
CMST 23(3) 155–163 (2017) DOI:10.12921/cmst.2017.0000022

Non-isothermal Activation Kinetics
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Abstract: We analyze the activation kinetics of a system immersed in a non-isothermal bath. Using mesoscopic non-
equilibrium thermodynamics, we show that activation is not only driven by the affinity but also by the temperature gradient.
Both thermodynamic forces play a role in the kinetics. The presence of a thermal gradient makes the detailed balance
principle not fulfilled. We show that although the law of mass action holds locally, in terms of the local temperature, it is
in general not valid globally, when the local values of the activation rate and the fugacity difference are replaced by their
corresponding spatial averages. We analyze numerically the deviations of that global law from the actual activation kinetics
as a function of the temperature gradient and the activation energy. Our analysis shows how to control the reaction rate by
means of a temperature gradient.
Key words: kinetics, non-equilibrium thermodynamics, non-isothermal process, law of mass action

I. INTRODUCTION

Processes that need a minimum amount of energy to pro-
ceed, usually referred to as activated processes, take place in
many cases under non-equilibrium conditions, under the influ-
ence of external driving forces. The presence of these forces
modifies the free energy barrier thus leading to changes in
the activation rates. Many examples can be found in physico-
chemical and biological systems. In these systems, mechan-
ical forces may provide the energy that reactants need to
transform into products [1, 2]. They can also induce chem-
ical changes in polymeric materials [3] and breaking and
formation of chemical bonds [4]. The forces can also affect
the kinetics of single molecules reactions [5]. An amount
of tension applied at the ends of a RNA molecule breaks
progressively the bonds, giving rise to new configurations
of the molecule [6]. Those processes can be modeled by a

particle crossing a free energy barrier that separates two well-
differentiated states located at the minima at each side of the
barrier [7, 8, 9] and are generically referred to as activated
processes [8]. Those processes are nonlinear and cannot be
treated by means of linear non-equilibrium thermodynamics
[10].

Thermal activation may also take place under non-
isothermal conditions, in the presence of a temperature gradi-
ent. An extension of Kramer’s [7] model to the non-isothermal
case was proposed in [11] and used in [12] to calculate the
escape rate. The kinetics of nucleation processes is affected
by the presence of gradients imposed to the metastable phase
[13, 14] which results in changes of the nucleation rate. Ther-
mal gradients may also affect the growth kinetics of lysozyme
crystals/aggregates giving rise to a Soret-type effect [15].

In this article, we present a general formalism to treat
activated processes taking place in a non-isothermal medium,
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in which both the affinity and the temperature gradient are
the thermodynamic forces. We will show that the law of
mass action (LMA) can be obtained from mesoscopic non-
equilibrium thermodynamics [16, 17] which provides ex-
pressions for the activation rates in terms of the fugacity
differences. The LMA is valid for sufficiently small values
of the affinity, when the system reaches a quasi-stationary
regime and can be considered as a two-level system. The non-
isothermal kinetics will be analyzed by following a method
similar to the one proposed for the isothermal case [18].

The article is organized as follows. In Section 2, we re-
view the mesoscopic non-equilibrium thermodynamics ap-
proach to activated process showing how the LMA can be
derived from the entropy production of the system. In Section
3, we analyze the non-isothermal activated kinetics, whereas
in Section 4 we present a numerical study on the effect that
the thermal driving force exerts on the kinetics. Finally, in
Section 5 we present our main conclusions.

II. ACTIVATION KINETICS FROM MESOSCOPIC
NON-EQUILIBRIUM THERMODYNAMICS

Mesoscopic non-equilibrium thermodynamics [16, 17]
provides a description of the activation kinetics. It quantifies
the dissipation inherent to the process and gives a proof of
the LMA. Unlike non-equilibrium thermodynamics [19], the
theory assumes that at short time scales, the state of the sys-
tem instead of jumping suddenly from the initial to the final
state, it progressively transforms by passing through succes-
sive molecular configurations. These configurations can be
parametrized by a reaction coordinate γ. At these time scales,
one may assume that the reaction coordinate undergoes a
diffusion process through a potential barrier separating the
initial from the final states.

