Furthermore, we also have a useful identity

Z +2k

k=1

=2° [; (1 —=27%)¢(s)+

+5(s)) = 1],
(157)
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Algorithm 4 PARI script for computing first the non-trivial
zero using Egs. (145) and (150)

// define xi(s)
xi(s) = (s—1)*gamma(l+s/2)/Pi"(s/2)*zeta(s)

{

// set limit variable
m = 20;

/I compute generalized zeta series
A = —derivnum(t = 0,log(xi(1/241Ixt)),2xm);
B = 1/factorial 2+m—1);

7 = 1/2xAxB;
// compute the first zero

tl = Z°(—=1/(2xm));
print(tl);

found in [12, p. 681] for which we can express the zeta and
beta terms in terms of a Hurwitz zeta function, and then sub-
stituting the Voros’s closed-form formula (148) into (157)
we obtain another formula for non-trivial zeros

T (_1)m 2m 1 (2m) 1
tn+1—w%gﬂoo[2 2 —Wlog(KD (5)‘*’
_ 1
1 5 n 1 2m
et 3)) -3 t] ,
k=1 'k

(158)
as anticipated in (11). Also, an extensive numerical compu-
tation of (158) to high precision is summarized in [6] and
also for higher order non-trivial zeros.

One limitation for all of these formulas for non-trivial
zeros is when n — oo, then the average gap between ze-
ros gets smaller as ¢, 41 — t, ~ 102%, making the use of
these formulas progressively harder and harder to compute
the next zero recursively.

By putting these results together we have two main gen-
eralized zeta series. The first series is for the complex mag-
nitude (109) over all zeros (including the hypothetical zeros
off of the critical line) as

1 1
Zint|(8) = + +...,
N EMC- R R R
(159)
from which we have an asymptotic relationship
Zjuy ()] F ~ 03 +13 (s o0).  (160)

The second formula is for generalized zeta series over the
imaginary parts

1 1 1
Z1(28) = - + +t275
3

— 161
t%s t%s + I ( )

from which we have asymptotic relationship
[Z1(28)] 7% ~ 13 (162)

Combining (160) and (162) we obtain a true asymptotic for-
mula for the real part of the first non-trivial zero

1

R(prm) = 01 = lim \/Zju(5)]F = [Z1(29)]

(163)

and further, by substituting (104) for Z),,;|(s) and (148) for
Z1(2s) we obtain

(3280m) — 5 2utzm) "+

(G (- i esih )+
1 5

LR
“msen ) | 3
(164)

Earlier we remarked that the Voros’s closed-form formula
for Z1(2s) depends on (RH) and the formula for Z),,;(s)
in terms of the eta constants does not. Hence, if the limit
converges to %, it would imply (RH). The convergence is
achieved by a cancelation of ¢; generated by both Egs. (160)
and (162). In Tab. 3 we compute R(p1 n:) by Eq. (164) for
various values of the limit variable m from low to high and

observe convergence to % as m increases.

-

lim
m— 00

gca(Pl,mt) =01 =

Tab. 3. The computation of the real part of the first non-trivial zero
R(p1,nt) by Eq. (164) (first 30 decimal places)

- o
15 0.473092533136919315298424867840 1

20 0.489872906754757867871088167822 1

25 0.499306593693622997849224832930 3

50  0.500000002854988386875132586206 8

100 0.499999999999999968130042946283 16
150  0.500000000000000000000000039540 25
200 0.499999999999999999999999999999 35

V. THE INVERSE RIEMANN ZETA FUNCTION

In the previous section we outlined the full solution set to

(165)

(assuming RH), which can also be interpreted as an in-
verse of

s=¢"Y0), (166)
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as a set of all points s such that w = ((s) = 0. Now, for
other values of w-domain of the Riemann zeta function we
seek to find s such that

s=(Hw), (167)
which implies that
() = s, (168)
and
(¢ w)) = w, (169)

for some domains w and s. Again, the zeta function can have
many solutions s,, (just like for the zeros) for any given input
value. Hence, we need to solve an equation

((s) —w =0,

as a function of variable w. Then, by employing the m'" log-
derivative method and the recursive root extraction described
earlier we can arrive at a solution to (170). To illustrate this
we re-consider the recurrence formula for trivial zeros (85)
again as

(170)

) 1 d(2m)
pt,nJrl:n}gnoo:t - (2m_1)| d5(2m) IOg [C(s)(s_l)} s~>0+
__1
n 1 o0 1 1 2m
— 5 — S + = 5
> Z}(@@ ﬁ%kﬂ
(171)

(since Z; is dominating the series) and, comparing (170)
with (171), we solve this equation by replacing trivial zeros
with s,, as

Sp1 = C_l(w) =

) 1 d(2m)
777}Egoi fmml()g [(C(S)fw)(sfl)} s~>0+
1
n e’} T 2m
1 1 1
2 2w “am T Zam ,
(172)

where s,, is the multi-valued solution of s-domain, as in-
dexed by variable n, and which is extracted from the re-
currence relation of (172), where s = s; is the principal
solution. Presently, we do not know whether the contribu-
tion in (172) due to non-trivial zeros will become relevant at
higher branches (just like for trivial zeros), or whether there
are other complex solutions at higher branches, hence we
drop the non-trivial zero terms and obtain the form:

_ . 1
sons =<7 ) =ty -
_ 1
d(2m) n 1 2m
el CORERICE NN 7 B

and the principal solution is

1 (174)

m

d(m)

X 50m) log [(C(s) —w)(s —1)]

s—0

where we consider an even and odd m and remove the 2m
for convenience. We next seek to verify this formula by per-
forming a high precision numerical computation of (174) in
PARI/GP software package for various test cases. The script
that we run is a slight modification of Algorithm 2, as shown
in Algorithm 5.

