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Abstract: In this work, we discuss recent developments in the computer simulations of molecular fluids under thermal
gradients. Non-equilibrium simulations allow performing numerical tests of fundamental questions of non-equilibrium
thermodynamics. These tests show that non-equilibrium simulations provide an efficient approach to quantify within a single
simulation the thermophysical properties of fluids along an isobar. We discuss aspects connected to the computation of local
temperatures in systems under the influence of heat fluxes, and how the combination of non-equilibrium molecular dynamics
and non-equilibrium thermodynamics allows understanding phenomena arising from the coupling of internal molecular
variables and heat fluxes, which lead, e.g. to thermo-molecular orientation. The behavior of these orientational effects near a
fluid critical point is also discussed.
Key words: non-equilibrium molecular dynamics, thermal gradients, local equilibrium hypothesis, configurational tempera-
ture, thermal polarization

I. INTRODUCTION

Thermal gradients induce fascinating non-equilibrium
phenomena and coupling effects in fluids. Ludwig [1] and
later Soret [2] showed that thermal gradients drive concentra-
tion gradients in aqueous solutions (thermodiffusion), with
the ions migrating preferentially towards hot or cold regions.
Recent studies have expanded the application of thermal
gradients to more complex fluids, such as polymers and
biomolecules (thermophoresis) [3-6]. Recently, it has been
discovered that thermal gradients induce Casimir-like forces
between plates maintained at different temperatures [7]. The
applicability of thermophoresis in sensing devices has also
been noted [8].

Thermodiffusion and thermophoresis effects are very sen-
sitive to the average temperature of the system of interest.
Small changes in temperature can induce a drift of the so-
lutes to hot or cold regions. Considerable effort has been
devoted to develop predicting theories to explain such be-
havior. Some theoretical approaches have allowed us to gain
a deeper understanding of these thermal transport phenom-

ena [9-11]. However, a full predictive theory of thermophore-
sis and thermodiffusion is still outstanding. In this sense,
non-equilibrium computer simulations are of significant inter-
est, as they can predict Soret coefficients, heats of transport
or Seebeck coefficients in solutions, using as input state of
the art forcefields [12].

In this contribution, I discuss the applicability of non-
equilibrium molecular dynamics (NEMD) simulations to
study molecular fluids under thermal gradients. NEMD serves
as a microscopic platform to investigate and predict the non-
equilibrium response of fluids and to address fundamental
questions of fluids out of equilibrium, such as local equilib-
rium, local temperature, or coupling of molecular internal
degrees of freedom with heat fluxes.

II. SIMULATING THERMAL GRADIENTS

The application of computer simulations to non-
equilibrium phenomena has expanded considerably the scope
of theoretical studies of thermodiffusion, as well as the com-
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Fig. 1. Simulation set up employed to generate thermal gradients in NEMD simulations. The magenta and cyan regions represent the hot and
cold thermostats, respectively. JQ is the heat flux. The fluid consists of water molecules (red - oxygen, white - hydrogen). Figure adapted

from reference [18]

putation of thermal transport properties. Non-equilibrium
molecular dynamics simulations (NEMD) provide a powerful
tool to investigate complex fluids under thermal gradients.
NEMD is a microscopic approach that relies on the knowl-
edge of position and momenta of individual particles. Fol-
lowing the seminal work on non-equilibrium simulations in
the 1970’s by Hoover and Evans [13, 14], several methods
have been proposed and improved to simulate systems under
thermal gradients (see e.g. ref. [15]). This section focuses on
the simulation of explicit thermal gradients as a route to ob-
tain thermal transport properties of fluids. We note that Evans
introduced a homogenous method that relies on an extension
of the linear response theory, which allows the computation
of the thermal conductivity without an explicit temperature
gradient [16]. In this approach, the heat flux is generated by
applying a fictitious heat field instead of a temperature gradi-
ent. Large values of heat fields result in instabilities that are
connected to the generation of shock waves. Corrections to
address this problem were reported in ref. [17].