II. 1. The law of mass action from the entropy
production

At short time scales, an activated process, in which a
substance or a state A transforms into another B, can be as-
similated to a diffusion process along a reaction coordinate
[16]. The corresponding entropy production is given by

σ = − 1

T
J
∂µ

∂γ
(1)

where J is the diffusion current, T is the temperature of
the bath, assumed constant, and the chemical potential is

µ(γ, t) = kBT lnP (γ, t) + ϕ(γ) (2)

with P (γ, t) the probability distribution, kB the Boltzmann
constant and ϕ(γ) the potential barrier. The flux obtained

from this expression can be written in terms of the lo-
cal fugacity defined along the reaction coordinate z(γ) ≡
exp (µ(γ)/kBT ) as

J = −kBL
1

z

∂z

∂γ
, (3)

with L an Onsager coefficient. This expression can also be
written as

J = −D(z)
∂z

∂γ
(4)

where the diffusion coefficient is given by

D = kB
L

z
= kB

L

P
e
− ϕ
kBT (5)

We now assume that D is constant and equal to D0 and
integrate from 1 (state A) to 2 (state B) to obtain the nonlinear
kinetic law for the averaged flux [14]

J̄ ≡
∫ 2

1

Jdγ =−D0(z2 − z1) =

=−D0

(
exp

(
µ2

kBT

)
− exp

(
µ1

kBT

))
.

(6)

This equation can also be expressed as

J̄ = J0

(
1− eA/kBT

)
, (7)

where J0 = D0exp(µ1/kBT ) and A = µ1 − µ2 is the affin-
ity. Under quasi-stationary conditions, when the activation
rate only depends on time, the actual value of the rate in
(7) can be identified with its mean value. This equation thus
corresponds to the LMA usually found in different activated
processes [20, 21, 22].

II. 2. Detailed balance

The scheme presented reproduces the results of the rate
theory [9]. The equation (7) can be written in terms of the
forward and backward reaction rates, k+ and k−, as

J̄ = k−n2 − k+n1 (8)

where n1 and n2 are the populations at the minima of the
potential. The forward and backward reaction constants are
given in terms of the potential:

k+ = D0
eϕ2/kBT

eϕ/kBT
(9)
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k− = D0
eϕ1/kBT

eϕ/kBT
(10)

Here the upper bars stands for average for all value of the
reaction coordinate, as indicated in the first equality of (6).

The detailed balance condition follows from (8). By set-
ting the overall rate equal to zero, one obtains z1,eq = z2,eq,
or equivalently

k+

k−
=
n2,eq

n1,eq
(11)

where the n’s are the equilibrium populations at both wells
of the potential. This expression shows that the forward and
backward reaction constants are not independent.

We can also analyze the case in which the transformation
A � B is coupled to another process C � D in which
the concentration of the components can be controlled. The
current is in this case given by

J = −D0(z2 − z1) = −D0(zBzD − zAzC) (12)

where the initial and final fugacities are

z1 = e
µA+µC
kBT = zAzC ; z2 = e

µB+µD
kBT = zBzD (13)

When both reactions are in equilibrium, the detailed bal-
ance condition imposes

k+

k−
=
nB,eqnD,eq
nA,eqnC,eq

(14)

Changes in the populations of states C and D drive the system
away from equilibrium to a state in which detailed balance is
not fulfilled.

The previous scheme can be generalized to the case of
open and closed triangular reactions [23]. Fluctuations in the
population densities at both wells can be analyzed by means
of fluctuating hydrodynamics [18]. The coarse-graining of the
description leads to violation of the fluctuation-dissipation
theorem [24, 25].

II. 3. Kinetics at high affinities

Kinetic theory shows that the evolution of a gas mixture
is the result of the competition between two factors: the affin-
ity, as the driving force, and the countless collisions between
particles that tend to cancel the increase of momentum of
the particles due to the force. The solution of the Boltzmann
equation for a reacting gas through the Chapmann-Enskog
expansion enables one to describe the transition towards non-
equilibrium states [26]. The expansion establishes that the
zeroth order term corresponds to the Maxwellian velocity
distribution whereas the first order term is proportional to

the affinity. It is found that for high values of the affinity, the
LMA cease to be valid.