Algorithm 5 PARI script for computing the inverse zeta by
Eq. (174)

{

// set limit variable
m = 40;

// set a value for w-domain
w = zeta(2);

/I compute generalized zeta series

A = —derivnum(s = 0,log((zeta(s)—w)*(s—1)), m);
B = 1/factorial(m—1);

Z = AxB;

/I compute s-domain
s =Z"(—1/m);
print(s);

In the first example we attempt to invert the Basel prob-
lem

2
w={((2) = % = 1.64493406684822643647 ..., (175)

by computing (174) for m = 40 and we obtain

2

R VA
s=¢M(%)
= 2.0000000000000000000000000000534151435532.. . .,

(176)
which is accurate to 28 digits after the decimal place. As m
increases, the result clearly converges to 2. In the next exam-
ple we invert the Apéry’s constant

w = ((3) = 1.20205690315959428539 . . ., 77
then for m = 40 we compute
s=("1CE) =
= 3.0000000000000000000022140790061640438069 . . . ,
(178)
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—7—1
s1=¢""(w)
6
negative branch ( —0.5, j;)

(jo 1

s-domain

w-domain

Fig. 3. A plot of s; = (™! (w) for w € (—10, 10) by Eq. (174) showing location of zeros and singularities

w={({"1(w)) form = 2
10

-10
w-domain

Fig. 4. A plot of w = ¢(¢™*(w)) for real w € (—10, 10) for m = 2 by the 2™ order approximation Eq. (185)

accurate to 20 decimal places, where it is seen converging s=s5 = Hw) =

to 3 (even for lower values of limit variable m, the conver- 1 - —1
gence is fast). In Tab. 4 we summarize computations for var- = Jim + |————— log [(C(s)—w)(s—1)] ,
ious other values of w-domain, where we can see the cor- m—o0 (m—1)! ds™ s—0

rect convergence to the inverse Riemann zeta function for (179)
m = 20 every time. For w = ((0) = —3 there is a sin-

and otherwise for R(w) € (—0.5,71) U {S(w) = 0} we

gularity at higher derivatives, so we take lim,, , 1 (~1(w), X . -
2 consider the negative solution

and for R(w) € (—-0.5,71) U {S(w) = 0} where j; =
= 0.00915989. .. is a constant. There is also a sign change 1
from positive to negative due to this branch so that the out- s=s=C(w) =

put will come out negative as shown by numerical com- . e

putations in Tab. 4. In general, we find that for R(w) € — T,}Enoo B mds—mlog [(¢(s)—w)(s=1)]
€ (—o00,—0.5) U (1,00) we consider the positive solution (180)
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We observe that convergence is faster near w = —0.5 for
both sides and as w — —0.5 we get convergence to 0 as
desired. Furthermore, we observe that near both sides of
the pole at s = 1 we can recover the inverse zeta. Hence,
when we compute for higher limit variable m, the values are
clearly converging to the inverse of the Riemann zeta func-
tion. In Tab. 5 we also compute the inverse zeta for various
arbitrary values of w-domain for m = 100.

In Fig. 3 we plot s; = ¢~ (w) for the principal solution
by Eq. (174). The function reproduces the inverse zeta cor-
rectly everywhere except in a region R(w) € (j1,1) where
the convergence is erroneous due to (possibly) an infinite
number of singularities in an interval R(w) € (j1,1). That
is not to say that {(s) does not have an inverse in this strip,
for example, we have ((—15.48765247...) = 0.5 so that
¢1(0.5) = —15.48765247 ..., but it does not exist on the
principal branch s;.

In the next example, we seek to compute the next branch
recursively. Let us first compute an inverse of ((—3) = ﬁ
again for m = 40 and obtain

51 = <71<%0) = —2.47270347315140943243 ... (181)
where we consider the negative solution. At first, one might
wonder that the result is incorrect but in fact it is only the
principal solution. The second solution for ¢ ’1(1170) is the
value that we anticipate but we recall that the m*™ log-
derivative generates the generalized zeta series of over all
zeros of a function. Hence, we can recursively obtain the

second solution as

1 1
_ 1 _ :
s2= 0 (qg) = = [_ 2m 1)

d2m)

108 ((€0) — ) - D)| ¢

z—0

(182)

1 2m
(—2.4727305901 . . .)M] B
= —3.00000000597327044430 . ..

by removing the first solution and for m = 20 the com-
putation converges to a value —3 to within 8 decimal places.
As we mentioned before, such a computation is getting more
difficult because it requires the first branch s; to be known to
very high precision in order to ensure convergence. Hence,
we pre-computed s; to 1000 decimal places using the stan-
dard root finder in PARI, since it is more efficient than using
(174) for higher m. As aresult, by knowing s; accurately we
compute s using the recurrence formula. Hence, using this
process we can recursively compute all the solutions which
lie on different branches provided that s,, are real. But again,
numerical computation becomes difficult as very high arbi-
trary precision is required.

Moving on, if we take m = 2 and expand the inverse
zeta formula (174) as

(THw) =

T <w2 T w[-26(0) + C"(O))+

+¢(0)* +¢'(0)* — C(O)C”(O))} :

[N

(183)
and using the identities
1
0)=—2
<(0) = =5,
1
¢'(0) =~ log(2m), (184)

1 1 1
¢"(0) = 572 +7 - ﬂﬂQ ) 10g2(2ﬂ-)v

we then obtain the 2" order approximation:

1 1 1
1 2 2 2
~t(w+ - +wl+ =y 4+vm— =7+
¢ H(w) (w 2)11) w| 5 M=o

1., 11, 1 =
1 9 4z T — —
5 log”(2m)] + 7+ 777+ 5 — 2

[N

(185)
We collect these results into expansion coefficients for m =
=2as:

1 1 1 w2
Io(m):1+1’y2+§71—4*8:

= 0.09126979985406300159.. . .,

_ L o L o 1. 5 _ (186)
Il(m)—1+2'y +m i 21og (2r) =
= —1.00635645590858485121 . . .,
Ig(m) = 1,
and then re-write (174) more conveniently as
_1
1 2
CHw) =~ £(w + 5) L(2)w? + I (2)w + Io(2)
(187)

Here we have added a - sign which is sensitive to the branch
(usually due to the (w + 1) term that must be positive for
w < —0.5). This second order approximation above is very
accurate for a variety of input argument (even complex).
For example, for w = 2 we compute

¢1(2) =~ 1.7340397592898484279 . . . (188)
and to verify ¢(¢71(2)) ~ 1.9902700570... is accurate
to 2 significant digits. In Fig. 4 we plotted the function
w = ¢(¢"(w)) for the 2" order approximation and see
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Tab. 4. The computation of inverse zeta s = s; = ¢~ ' (w) for m = 20 by Eq. (174) for different values of w.
For w € (—o0, —0.5) U (1, 00) we consider positive solutions, otherwise for w € (—0.5, 1) we consider negative solutions

s w = ((s) s = ¢~ !(w) (First 15 Digits) ~ Significant Digits
-5 —0.003968253968253 —1.884741377602060 8
—4 0 —1.999999904603844 7
-3 0.008333333333333 —2.470168918790366 5
—2 0 —1.999999904603844 7