Figure 1 shows one possible implementation of a ther-
mal gradient in an NEMD simulation. Distinct boundary
regions are introduced in the simulation box to modify the
internal energy of the particles and hence to set up the ther-
mal gradient. These boundary conditions are widely used in
NEMD simulations [19-22], as they allow the implementa-
tion of fully periodic cells. In the approach represented in
Figure 1 two thermostats are employed, one in the middle
of the simulation cell, where the particles are thermostatted
at a temperature T1, and another one at the edges of the cell,
where the particles are themostatted at temperature T2 > T1

(see Figure 1). The thermostatting is performed conserving
the linear momentum of the system. The coordinates of the
particles do not change between thermostatting events and
the change in kinetic energy is equal to the change in internal
energy. The use of thermostats offers advantages as one can
define precisely the temperature range to be investigated in
the non-equilibrium simulation. Different thermostats can be
employed: simple re-scaling, where the old velocities are re-
scaled via, vi,new = χvi,old, with χ =

√
Kt/Kold being the

ratio between the "old" and the "target" temperatures. More
sophisticated canonical thermostats [23] can also be imple-
mented in the simulations [22]. It has been found in a wide
range of fluids that the results are fairly independent of the
thermostat employed. The method shown in Figure 1 induces
two heat fluxes that act in opposite directions. The average
heat flux can be obtained from the continuity equation,

JQ =
〈∆U〉
2δtA

(1)

where 〈∆U〉 is the average change of internal energy (kinetic
energy) in the thermostatting process, δt is the simulation
time step andA the cross-sectional area of the simulation box.
The heat flux can then be used to compute the thermal con-
ductivities using Fourier’s law, λ = −Jq/∇T . Additionally,
the heat flux can be calculated using the statistical mechan-
ics equation proposed by Irving and Kirkwood (IK) [24]. In
most simulations the computations of pressure tensors are
performed with a simplified vs. of the IK equation, sometime
referred to a IK1, that is exact for fluids with uniform density.
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Fig. 2. (Left) Sketch of the states generated in a non-equilibrium simulation, where the thermal gradient induces a density gradient, while
the pressure is constant along the simulation cell. The system is under non-equilibrium conditions, but we can define locally the density
and temperature, and from this construct an equation of state along an isobar. (Right) Equation of state of TIP4P-2005 water obtained
from NEMD and equilibrium (NPT) simulations in the isothermal-isobaric ensemble. The NIST data are included as a reference of the

experimental behavior. Figure adapted from reference [29]

For strongly inhomogeneous fluids featuring large changes in
density, e.g. fluids next to walls, the IK1 equation becomes
inaccurate. In this case the method of planes can be used
to calculate the pressure tensor [25]. The approximate equa-
tion IK1 has been tested extensively in computations of the
heat flux in fluids under thermal gradients, which due to ther-
mal expansion, do also involve density gradients. It has been
shown that the IK1 equation predicts heat fluxes in agree-
ment with those calculated from the continuity equation (see
refs. [15, 26]).

The thermal gradients employed in NEMD simulations
are typically rather large, ∼ 1010 K/m. Such gradients reduce
significantly the impact of thermal fluctuations and lead to
a good increase of the signal to noise ratio. In fact, the at-
tempt to improve this ratio was one of the key motivations
behind the development of non-equilibrium techniques. Early
studies of thermal transport properties relied on the use of
the equilibrium Green-Kubo approach. The lack of enough
statistics resulted in poor signal-to-noise ratios. Despite the
large thermal gradients employed in NEMD simulations, it
has been shown that the response of the fluids to the thermal
gradients is in most cases in the linear regime. This notion can
be conveniently tested by calculating the dimensionless num-
ber, ∇TT−1a, where a is the characteristic length defining
the heat transport. For fluids, a is about one molecular diam-
eter, hence, ∇TT−1a << 1, indicating that the transport is
defined mostly in the diffusive regime.

One advantage of the NEMD numerical studies is the
possibility of computing local properties, such as density and
temperature. This fact makes it possible to calculate the equa-

tion of state of a fluid in a single simulation (along an isobar),
and to assess any possible deviations of this “non-equilibrium”
equation of state from the equilibrium one. This analysis is
relevant to address the validity of fundamental principles
employed in the Non-Equilibrium Thermodynamics theory,
such as the local equilibrium hypothesis (LEH) [28]. This
hypothesis states that although the whole system is not at
equilibrium, there exists, within a small region, a state of
local equilibrium, where the entropy follows from the Gibbs
equation, Tds = du + pdv −