To obtain the reaction rates at higher values of the affinity,
we notice that the diffusion coefficient in equation (5) may in
general be a function of the chemical potential or equivalently
on the fugacity:D(z).Taking the average of the current as we
did in (6), we arrive at

J̄ ≡
∫ 2

1

Jdγ = −Deff(z2 − z1) (15)

where the effective diffusion coefficient is given by

Deff =
1∫ 2

1
D−1(z)dγ

(16)

Eqs. (15) and (16) show how the LMA is affected by a
non-constant diffusion coefficient in the space of the reaction
coordinate.

The coefficient can also be written as

Deff(z1, z2) = D0[1 + f(z1, z2)] (17)

or equivalently as

Deff(z̃, z1) = D0[1 + g(z̃, z1)] (18)

where z̃ = z2 − z1. In the particular case of a diffusion
coefficient linear in z one obtains

J(t) = −D0 (z2 − z1)−D1
1

2

(
z2

2 − z2
1

)
(19)

The effective diffusion coefficient is then given by

Deff = D0

{
1 +

D1

D0

(
z1 +

1

2
z̃

)}
(20)

As in the rate theory, the current also can be expressed in
terms of forward and backward currents in the form

J̄(t) = k̃+n2 − k̃−n1 (21)

where the forward and backward reaction rates are given by

k̃+ = D0

{
1 +

D1

eϕ/kBTD0

(
2z1 +

1

2
(z2 − z1)

)}
eϕ2/kBT

= Deffe
ϕ2/kBT

k̃− = D0

{
1 +

D1

eϕ/kBTD0

(
2z1 +

1

2
(z2 − z1)

)}
eϕ1/kBT

= Deffe
ϕ1/kBT

(22)
We can then see that at higher values of the chemical driving
force, the reaction rates depend on the affinity through the
driving force (z2 − z1) = −eµ1/kBT

(
1− eA/kBT

)
,
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Deff = D0

{
1 +

D1e
µ1/kBT

eϕ/kTD0

(
2− 1

2

(
1− eA/kBT

))}
(23)

and therefore, the law of mass action ceases to be valid. There-
fore, the detailed balance principle is not fulfilled. The previ-
ous equations generalize the rate theory to the case of high
affinities [27].

Our analysis based on the entropy production in the re-
action coordinate space (1) is consistent with the kinetic
theory of gases which shows that up to first order in the
Chapmann-Enskog expansion the entropy production can still
be expressed in terms of flux-force pairs [26]. This property
is not guaranteed for higher values of the driving force when
one has to consider higher order terms in the expansion.

III. NON-ISOTHERMAL ACTIVATION

The presence of thermal inhomogeneities in the bath
affects the kinetics of an activated process adding a new
driving force, the temperature gradient. In the framework of
mesoscopic non-equilibrium thermodynamics, the description
must in general be made in terms of a probability distribu-
tion that depends not only on the reaction coordinate but on
the positions and the velocities of the particles:P (Γ, t),where
Γ(γ,~r, ~u) is a phase space vector. The dissipation in the sys-
tem contains the contribution due to the activated process,
obtained in the previous section, and those corresponding to
heat conduction and diffusion.

For nucleation or self-assembly processes in which the
reaction coordinate is simply the number of atoms in a cluster
or the number of building blocks in the structure, γ ≡ n, the
entropy production is given by [13]

σ(~r, t) =− 1

T 2
~J
′

q · ∇T −
1

T

∫
~Ju · ∇uµdnd~u

− 1

T

∫
Jn∇nµdnd~u

(24)

where the chemical potential is now

µ(Γ, t) = kBT (~r) lnn(Γ, t) + ϕ(γ) +
1

2
mu2 (25)

and the modified heat flux contains the contribution of the
energy of the particles and is given by

~J
′

q = ~Jq −
∫
f~u

[
∆H(n) +

1

2
m(n)u2

]
dnd~u (26)

Here ∆H(n) is the enthalpy of a cluster formed by n
particles. The temperature of the bath may now depend on
position ~r.