—1.5 —0.025485201889833 —1.499999999998134 11
-1 —0.083333333333333 —1.000000000000000 16
—0.5 —0.207886224977354 —0.499999999999999 23
—0.125 —0.399069668945045 —0.125000000000000 36
—0.001 —0.499082063645236 0.000999999999999 42
0.001 —0.500919942713218 0.000999999999999 42
0.125 —0.632775623498695 0.125000000000000 36
0.5 —1.460354508809586 0.500000000000000 26
0.75 —3.441285386945222 0.749999999999999 22
0.9999  —9999.422791616731466 0.999900000000000 27
1.0001 10000.577222946437629 1.000099999999999 26
1.5 2.612375348685488 1.500000000000000 18

2 1.644934066848226 1.999999999999997 14
2.5 1.341487257250917 2.500000000000706 12

3 1.202056903159594 3.000000000032817 10

4 1.082323233711138 4.000000008467328 8

5 1.036927755143369 5.000001846688341 5

how w is recovered, except in a small region (ji,1) where
we get an erroneous result. Similarly, for complex argument
for w = 2 4 1 we compute

¢C1(241) ~ 1.4690117151 - - - — i0.3470428878 . . .,
(189)
and to verify ((¢7Y(2 + 1)) 1.9886804524 ... +
+10.9958475706 . . . we recover w correctly also to within 2
significant digits. We will investigate the complex argument
in more detail a little later. Furthermore, the 2°¢ degree poly-
nomial in (187) can be factored into its zeros as

~
~

¢ w) & w4 5 [ (w0 = ) w - jg)] 7

(190)
2

where j; = 0.1007872126... is the first zero, and js
= 0.9055692433 . . . is the second zero (computed by solv-
ing a quadratic equation). We note that these are the ze-
ros of a polynomial in (187), and hence they are the sin-
gularities of 2°¢ order approximation of ¢(~!(w). To inves-
tigate the higher order expansion for (~!(w) in terms of
these polynomials T, (m), can be written with coefficients in

terms of Stieltjes constants and incomplete Bell polynomials

B, i(z1,%2,23...,x,) due to the Faadi-Bruno expansion
formula for the n'® derivative
dn
dsTnf(g(I)) =
=3 1P (g(x)Bui(g (2),g" (), ... g" T (@),
k=1
(191)
and if we take
f(z) = log(z), (192)
and
1
™ (z) = (=1)"+ (n — n—. (193)

Such Bell polynomial expansion will lead to long and com-
plicated expressions for the m*™® log-derivative so we will not
pursue them in this paper. For the moment we will just rely
on numerical computations so, based on (187), we deduce
the following asymptotic expansion
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Tab. 5. The computation of inverse zeta s = s; = ¢~ (w) for m = 100 by Eq. (174) for different values of w.
For w € (—o0,—0.5) U (1, 00) we consider positive solutions, otherwise for w € (—0.5, 1) we consider negative solutions.

The red color indicates the singularity region where convergence is erroneous

w s ="' (w) w = (¢ (w))

-10 0.90539516131918826348  —10.00000000000000000000
-5 0.82027235216804898973  —5.000000000000000000000
—4 0.78075088259313749868  —4.000000000000000000000
-3 0.71881409407526189655  —3.000000000000000000000
-2 0.60752203756637705289  —2.000000000000000000000
-1 0.34537265729115398953  —1.000000000000000000000

—0.5001 0.00010880828067160644 —0.50009999999999999999
—0.4999  —0.00010883413591990730  —0.49989999999999999999
-0.1 —0.90622982899228246768  —0.100000000000000000000
0 —1.99999999999999999999 0
0.001 —2.03407870819025354208 0.00099999999999999999
0.0015 —2.05213532171740716650 0.00149999999999999999
0.0091598  —2.69835815770380622679 0.00915551952718300130

0.01 2.69182425874263410494 1.27522086147958091320

0.02 2.68341537834567817177 1.27769681556903809338
0.1 2.62327826166715651687 1.29626791092230654966
0.5 3.28523402279617101762 1.15403181697782434872
0.8 4.35892653933022255726 1.06086646037035161615

0.999 9.19090684760189275051 1.00175563731403047546
1.001 9.19454270908484711549 1.00175114882142955996

1.01 6.75096988949758004724 1.01000000000000001556

1.1 3.77062121683766280843 1.10000000000000000000
2 1.72864723899818361813 2.00000000000000000000
3 1.41784593578735729296 3.00000000000000000000
4 1.29396150555724361741 4.00000000000000000000
5 1.22693680841631476071 5.00000000000000000000
10 1.10621229947483799036 10.0000000000000000000

[(5_1(7*’))} . i L (m)w", (194)

n=0

into a m** degree polynomial as m — oo, where I,,(m)
are the expansion coefficients. These coefficients are a func-
tion of a limit variable m whose values vary depending on
m. In Tab. 6 we compute these coefficients (for several m)
for further study and observe the following. For w = 0,
¢~Y(w) = —2 is the first trivial zero, hence we deduce that

Io(m) ~ (2p4,1)"™ ~ (-1)™ (195)

2o

From Tab. 6 we also observe

I,(m) ~ 1, (196)

and
m
Im_l(m) ~ —5 .
As m — oo, this expansion generates an infinite degree
polynomial, which will also have infinite zeros j,, that we
will next glimpse numerically. We re-write (194) as factor-
ization

(197)

(198)
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Tab. 6. The computation of expansion coefficients I,, (m) of Eq. (194) for even m

I,(m) m =2 m=4 m =6 m=38
n=0  0.0912697998 0.0042324268 0.0002483703 0.00001532100
n=1 —1.0063564559 —0.1967919743 —0.0204091776 —0.00174497183
n=2 1 1.1920976317 0.3162826334 0.04840981341
n=3 —1.9995171980 —1.5828262271 —0.48669059013
n=4 1 3.2866782629 2.21705837605
n=>5 —3.0000078068 —5.15932314768
n==6 1 6.38227467998
n="7 —4.00000004611
n=2~8 1

in terms of these zeros and compute them for m = 4 in Tab. 7
and for m = 10 in Tab. 8, using a standard polynomial root
finder for a generated polynomial in (194). In Appendix A
we also give values of j,, for m = 30 in Tab. Al as a refer-
ence. It is also much better to see j,,’s graphically in Fig. 5
(where we plot them in a complex plane for m = 4, m = 10,
m = 30 and m = 50), and observe that they cluster near the
endpoints. The exact values of these zeros are numerically
spread out and, as more zeros are generated as a function
of m as m increases, their accuracy also increases. Interest-
ingly, they are mostly real and cluster roughly in an interval
(0,1) but we will narrow it down next, and some zeros are
also complex that cluster near w = 1.