∑n
i=1 µidci, where n is the

number of components in the system of interest. According
to this hypothesis, the entropy in the non-equilibrium sys-
tem could be described in terms of the same thermodynamic
properties that apply to the true equilibrium state, namely,
the internal energy (u), the specific volume (v),the pressure
(p), the chemical potential (µi) and the mass fraction (ci).
Computer simulations provide a route to test numerically this
hypothesis, e.g. by comparing the equation of state generated
from NEMD with that obtained from equilibrium simula-
tions. Figure 2 shows such a comparison for water, which is
modeled in this example using the TIP4P-2005 model. The
application of a thermal gradient in the NEMD simulation
results in a density gradient, whose magnitude is determined
by the thermal expansion of the fluid. One can show that
the temperature and density follow the equation of state at
equilibrium (See Figure 2), hence supporting numerically, the
description of the properties of non-equilibrium systems with
equilibrium properties. The TIP4P-2005 model is particularly
accurate, as it can be inferred by comparing the simulated
results with the experimental ones (c.f. National Institute of
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Standards and Technology database (NIST), NPT and NEMD
data in Figure 2).

III. CALCULATING TEMPERATURES

NEMD simulations involving thermal gradients require
the computation of the temperature. As this is done in a non-
equilibrium system, a definition is needed. Such a definition
is implicit in the simulations discussed above, for which the
equipartition principle was employed. However, the definition
of the temperature away from equilibrium has motivated a
number of interesting works and discussions. Reference [30]
is of particular interest in this context. One important ques-
tion is whether different definitions of the temperature can
provide the same results. Again NEMD allows a numerical
test of this question.

The equipartition principle states that,

1

kBTkin
=

〈
3N∑N
i=1

p2
i

mi

〉
(2)

where mi and pi are the mass and momentum of particle i,
N is the total number of particles, and the brackets indicate
an ensemble average. In equation (2) we are considering an
atomic fluid (hence 3 degrees of freedom per atom). Other
definitions for the temperature can be derived using statistical
mechanics [31]. Consider a general property, X(rN ) that is a
function of the particle coordinates [32],〈

X(rN )
∂VN
∂ξi

〉
=
kBT

ZN

∫
· · ·
∫
∂X(rN )

∂ξi

× exp(−βVN )dr1 · · · dξi · · · drN
(3)

where VN represents the total potential energy for N parti-
cles, and ξi are the cartesian coordinates of particle i. From
equation (3) it follows,〈

X(rN )
∂VN
∂ξi

〉
= kBT

〈
∂X(rN )

∂ξi

〉
(4)

which is the Yvon’s theorem. [32]. Applying this equation
when X is equal to the force, F , we get,

1

kBT
=

〈
∇2VN

〉〈
|F|2

〉 (5)

which is connected to,

1

kBTconF
= −

〈∑N
i=1∇i · Fi

〉
〈∑N

i=1 F
2
i

〉 (6)

where, ∇i = (∂/∂xi, ∂/∂yi, ∂/∂zi) and xi, yi and zi are
the cartesian coordinates of particle i. Equation (6) has been
used in computer simulations in the canonical ensemble [33],
and in non-equilibrium simulations of fluids under thermal
gradients [34, 35]. Other definitions of the configurational
temperature have also been proposed [33],

1

kBTcon1
= −

〈∑N
i=1∇i · Fi∑N
i=1 F

2
i

〉
, (7)

which should be exact in the thermodynamic limit. How-
ever, equation (7) features a strong dependenceO(1/N) with
system size.

Although configurational temperatures, e.g. equation (5),
have been known for some time, the interest in using
these temperatures in simulations was triggered by Rugh’s
work [36]. The configurational temperatures have later been
used in experimental studies concerned with colloids under
confinement since they provide an approach to test colloid-
surface interactions [37].

Figure 3 shows temperature profiles for a Lennard-Jones
fluid at high density (average density ρ = 0.7 in reduced
units) obtained from NEMD simulations. Clearly, the config-
urational (conF) and kinetic (kin) routes are fully consistent
with non-equilibrium conditions, while approximate defini-
tions of the configurational temperature (eqn. (7)) result in
large deviations [35]. This discrepancy is connected to the
large dependence of some of these equations with system
size. This dependence becomes very important when the sam-
pling involves small volumes (and few particles), such as the
ones used in NEMD simulations to calculate local properties
(see Figure 2). Figure 3 also shows the thermal conductivity
extracted from the temperature profiles and Fourier’s Law.
The thermal conductivity is computed in this case on a local
basis, using values of local thermal gradients. The agree-
ment between the configurational and kinetic route (letting
aside the approximate configurational equation, which shows
again large deviations) is excellent. The comparison with
equilibrium data obtained from the Green-Kubo (GK) (NVE
ensemble) relation provides also another test of the NEMD
approach to predict equilibrium properties by sampling local
volumes. Indeed both GK and NEMD results are in excellent
agreement, showing that the notion of local properties is also
supported by equilibrium and non-equilibrium computations
of transport properties.