The fluxes involved in the entropy production given in Eq.
(24) are of different tensorial nature: a scalar for the activation
rate and a vector for the heat flux. Under isotropic conditions
both currents are not coupled. An exception is the case of
active transport in the Ca2+ −ATPase under a temperature
difference in which ions move along a 1D channel and the
rate is a scalar [20]. Due to this decoupling, the activation
rate can be obtained from the contribution of the activation
process to the entropy production

σact(Γ, t) = − 1

T (~r)
J
∂µ

∂γ
(27)

In the non-isothermal case, we can define a fugacity as:
z(Γ, t) ≡ exp (µ(Γ, t)/kBT (~r)), where the phase-space vec-
tor is now Γ(γ,~r) and T (~r) is the stationary temperature. In
terms of this quantity, the expression for the activation rate is

J(Γ, t) = −D∂z(Γ, t)
∂γ

(28)

Without assuming that D is a constant due to the fact that
the temperature gradient modifies the potential barrier, and
writing D = D0e

−ϕ(γ)/kBT (~r), we express the activation
rate as

J(Γ, t) = −D0e

−ϕ(γ)

kBT (~r) ∂z(Γ, t)

∂γ
(29)

Integrating now equation (29), as we did in the two previ-
ous sections, assuming quasi-stationary state in the space of
the reaction coordinate and a constant diffusion coefficient,
we obtain

J̄(~r, t) = − D0

∫ 1

0
e

−ϕ(γ)

kBT (~r) dγ

(z2(~r, t)− z1(~r, t)) , (30)

or equivalently

J̄(~r, t) =− D0

∫ 1

0
e

−ϕ(γ)

kBT (~r) dγ

×

e−µ2(~r, t)

kBT (~r) − e

−µ1(~r, t)

kBT (~r)


(31)

This expression constitutes a local formulation of the
LMA. A more general expression of the LMA in reaction-
diffusion systems in the presence of temperature and concen-
tration gradients was given in [28].

The activation rate can also be written as

J̄ = k̂−P2 − k̂+P1 (32)
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Tab. 1. Parameters used in the simulations

Parameter (dimensionless) Value

Dimensionless Standard Affinity:
µ0

2−µ0
1

kB T
2

Initial values of the probabilities P1(0) = P2(0) 0.5

Activation Energy: Ea

kB T
1-9

Temperature Dimensionless Gradient:
dT̂

dx̂
=
∇T
T0

0-2

k̂+

k̂−
= e

−∆ϕ

kBT (~r (33)

where ∆ϕ = ϕ(1)− ϕ(2). When the latent heat involved in
the activation process is negligible, the temperature follows
from the Fourier heat equation, whose stationary solution is
given by

T (~r) = T0 + ~r · ~∇T (34)

Here T0 is a reference temperature. Using this expression,
equation (34) can be rewritten in terms of the temperature
gradient as

k̂+

k̂−
= e

−∆ϕ

kB T0

 1

1 + ~r.~∇T/T0


(35)

Defining the effective potential

∆ϕeff =
∆ϕ

(1 + ~r.~∇T/T0)
(36)

We write (35) in terms of the effective potential

k̂+

k̂−
= e

∆ϕeff

kBT0 (37)

Up to linear order in ε ≡ ~r · ~∇T/T0, one obtains

k̂+

k̂−
=

(
k̂+

k̂−

)
∇T=0

e
−

∆ϕ

kT0
ε

(38)

This expression shows the correction of the temperature gra-
dient to the detailed balance principle. Finally, using the ef-
fective potential, the current is written as

J̄(~r, t) = − D0

∫ 1

0
e

∆ϕeff

kBT0 dγ

∆z(~r, t) (39)

IV. NUMERICAL ANALYSIS OF
NON-ISOTHERMAL ACTIVATION

In this Section, we will analyze numerically the effect
that the presence of a temperature gradient exerts on the ac-
tivation kinetics. Spatial diffusion along the direction of the
temperature gradient and reaction heat are assumed to be
small enough as to be considered not determinant in the pro-
cess. Diluted and reactive systems in narrow channels with
temperature gradient [29], fluids in micro-channels, fluids in
the presence of linear temperature gradient [30], and cyclic
reactions in micro-channels with radial temperature gradients
[31] are some examples which fulfill the two assumptions.