Tab. 7. The computation of j, singularities for m = 4

R(n) S(n)
0.02519077171287255364 0
0.22387780988390681825 0
0.75055928996119915729 0
0.99988932644430613063 0

= w3

Tab. 8. The computation of j, singularities for m = 10

n R(jn) 3(jn)

1 0.01141939762352641311 0

2 0.03270893154877055459 0

3  0.08725746253768978834 0

4 0.18974173730082442926 0

5 0.35313390831120714095 0

6 0.57365189826222332925 0

7 0.80181268425373759307 0

8 0.95232274935073811513 0

9 0.99897561465713752103 —0.00219195619260189999
10 0.9989756146571375210 0.002191956192601899994

With more detailed numerical computation we observe
that as m — oo they will span the interval (j1, j,,,) where
the lower bound is (m — o0)

ji(m) — 0.009159890119903461840056038728 . . .,
(199)
is the lowest zero or the principal zero. The value presented
was computed numerically to high precision. The upper
bound is (m — o)

Jm(m) = O(1),

due to the pole of ((1).

From Fig. 6 we see that j; corresponds to the first local
maxima (between s = —4 and s = —2) in a region where
the zeta takes a first turn from being monotonically increas-
ing when going from left to right in s-domain (s = 1 to
s = —2.7172628292...) and in w-domain as (w = —o0
to w = 0.0091598901...), at which point causes a dis-
continuity for this branch. We observe that j,, are zeros of
the expansion (194) and this implies at first that they are
poles of (~!(w), but because they are under an m'" root
which induces m branches and forms an algebraic branch
point [7, p. 143]. Hence, the strip (j1,1) fills the remain-
ing w-domain gap from j; to {(1) with these singularities.
We conjecture that

(200)

Conjecture 1. The principal branch s; = (~1(w) has an
infinite number of real singularities in a strip (j1,1).

The inverse zeta can be represented by factorization by these
singularities. In Fig. 3 we highlighted this singularity strip
region in relation to s; = ¢~ (w). We will refer to the con-
stants j, interchangeably as either zeros of (198) or singu-
larities of 57 = ¢~ (w).

Now, since j; is the principal zero of the expansion
(194), we can find its formula by solving the infinite degree
polynomial equation using Theorem 1 and Theorem 2, and
find that

1

SN

. I dm
= lim
N e (m — 1)l dw™

N
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Fig. 5. A plot of locations of singularities j, in a complex plane generated for various values of limit variable m
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Fig. 6. A plot of w = ((s) for s € (—12, 0) locating local maxima j;

and in Tab. 9 compute (201) for a few values of m and ob-
serve a slow convergence to j;. One could also represent the
next higher singularities by the recurrence relation

j = lim

d2m)

C_l

)

:

2
m lg{

2m — 1)! dw@m) ©

n 1 ‘|_2m

=D |
k::ljk

(w

(w
1
2

)

[
w—0

(202)

where we consider a 2m limit value to avoid an alternat-
ing sign in the recurrence, but numerically it is very hard to
compute since these singularities are so densely spaced in
an interval (jy, 1). Also, the value for a constant ¢ for which
Jj1 = C(c) is ¢ = —2.717262829 . . ., which is close to e to
within 3 decimal places, and from this we obtain a simple

approximation to j; as
J1 =~ ((—e) = 0.009159877559420231 . . . (203)

which is accurate to within 7 decimal places.
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Tab. 9. The computation of j; by Eq. (201) for various m from low

to high
. Significant
m ) Digits
10 0.01141936690297939790 1
50  0.00924371071593150307 3
100  0.00916896287172313725 4

These relations allow us to write the inverse Riemann
zeta function as factorization into zeros and singularities as

51= C_l(w) - 7r%i—1>noc i4(w + %) 711_[1 (1 B ;:) ’

(204)

These generated singularities are so finely balanced that even

for m = 10 they can reproduce the inverse zeta function to

a great degree of accuracy, as we will see shortly. Also, the
factor of 4 in (204) comes from the convergence of

i

m
1

11 Gn)™ = Grjeds - - dm) ™" =4 (m — ),
n=1

(205)
that we just infer from numerical computations. We re-
marked earlier that some of the singularities are complex and
cluster near 1, as shown in Fig. 5 for higher m. Initially, we
were unsure as to whether these complex zeros are real or
artifacts of the root finder but we find that they play a cen-
tral role (in conjunction with the real roots) in computing
the product formula (204) and many identities that follow.

For example, we have

din=irtitist...~5 (m—00), (206)

n=1

SE

obtained based on expanding the coefficients in (204). From
this we have the mean value of j,,:

1 & 1 1
im — S o= —(itjetjst..) == (207
Jim — >y = — (it ietis o) =5, (207)

n=1
and also from (205) another identity

77}5[100 E nzl log(jn) o

(log(j1) +log(j2) +log(js) + ...) = —2log(2).
(208)

We observe that as m increases, the number of complex sin-

gularities that are generated increases, but their absolute val-

ues tends 1. This tendency is also captured by Conjecture 1

above. If true, then it may also be possible that as m — oo

the complex singularities will disappear.