IV. COUPLING EFFECTS AND INTERNAL
VARIABLES

Heat transport in fluids of anisotropic particles features an
interesting physical behavior, which arises from the coupling
of internal degrees of freedom, such as the molecular orienta-
tion and heat fluxes. We considered such coupling effects in
fluids consisting of anisotropic dumbbells with asymmetry in
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Fig. 3. (Left) Temperature profiles calculated with equations (2), (6) and (7). The red (hot) and blue (cold) areas represent the position of the
thermostats. (Right) Thermal conductivity calculated from Fourier’s law using local thermal gradients from the profiles represented on the
left. GK refers to thermal conductivities obtained from the Green-Kubo equation. The Lennard-Jones potential cutoff is 5σ, where σ is the

atom diameter and the simulations were performed with systems consisting of 8000 particles. Data taken from reference [35]

size and/or mass [38]. The coupling of the internal degrees of
freedom with the heat flux has interesting consequences. The
main one is the possibility of inducing a preferred orientation
in the fluid using a thermal gradient. This physical effect can
be justified using Non-Equilibrium Thermodynamics. The
energy needed to maintain a given orientation, defined by
the vector n (see Figure 4), in a molecule is E = k 〈n〉2 /2,
where k is a force constant. Using this energy it is possi-
ble to derive the linear flux-force relations that describe the
non-equilibrium behavior of the molecular fluid,

∂ 〈n〉
∂t

= −Lnn
T

k 〈n〉 − Lnq
T 2
∇T (8)

Jq = −Lqn
T
k 〈n〉 − Lqq

T 2
∇T (9)

where Lαβ are the phenomenological coefficients and Lnq =
Lqn fulfill the Onsager reciprocal relations. Solving these
equation for the stationary state, ∂ 〈n〉 /∂t = 0, we get [38],

〈n〉 = −C∇T
T

(10)

where C = Lnq/(kLnn). Equation (10) predicts a linear de-
pendence of the orientation with the thermal gradient. Also,
the orientation is predicted to vary with the inverse of the
temperature. As we will see below this dependence does not
always result in a weaker orientation as the temperature in-
creases. In fact, the proximity of the fluid to a critical point
can reverse such dependence, and the response can increase
significantly even at high temperatures.

Figure 4 shows NEMD simulation results that illustrate
the thermal orientation effect in a system consisting of dumb-
bell particles where the two sites have the same mass but
different size, namely, σ22/σ11 = 1/2. This molecular fluid
features the thermal orientation effect, consistent with the
Non Equilibrium Thermodynamics predictions. The thermal
orientation increases with the strength of the thermal gradient,
and it does so (see ref. [38]) linearly, as predicted by equa-
tion (10). The orientation depends significantly on the thermo-
dynamic conditions. For this model, the orientation becomes
stronger at higher/lower packing fractions/temperatures.

One consequence of the thermal orientation coupling is
the modification of the thermal conductivity of the fluid. Ac-
cording to Non-Equilibrium Thermodynamics theory,

λ =
1

T 2

(
Lqq −

LnqLqn
Lnn

)
, (11)

hence the thermal conductivity is determined by three phe-
nomenological coefficients,Lqq ,Lnq = Lqn andLnn. Hence,
a computation via the Green-Kubo method will require the
calculation of three independent correlation functions. From
this perspective, NEMD offers a more practical approach to
computing thermal conductivities, since this property can be
obtained for a range of thermodynamic states using a “single"
simulation by exploiting the local character of the transport
properties (see Fig. 3).

The coupling effects, between molecular internal degrees
of freedom and heat fluxes, can be extended to situations
where more than one external field, e.g. thermal and gravita-
tional, is applied to the system of interest [39]. This idea has
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Fig. 4. (Left) Sketch of dumbbells consisting of tangent spheres of different size or mass (m1, m2). The fractions indicate the size ratios, and
the equation represents the pair interaction between the dumbbell sites. The arrow denotes the vector ~n that defines the orientation of the
molecules. (Right) Dependence of the orientation induced by the thermal gradient with packing fraction/temperature. The results correspond
to dumbbells with size ratio 1/2 (see snapshot superimposed on the figure) and data for three thermal gradients are shown. Figures adapted

from reference [38]

been used to disentangle the contributions of temperature and
density gradients to the overall fluid thermal orientation.