We will restrict our analysis to the 1D case and will solve
the continuity equation

∂

∂t
P (γ, x, t) = − ∂

∂γ
J(γ, x, t) (40)

to obtain the probability density P (γ, x, t) which will be ob-
tained in the quasi-stationary case, when the potential barrier
is sufficiently high. Integrating equation (40) from γ=γ∗ to
γ= 1, where γ∗ denotes the value of the coordinate at the
transition state, the resulting evolution of the probability at
state 2 is

d

dt
P2(x, t) = −J̄(x, t) (41)

and due to probability conservation, that at state 1 is given by

d

dt
P1(x, t) = J̄(x, t) (42)

We will now analyze the deviation of the law of mass
action in the presence of a temperature gradient in one di-
mension, where the temperature is fixed at both boundaries,
yielding the linear stationary temperature profile (35). In 1D,
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Tab. 2. χ∗ as a function of the fugacities difference, temperature gradient and activation energy

〈∆z〉 ∇T/T0
Ea/kB T

χ∗ Validity of LMA

〈∆z〉 → 0 ∀∇T/T0
∀Ea/kB T

χ∗ → 1 valid

∀ 〈∆z〉 > 0

∇T/T0
→ 0 ∀Ea/kB T

χ∗ → 1 valid

0 < ∇T/T0
< 0.5 ∀Ea/kB T

χ∗−1 ∝ E2
a∇T Not valid

∇T/T0
≥ 0.5 Ea/kB T < 3 χ∗−1 ∝ E2

a∇T Not valid

∇T/T0
≥ 0.5 Ea/kB T ≥ 3 χ∗−1 ∝ E2

a∇T 1/2 Not valid

the quasi-stationary current in (40) can be obtained in a simi-
lar way as we did in Section 2:

J̄(x, t) = − D0∫ 1

0
e

∆ϕeff
kBT0 dγ

∆z(x, t) (43)

with ∆z = z2− z1. The current will be expressed in terms of
the dimensionless time τ = tD0, the dimensionless position
x̂ = x/L, where L is the size of the system, and the dimen-
sionless temperature T̂ = T/T0

. The values of the parameters
used in the numerical analysis are shown in Table1.

The dimensionless current is defined as

J̄(x̂, τ) = −D̂(x̂)∆z(x̂, τ) (44)

where D̂(x̂) =

∫ 1

0
e

∆ϕeff

kBT0 dγ


−1

and ∆ϕeff depends on

the activation energy Ea. To compute ϕ(γ), we will use a
bistable potential barrier. The space average of the current is
given by 〈

J̄
〉

= −
〈
D̂∆z

〉
(45)

As D̂(x̂) > 0, and ∆z ≤ 0, one has

〈
J̄
〉
≤
∗
J = −

〈
D̂
〉
〈∆z〉 (46)

with
〈
J̄
〉

= J∗, when D̂(x̂) or ∆z(x̂, τ) are constant in po-
sition. This happens for small values of the driving forces:
∇T/T0

→ 0, and ∆z → 0. In Fig. 1, we show the behavior
of the current

〈
J̄
〉

against 〈∆z〉.
As follows from Fig. 1, by increasing the temperature

gradient leads to the failure of the linear relationship between
current and fugacity differences necessary for the LMA to
be valid. The law represents a good approximation at small
values of the gradient. For instance, for Ea = 3 kB T , if the
gradient is less than 9.1 K/m, the error is less than 0.1% for

all values of 〈∆z〉. But for Ea = 3 kB T and temperature
gradient higher than 149K/m, the error is greater than 10%,
for all 〈∆z〉. Even the error is more than 50% if the gradient
is higher than 498 K/m.