1
S m

We next investigate how the inverse zeta function con-
verges for complex argument. As another example, we com-
pute the inverse zeta of

s=(C12+1) =
= 1.466595797094670 ... —i0.343719739467598 ...,
(209)
for m = 10, and then, when taking the zeta of the inverse
zeta

w=(((TN2+1) =
= 2.000000007384116 ... +10.999999997993535. . .,
(210)
we recover the w-domain correctly (we see it is better ap-
proximation than the 2°¢ order Eq. (185)). As another ex-
ample we take the inverse zeta for large input argument

s = (1(123456789 — i987654321) =

= 1.000000000124615 . . . +i0.000000000996923 . . .,
(211)
and then, when taking the zeta of the inverse zeta above, we
compute

w = ((s) = 123456789.01848 ... —1987654321.14785 . . .,

(212)
where we see correct convergence to within 1 decimal place,
but if we re-compute for m = 20, then we get

w = ((s) = 123456789.00000. . . —1987654321.00000. . .,

(213)
which is now accurate to 15 digits after the decimal place.
In general, we find that for large complex input argument the
convergence is very good but that is sometimes not the case
for smaller input argument, where in many cases we do not
get correct convergence at first. For example, if we evaluate

s=('(15+1) =
= 1.521134764270121 ... 4+ i0.417327503093697 . . .,
(214)
for m = 10, and then inverting back
w=C¢(¢ N (15+1i) =
= 1.783854226864277 . .. —i0.908052465458989 . . .,
(215)
we get erroneous results. The reason is because the m" root

involved in the computation of the inverse zeta actually has
m branches. In general, the m'" root of a complex number
z can be written as

1 41
— ‘Z| melm (arg(z)+27rn),

3

z (216)

forn = 0...m — 1. So far, we have been using the prin-
cipal root for n = 0, which is the standard m root, but
for complex numbers we have to select n for which the so-
lution that we want lies. We do not have an exact criterion
for which n solution to use so we have to individually check
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every solution and find the one that we need. For example,
in re-computing (214) we find that the m'" root for n = 9
gives

s=('(15+1) =
= 1.475922826723574 ... — 10.556475538964500. . .,
(217)
for m = 10, and then
w= (L5 +1) =
= 1.500000011509227 ... +10.999999987375822.. . .,
(218)

finally reproduces the correct result. These results lead us to
introducing an error function

B(w) = w - (¢ (w))],

used to quantify how well the inverse zeta is inverting. Es-
sentially, taking ¢(¢~!(w)) should reproduce w, so when
subtracting w off we should expect

E(w) =0,

(219)

(220)

and when computing it numerically, E'(w) will be very small
because the convergence of (~!(w) is generally very good.
But when (~!(w) is not converging correctly, usually due
to the m'" root lying on another branch, then E(w) will be
very high in relation to a case when ¢ ~!(w) is normally con-
verging. This contrast between high convergence rate and
no convergence at all allows us to write a simple search al-
gorithm to sweep the branch of the m'" root and minimize
E(w). There we introduced a reasonable threshold value of
ty = 1073 to minimize E(w) (which may be re-adjusted)
and, once the minima has been found, the code exits out of
the loop and returns the correct branch. From further numer-
ical study we found that there is only one branch of the m!"
root giving the correct answer and all other branches give
erroneous results, thus making use of this loop very easy.
In our code we define a custom m'" root function in Algo-
rithm 6, and in Algorithm 7 we modify the inverse zeta func-
tion with the new m*" root search loop. The second modi-
fication to the script we made is that now we load a pre-
computed table of j,,’s from a text file and evaluate the prod-
uct formula (204) instead of computing the m'" derivative
using the derivhum function (which is slow for high m).

Algorithm 6 A custom function in PARI to compute an m'"

root for an n*" branch

// define mth root function
/I s is input argument, m is mth root, n is nth branch
Xroot(s,m,n)=

{

r = abs(s);
y = r"(1/m)*exp(Ixarg(s)/m+I+n*2%Pi/m);
return(y);

}

Algorithm 7 A new function in PARI for ¢(~!(w) using
the m'™ root search and singularity expansion representa-
tion (204)
/l inverse zeta function valid for complex w argument
izeta(w)=

{

// set mth root branch threshold
tx = le—3;

/' load singularities from txt file into a vector
jx = readvec("jx_singularities_m50.txt");

/I compute the length of vector
m = length(jx);

/I compute product due to singularities
A = prod(i = 1,m,(1—-w/jx[i]))"(—1);

// mth root search
forG = 0,m—1,

/I compute s-domain
s = 4x(w+1/2)*xroot(A,m,i);

// compute error function
E = abs(zeta(s)—w);

// exit out of loop when threshold is met
if(E<tx, break);
);

return(s);

In Appendix A we provide a Tab. Al with pre-computed j,,
for m = 30 for reference. Hence, together with the m* root
function, the presented algorithm allows for a very fast eval-
uation of s; = (~!(w) for any complex argument w (in
just under several milli-seconds) on a standard workstation.
The only requirement is to pre-compute a table of j,, singu-
larities and store them in a file. In contrast, the derivnum
function takes 60 ms to evaluate one inversion for m = 10
on our workstation and over 5-20 minutes for m = 400.

When running the new script in Algorithm 7, we can re-
produce all the results in this paper, including for the neg-
ative branch for the range (—0.5, j1) we saw earlier, which
actually corresponds to an m'" root branch at n = 5 that
is automatically found by the code. One more example, we
invert

s=(105+1) =
= 0.933314322626762 . .. — 10.930958378790106 . . .,
(221)
for m = 10 which lies just above the singularities (ji,1)
using the new script in Algorithm 7, then we get
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“10.5+1) =

+11.000000012981412. . .,
(222)

w=((¢
= (0.500000004914683 . ..

which inverts s back correctly, which corresponds to the m™
root branch of n = § that is automatically found by the
code. To check more complex points we generated a den-
sity plot of the error function F(w) from Eq. (219) in Fig. 7
by computing it for a grid of complex points 101 x 101
which contains 10 201 total points spanning a range R(w) €
€ (—2,2) and S(w) € (—2,2) equally spaced for m = 10,

E ()
2F ; ; ' g ’7-1.0000
| 0.0001

_-10—'2

I
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Fig. 7. A density plot of E(w) by
range of R(w) € (—2,2) and S(w) €