Coupling of internal degrees of freedom with heat fluxes
is of particular interest in water. The coupling results in the
polarization of the fluid, and consequently, in a thermally
induced electrostatic field. Using the Non-Equilibrium Ther-
modynamics theory in a similar way as shown above for
dumbbell fluids, it is possible to derive an equation that con-
nects the electrostatic field, E, to the thermal gradient [40],

E =

(
1− 1

εr

)
Lpq
Lpp

∇T
T

= STP∇T (12)

where Lαβ represents again the phenomenological coeffi-

cients, εr, is the permittivity of the solvent and STP is the
Thermo-polarization coefficient. Equation (12) is remarkably
similar to the equation defining thermoelectric effects, and
STP in equation (12) would play an equivalent role as the
Seebeck coefficient [28].

NEMD simulations offer an efficient approach to quantify
the coefficient STP and therefore the strength of the polariza-
tion effect. The dependence of the magnitude and sign of this
coefficient with temperature and density is fairly complex.
It has been observed that the coefficient changes sign with
temperature [27]. The sign of the coefficient is defined by a
balance of dipolar and quadrupolar terms, which contribute

to the electrostatic field of water. The quadrupolar term de-
pends strongly on the thermal expansion and dominates the
polarization response of water at high temperatures.

The thermally induced polarization increases significantly
upon approaching a critical point. This effect is connected
to the large increase of the thermal expansion near criti-
cality conditions and the eventual divergence of this prop-
erty. The increase of the polarization response along the
critical isochore can be described well with the equation,
|STP | = (1−Tc/T )−γ . This equation follows the same tem-
perature dependence observed in other response properties
(thermal expansion or isothermal compressibility) of water
as the temperature approaches the critical point [22]. The
exponent γ = 1.239, corresponds to the universality class
of Ising-like systems, such as water, and describes well the
increase of the thermo-polarization coefficient near critical
conditions (see inset in Figure 5).

V. CONCLUSIONS AND FINAL REMARKS

Non-Equilibrium Molecular Dynamics (NEMD) simu-
lations offer a powerful approach to investigate the non-
equilibrium response of molecular fluids to thermal gradi-
ents. NEMD simulations have been used to test the validity
of the local equilibrium hypothesis. It is found that a wide
range of systems follow a linear response, and it is possible
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Fig. 5. (Left) Variation of the thermo-polarization (TP) coefficient in TIP4P-2005 water as a function of temperature and density. The
white region corresponds to coexistence conditions. The full and dashed lines represent the coexistence line, and the point is an estimate of
the critical point for this water model. The “reversal" region indicates the area of the temperature/density plane where the TP coefficient
changes sign. The color code shows the magnitude of the TP effect, see color code in the figure. (Right) Variation of the TP coefficient
along different isochores, including the critical one (ρ =0.31 g/cc). The inset shows the dependence of the coefficient (in absolute value)

with the distance to the critical point, 1− Tc/T . The slope of the line is 1.239. Figures reproduced from reference [22]

to describe their local behavior using equilibrium properties.
This fact brings some benefits, as it is possible to quantify
efficiently thermophysical properties (equations of state, ther-
mal conductivities) using a single NEMD simulation. NEMD
simulations under thermal gradients rely on the computation
of local temperatures. Numerical simulations have shown
good agreement between kinetic and configurational tempera-
tures, and support the use of the kinetic definition to calculate
temperatures in standard NEMD simulations.

The coupling of internal degrees of freedom and heat
fluxes gives rise to interesting non-equilibrium effects, such
as molecular orientation of non-polar fluids and water. The
coupling of internal degrees of freedom and heat fluxes raises
some questions regarding the use of standard Green-Kubo
equations in molecular fluids, in particular, the need to include
additional contributions in the Green-Kubo computations, in
order to take into account the coupling effects. Further work
in this direction would be desirable.

Future developments in the thermal polarization of water
may focus on NEMD simulations near critical conditions,
where there is now evidence supporting the possibility of
inducing significant polarization responses using modest ther-
mal gradients. Indeed, NEMD simulations indicate that ther-
mal gradients of∼ 106−8 K/m, which can be generated easily
at the nanoscale using metallic nanoparticles, could induce
electrostatic fields of ∼104−6 V/m. Such predictions await
experimental verification. Light scattering techniques [41]
could be helpful to advance experimental studies of these
fascinating non-equilibrium phenomena.
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