Fig. 1. Average current vs average fugacity difference for∇T/T/0
from 0 to 2, increasing each 0.2. Grey lines are lighter as the tem-

perature gradient increases

Fig. 1 shows that the averaged current follows the power
law 〈

J̄
〉

= −Deff 〈∆z〉χ (47)

where Deff ≡
〈
D̂
〉

. The exponent χ measures deviations
from the global LMA behavior which corresponds to χ = 1.
To quantify the violation of LMA when a temperature gradi-
ent is applied, we represent in Fig. 2 the deviation factor χ
against 〈∆z〉, for different temperature gradients. We verify
that at low values of 〈∆z〉, χ tends to 1. A maximum value
of χ is observed at large enough values of∇T . The maxima
displace to the left as the temperature gradient increases. This
means that even for small 〈∆z〉, LMA ceases to be valid for
high temperature gradients.
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For a given temperature gradient, the maximum value of
χ,χ∗, indicates maximum deviation of the LMA. In Fig. 3,
we show the behavior of χ∗ as a function of the temperature
gradient ∇T , for different activation energies Ea.

Fig. 2. The power law exponent χ versus 〈∆z〉 for different values
of∇T

At low values of the gradient, the location of the maxima
is a linear function of it. This behavior results from the fact
that at low temperature gradients changes in the diffusivity
vary linearly with the gradient. For ∇T > 0.5T0, the be-
havior is nonlinear in ∇T . Moreover, χ∗ increases when Ea
increases, due to the fact that for high activation energies,
Deff is more sensitive to the temperature gradient. In Fig. 4,
we show χ∗ as a function of the temperature gradient and the
activation energy.

Fig. 3. χ∗ versus∇T for different activation energies Ea

In Table 2, where summarize the behavior of χ∗ as a
function of the fugacity differences, temperature gradient and
activation energy which enables us to infer the conditions

under which LMA is valid. We found that the deviation of the
LMA is quadratic in the energy activation. Further, for low
activation energy, the deviation of LMA is more sensitive to
an increase of the temperature gradient than to an increase of
the activation energies.

From the values of χ∗, we can compute the error commit-
ted in assuming that the LMA is valid in a non-isothermal
system. In Fig. 5, we show the dependence of the error per-
centage, defined as %error = (χ∗−1) 100%, on the acti-
vation energy and the temperature gradient. We see that for
high activation energies, in order to keep a small error, the
corresponding gradient must decrease. This is so because for
high energies, Deff increases faster than for low energies.

Fig. 4. Representation of the surface:χ∗(∇T,Ea)

V. CONCLUSIONS

In this article, we have analyzed activated processes
taking place under non-isothermal conditions, when non-
equilibrium states originate not only from chemical potential
differences but also from the presence of a thermal gradient.
We have shown that the symmetry breaking inherent to the
presence of the thermal gradient leads to violation of the
detailed balance principle. This implies that fixing say the
forward reaction rate the backward one can be controlled by
changing the temperature gradient.

We have analyzed the effect that a temperature gradient
exerts on the activation rate and computed the difference be-
tween the spatial average of the rate and the value predicted
by the LMA obtained under isothermal conditions. We have
found that when the activation energy of the processes in-
creases, deviations from LMA become more important. Such
deviations are significant for temperature gradients higher
than 1 K/cm.

The formalism presented provides a general scheme to
analyze far-from-equilibrium activated processes in the pres-
ence of thermal inhomogeneities. It offers applications to a
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Fig. 5. Error percentage for different values of∇T and Ea

wide variety of situations including chemical and biochem-
ical reactions, nucleation and self-assembly processes. Our
analysis may also contribute to the study of non-isothermal
processes taking place in complex systems such as a living
cell. Due to cellular processes such as cell division, gene ex-
pression, enzyme reactions and metabolism, the temperature
of living cells is not homogeneous and exhibits a dynamical
behavior [32]. Another interesting application of the theory
presented concerns the analysis of nano-thermometers [33]
used in living cells [34] and meso-systems [35,36] to mea-
sure the temperature. From the proposed kinetic expression,
it could be possible to calibrate a nano-thermometer for non-
equilibrium conditions. Moreover, the kinetic expressions
obtained could be helpful to study the thermal-dynamics of
pathological cells [32,34], which are warmer and kinetically
different from healthy cells.
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