Eq. (219) for m = 10 in the
(-2,2)
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Fig. 8. A density plot of E(w) by Eq. (219) for m = 50 in the
range of R(w) € (—2,2) and S(w) € (—2,2)

and using the new code in Algorithm 7 which took a 1-2
minutes to compute all points. We see that generally E(w) ~
~ 1078 throughout, and when it is close to the zero at
w = —1, then E(w) ~ 10~2® which is surprisingly very
good. When it is near the singularities in the range (ji,1),
then E(w) gets worse (as expected) and completely fails at
the singularities (blue color). The function still runs in the
singularity region because numerically it is very unlikely
to hit an exact location of the singularity, causing a = d1-
vision. In Fig. 8 we re-plot again but for m = 50 and
now see much better convergence over the previous case for
m = 10, where now we get E(w) ~ 107°° throughout,
and E(w) ~ 107'2% close to zero, and when it is near the
singularity region E(w) ~ 1077,

VL. THE ¢~'(W) NEAR ITS ZERO

The first few terms of Taylor expansion coefficients of
¢(s) about s = 0 are

C(s) = —% +¢'(0)s + %c"(ow +...,

(the series has a rather small radius of convergence), and

(223)

¢’(0) = —log(v/27). If we write
((E)N—%—O(élog\/ﬂ) (s = 00), (224

and then taking the inverse zeta of both sides, we deduce that

o ¢t (—; — ilog@) (s = 00),

S

(225)

and now, recalling the inverse zeta factorization formula
(204) as

e e L (W)
¢ (w)_'rr}l—{noo 4(w+2)7!:[1<1 Jn)  (226)

(and taking the negative branch), then substituting (204) into
(226) above the — 5 factor will cancel, and we get

1
m 1 ll /72 Tm
lim 4( log v/2 )H( 250g7r) :1.

m—oo In S

227)
The s variable also cancels on both sides, and we get

n=1

lim 4(log v/ 1+—) =1

n=1
Since the main asymptote % has been canceled, we find that
the remaining % inside the infinite product term becomes
negligible and we obtain a product formula

1
m 1 =
lim ] (1 + ) =4logV2r . (229)
m— oo i 29n
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A numerical computation for m = 50 yields 3.6757541328
1869090182 . .. which is accurate to 16 decimal places.

VII. THE ASYMPTOTIC RELATIONS OF (~1(W)
We first investigate a limit formula for the Euler-

Mascheroni constant. From the Laurent expansion of ((s)
in (124) we can deduce a limit identity

1
v = lim [C(S)— 51],

and further by transforming the limit variable s — 1 4 % we

obtain
) 1
v = lim [C(l—l—) —s].
s—%00 S

We empirically find a similar relation for the inverse Rie-
mann zeta function by numerically evaluating for s = 1000
as

(230)

(231)

¢~1(1000) = 1.000100005772562674143 ...,  (232)

where we observe a sign of a tailing + in the digits, which is
on the order of O(s~2). So we deduce that

1 1
CHs) ~ 1+-+40 <752) (5 — 00), (233)
from which we have
1
v = lim {Cl(s) — (1+ ﬂ s?. (234)
s5—00 S
And similarly, we find that
. -1 1 2
v = lim {C (—s) — (1 — )] s, (235)
S§—00 S
from which we conclude that
(TH(s) ~ T H(=s) = O(1), (236)

as it is seen in a graph in Fig. 3. In Tab. 10 we summarize nu-
merical computation of (234) using the inverse zeta formula
for m = 100 and observe convergence to .

We can also obtain a different representation by expand-
ing (234) as

v = lim [s°¢""(s) — (s> + 5)], (237)
§—00
from which we recognize the sum of natural numbers
a K2k
Zn:1+2+3+...k=?+§, (238)

n=1

Tab. 10. The computation of ~ by inverse zeta for various s from
low to high by Eq. (234) and ¢~ (s) for m = 100

Significant
s 7 Digits
10 0.62122994748379903608 0
102 0.58130721658646456077 1
10 0.57762197248836203702 3
10*  0.57725626741433442042 4
10°  0.57721972487058219773 5
10%  0.57721607089561571393 5
107 0.57721570550091292536 6
10%  0.57721566896147058487 8
10°  0.57721566530752663021 8
100 0.57721566494213223753 10
10*  0.57721566490559279829 11
1012 0.57721566490193885437 12
where we obtain
k
don=1+243+...~ —%7+%k2<*1(k) (k — o0),
n=1

(239)
and this is in contrast to the Euler’s relation for harmonic
sum

k

1 11
> = =145 +5+ .~ y+log(k)

- 2 (k — o0), (240)

n=1

where the term 15%¢ ™! (k) is dual to log(k) in the sense of
a reflection about the origin ((s) <> ((—s) for series (1),
when s — 1.

On a side note, it is often loosely written that

g(—1)=zn:1+2+3+...:—i (241)

127

n=1

in the context of the Riemann zeta function and zeta regu-
larization, where the asymptotic term is omitted. We briefly
investigate the asymptotic term of (241) by the Euler-
Maclaurin formula, which breaks up the series (1) into a par-
tial sum up to the k£ — 1 order, and the remainder starting at
k and going to infinity

k—1 1 00 1
)= —+D —,
n=1 n=~k

as shown in [17, p. 114], when the Euler-Maclaurin summa-
tion formula is applied to the remainder term we get

(242)

k—1
1 kl_s 1 —s B2 —s—1 —s5—3
()= =1tk 5 sk O™,

n=1

(243)
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and then substituting s = 2 we get

1 1 1 1 1
<(2)ZnQ+k+2kQ+ngs+0<k5>, (244)

n=1
now, when solving for B, we get
k—1
1 k 1
Bo=k[¢2) =Y = |-k —-2-0(-], (245
St R O

and see that is slowly resembling (241), and we multiply by
1 .
—5 yields

k—1
1 1, 1. 1 1 1
——By=-k+-k—-k (2 - = — .
g2 = gy (C() ;n2>+0(2k2)

(246)
From this we have the full asymptotic relation
k
1 1.,
dn=1+2+3+...— TR <<(2)+
et (247)

k—1
)| -
_ S |l=-%.

—n 12
as k — oo which is the correct version of (241) in the con-
text of the Riemann zeta function (involving its analytical
continuation) by including the asymptotic term. Collecting
these results, we have two asymptotic representations for the

sum of natural numbers in the context of the Riemann zeta
function as

k
1 1
Zn:1+2+3+...f§k2g’1(k):f§7 (k — o),
n=1
(248)
and
k
1 2
=1+2 —|-k+ =K =
;n +24+3+ [4 +5k
- (249)
k—1
B ) |
n:1n2 12

If we drop the asymptotic terms, and summing to infinity,
then we casually write

o

1
Zn:1+2—|—3+...:—§7, (250)
n=1

and
> 1
Y n=1+2+3+ =13 (251)

which are only loosely taken at face value and which is im-
plied in the context Riemann zeta function. The complete
asymptotic representations are (248) and (249). Also, com-
paring the values

1
_5,7 = —0.2886078324. . .,

1
—— = —0.0833333333.. ..
12

(252)

It is often written in the literature that —% is the assigned
value to the sum of natural numbers and the asymptotic part
is discarded. In actuality, one could arbitrarily assign any
value to any divergent series by subtracting two such series
with the same growth rate and where the difference results
in a finite constant and the divergent parts cancel.

VIII. ON THE DERIVATIVES OF (~1(W)

We now consider the derivatives of s; = ¢ ~!(w) as such.
By differentiating the inverse function relation

(¢ H(w)) = w, (253)
we get

I W (w)) =1, (254)

by the composition rule. This leads to a simple formula
(255)

provided that ¢’(s) # 0. We saw earlier that the constant
s =c = —271726282... is a zero of ¢'(¢) = 0, and for
which j; = {(c¢) = 0.00915989 ... Then, evaluating (255)
for w = 0 we get

—1 / 1 1

0) = = , 256
o= o 0

(taking the principal zero), and using the identity

—1)"((2 1)(2n)!
we have
472

“10)] = ——. 258
o) =75 (258)

Recalling the inverse zeta factorization formula again

¢Yw) = lim —4(w+ %) 11 (1 - ?”)_m, (259)
L —> OO 1 n



The inverse Riemann zeta function 87

(the negative branch), and taking the first log-derivative gives

Crw) 1 1 1< _w)
Clw) D w25 5 )
(260)

from which we have an alternate formula in terms of singu-
larities j,, as

1) = L o fm AL
L ] Foee R L nzljn(l j)}
(261)
If we let w = 0 then we have
<o) ol 1

Now relating with (258) we obtain a formula for either the
average value of

1 &1 ( w2 )
lim — — =2 —==-1], (263)
mosem 2=, \((B3)
or a formula for Apéry’s constant
1 1¢a 1)
— 2 Z - —
(@) =m (1 +g Zl jn> (264)

These relations motivate to obtain the generalized zeta series
for (~*(w) by Theorem 1 using the m™ logarithmic differ-
entiation to obtain

where we specifically canceled the only zero with w + %
This leads to a generalized zeta series over just the singular-
ities of 57 = (7! (w), and the first few special values are:

7T2
= 14.42119333144247050884 . . .,

wt 76 ,, _
7,2 =4 (1~ g S () -
= 899.16532329931876633541 . . .,
w0 " " ™
Z]-(3) =8 <—1+<(3)3+(12C (—2)+8¢ (—2))4(3)4+
10 . B
+96<(3)5§ (—2)2> =

= 75463.66774845673072302538 . . .,

7T8 7.‘.10

CB3)* ¢(3)
16 "
+ gC (2)> -

(1072 e -2+
12

¢(3)°
x (—2)@’”(—2)) - 12804723)7

= 6936470.11903064697027091228 . . .

Z;(4) =16 [1—

610

"
X
3 ¢

<160<“(2)2 -

14

(-2

(266)
These closed-form formulas were obtained using (265) in
conjunction with differentiating (255) and (261). The values
of Z;(m) are naturally normalized by a factor  taken in the
limit and they converge to a finite constant. Otherwise, with-
out the % factor they would be quickly divergent. Also, as
m — oo the Z;(m) diverges but presently we do not know
its growth rate.
As we have shown in the previous sections by Eq. (201)
that one could obtain a formula for j; by the limit

ji=lim [Z;(m)] =%

m—r 00

. (267)

and substituting (265) for Z;(m) we have

m dm ¢ Hw) o
_(m—l)!dwmbg{w—ké ‘w—>0 ’

(268)
and a factor of m is needed to cancel the 1 from Z;(m).
Numerical computation of (268) is summarized in Tab. 5 in
the previous section.

jl = lim
m—oo

IX. CONCLUSION

In the presented work we utilized the m'" log-derivative
formula to obtain a generalized zeta series of the zeros of the
Riemann zeta function from which we can recursively ex-
tract trivial and non-trivial zeros. We then extended the same
methods as to solve an equation ¢(s) —w = 0 in order to ob-
tain an inverse Riemann zeta function s = (~*(w). We in-
troduced a singularity expansion formula of the inverse zeta
where the singularities j,, span an interval (j;, 1). Not much
is known about these quantities, yet they can describe the
entire s; = ¢~ !(w) (the principal branch) and many identi-
ties that follow. We further numerically explored these for-
mulas to high precision in PARI/GP software package and
show that they do indeed converge to the inverse Riemann
zeta function for various test cases. Then we developed an
efficient computer code to compute the inverse zeta for com-
plex w-domain.

We remark that the methods presented in this article can
be naturally applied to find zeros and inverses of many other
functions but each function has to be custom fitted for this
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method. For example, we obtain an inverse of the gamma
function:

s=T"Yw) =
, 1 o
= n}gnoo {(m—l)’dsm log [(T'(s) — w)s] s~>0:| )
(269)

which is the principal solution or the inverse Bessel function
of the first kind

s=Jyn(w) =
1
1 am m
— lim | Jog [yn(s) — .
msG0 { 2(m — 1)l ds™ 08 [Jun(s) —w)] 50

(270)
The Lambert-W function is defined as an inverse of g(z) =
= xe” which we could write as

g (z) =W(z) =
- (271
s—>0:|

— 1 " 1 S
LNl pe v T og [se® — z]

but one is no longer limited to g(x) = xe” and could in-
vert essentially any function, for example, we can invert
h(z) = (v — 23)e® as

Wl (x) =
: 1 dm 3)\ .8 7%
_w}gnoo [_(m—l)!dsmbg [(s —s%)e® — 2] s~>0:| .

(272)
One also has the inversion of trigonometric functions

cos !(z) =
, 1 dam —w
= Jim [_Z(rnl)!dsm log [cos(s) —al| |
(273)
or
cos(z) =
1
, 1 dm . o
= Jim [@n_wm log [eos™(s) —a]|
(274)

A generalized zeta series can also be inverted, for example,
the inverse of the secondary zeta function as

1
-1
Zl (w)wlg)noo|: (m_1)|x
a1 (275)
Xdll l_i_l_t'_l_f_ "
dsm 8 T T fl |

which is over imaginary parts of non-trivial zeros.

Finally, we give an example of how to solve a finite de-
gree polynomial of degree six. First we create a polynomial
with prescribed zeros by factorization as

f(@) = (2 =1)(z = 2)(z = 3)(z —4)(x = 5)(x —6), (276)

which yields the polynomial

f(x) = 25—212° +1752* — 73523 + 162422 — 176424720,

277)
we wish to solve. Then using Theorem 1 we obtain the gen-
eralized zeta series over its zeros as

— 1 dam 6 5 4
—17352° + 16242” — 17642 + 720

x—0

(278)
The principal zero is computed as
z = lim [Z(m)] ", (279)
m—o0

and a numerical computation for m = 100 yields

z1 = 0.99999999999999999999.. . ., (280)

accurate to 32 decimal places, at which point we just round
to 1. The next zero is recursively found as

1

~ T

2 = lim [Z(m) =, (281)

m— o0

and a numerical computed for m = 100 yields
zo = 1.99999999999999999995 . . ., (282)

which is accurate to 19 decimal places, at which point we
just round to 2. The next zero is recursively found as

1 1. 2
= lim [Z -—— =™ 283
%3 mgnoo[ (m) 1m Qm} ’ ( )
and a numerical computation for m = 100 yields
z3 = 2.99999999999999037839 . . ., (284)

which is accurate to 14 decimal places, at which point we
just round to 3. We keep repeating this and compute the re-
maining zeros

z4 = 3.99999999999185185599 . . .,
z5 = 4.99999999939626633006 . . .,
z6 = 9.99999999999999999999 . . .

(285)

Such methods can be effectively used to solve a finite or in-
finite degree polynomial and is straightforward if the zeros
are positive and real but the root extraction becomes more
difficult if the roots are a mix of positive and negative num-
bers or if they are complex. Usually, some other knowledge
about these zeros would be required in order to extract them
recursively. The presented methods give analytical formulas
for the zeros of functions and their inverses.
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Appendix A

As a reference, we compute a set of j, for m = 30 in Tab. Al and the identities that follow. The mean value is

computed as

712’":_71(‘+.+.+ = la
uimnzljnim‘h J2T )3T .. ) =5~

2 (AD)

~ (0.5000000000000000000000000000000000997753 . . .,

accurate to 34 decimal places. And also the variance is

1 . 1 . 1
UQZ*Z(]n—§)22(31—§

P+ G2+ Us— ) +...

1

Q

2 2 (A2)

~ (0.15443132980306572121 . ..,

and

o = 0.39297751819037399128 . ...

The mean value of log(j,,) is
1

% > log(jn) = —(log(j1) + log(ja) + log(js) + ...) = —2log(2) ~

m

(A3)

(A4)

~ —1.38629436108884637110. . .,
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Tab. Al. The computation of j, singularities for m = 30 (first 20 digits)

R(jn)

4
Py
(S
E
Z

© 0 N o Ot A W N 3

W N N NN NN N RN N RN e e e e e e e
S © 0 g O A E W N R O © 00~ O U W N = O

0.00940557776026071124
0.01141938808870173355
0.01568670434785971279
0.02261775560919276321
0.03270868212775017715
0.04648619390258016526
0.06448721566099810248
0.08725783916047024685
0.11535480283979529233
0.14933745452446960794
0.18974131865445665052
0.23702542541097595291
0.29148628794215263842
0.35313433733493120220
0.42153661001834201445
0.49564501219117809436
0.57365240977960573698
0.65294264589797238400
0.73021005275034721000
0.80179908715805887119
0.86424567115383859676
0.91490810371118783718
0.95250694689898902064
0.97740075208484199041
0.99140792923529390418
1.00203489268489807908
0.99719503440906385238
0.99719503440906385238
1.00058541712636179950
1.00058541712636179950

O O O O O O O O O O O O O O O O O O o o oo o o o o

0
—0.00187149506426021143
-+0.00187149506426021143
—0.00224107576516750101
+0.00224107576516750101

accurate to 9 decimal places. We also have the generalized zeta series

1
m

1 1 1
i1 J2 J3

(++,+...)2<1+£;))z

1
— Jn M ]

~ 14.42119328698625644727 . . .,

accurate to 6 decimal places. We compute

1

2jn

n=1

H (1+ > =4log V2rw ~

~ 3.67575413270457994521 . . .,

(A5)

(A6)
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accurate to 9 decimal places and also, when taking the limit s = 103, the Euler-Mascheroni constant:

1

4(s+%)ﬁ (1i5>_m(1+i)

n=1 In

~ 0.5776530477. ..,

2

’Y:

accurate to 3 decimal places.

Appendix B

There is a recurrence relation for the generalized zeta series Z,,(s) over the zeros of the Bessel function of the first kind
found in Sneddon [16, p. 149], which satisfies
- mT(m+v+1) 1
- Z,02r+2)=——,
Z —rlFm+y—r+1)( )22 +2) dv+m+1)

(A7)

r=

from which, with additional simplifications, we re-write this formula slightly differently as to keep it compact by defining
the summand term

mT(m+v+1)

K = (=4)" A8
(rmov) = (=) S m —r v+ 1) (A8)
so that
Z,(2m +2) ! ! zm:K( 1, v)Z, (2r) (A9)
= — — v
vt K(m,m,v) \4m+v+1) R rentE )
and further expanding yields
” Z,(2r)
Z,(2m+2) = - +
" 4Z m—r+ )(V+1)m r+1
= (A10)
1\ 1
+(-1" (5 ,
4 mi(m+v+ 1)+ 1)y,
also found in [16, Eq. (39)]. The gamma terms of the type
I(z + k) ;
_ — 1 2) ... —1) = —1)" n All
(@ = “prgg = o+ D+ ) (@4 k= 1) = B 1 slm ", (A1)

is the rising factorial (which can be written in terms of the Pochhammer symbol) result in a finite k*" degree polynomial
function with integer coefficients, i.e., the Stirling numbers of the first kind s(n, k). Also for the case m = 0 the summation
term in (A 10) assumed to be 0 to bootstrap the recurrence. These formulas generate Z,, (2m) as shown in Eq. (70) and Tab. 1.
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