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I.  INTRODUCTION 
 

 One of the oldest chapters of the engineering sciences, 
the hydromagnetic fluid flow in porous media due to its 
rapid expanse and widespread industrial and environmental 
applications, is still a subject of current research interest. 
Special attention has been paid to the internal flows of 
a hydromagnetic fluid in ducts and channels filled with 
porous media. It was observed that generally natural 
channels have permeable beds such as gravel-bed rivers 
and generally all researchers have usually considered 
a permeable bed as an impermeable bed and flow resis-
tance coefficients and velocity distributions were derived 
irrespective of bed porosity. Less study has been under-
taken on the hydromagnetic fluid through porous media in 
a channel having permeable beds. The effects of interaction 
between the two flow regions are a non-zero velocity at the 

permeable boundary due to the existence of turbulent ex-
change of mass and momentum. An early study in this di-
rection was presented by Wang [1] and became a fulcrum 
of new research in fluid dynamics using porous media. He 
investigated a pulsatile flow through porous medium bounded 
by rigid walls. Here we present a different discussion than 
that of Wang [1], which is actually an extension of Malathy 
and Srinivas [2] approach to porous media with changed 
unsteady pressure gradient. Jagadeeswara Pillai et al. [3] 
studied the aligned magnetic effects on a steady laminar, 
viscous, incompressible, conducting fluid under varying 
bed permeability and used the Darcy’s law in the porous 
medium. Vajravelu et al. [4] examined the unsteady flow of 
two immiscible conducting fluids between permeable beds 
of different permeabilities. Thereafter Vajravelu et al. [5] 
discussed pulsatile flow between and through two perme-
able beds and showed the resulting velocity field pictorially 
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for different values of the parameters. Later, Malathy and 
Srinivas, [2] extended it for a hydromagnetic fluid with 
uniform suction and injection through the permeable beds 
and illustrated graphically for different choices of ,M  the 
Hartman number. They applied the velocity field with a sup-
position of a uniform magnetic field in a direction normal to 
the flow. Chandra and Prasad [6] studied the pulsatile flow 
in circular tubes of varying cross section with permeable 
wall. Suction and injection are permissible for the fluid 
velocity through the wall and flow in a direction normal to 
the wall. Beavers and Joseph [7] investigated a slip condition 
at the nominal surface of the permeable bed. 
 Recently, MHD studies have become a useful tool for 
researchers due to its wide applications. Makinde [8] pre-
sented the combined effects of a transverse magnetic field 
and heat transfer on unsteady flow of a conducting fluid 
through a channel filled with saturated porous medium. 
Raptis et al. [9] have analyzed hydromagnetic free con-
vection flow through a porous medium between two 
parallel plates. Hemida et al. [10] studied the heat transfer 
in laminar pulsating flow in which the pulsation amplitude 
does not allow flow reversed. Berman [11] investigated the 
laminar, two-dimensional flow of a viscous fluid driven by 
uniform injection (or suction) in a rectangular channel with 
porous walls. More applications can be found in [12-19]. 
Elshehawey et al. [20] considered the motion of blood as 
an incompressible Newtonian fluid saturating porous 
medium under the influence of body acceleration. Ogulu 
and Amos [21] examined the blood flow of a Newtonian 
fluid through a porous medium in a cardiovascular system 
under pulsatile pressure gradient. The behavior of wall 
permeability has been explained for different cases for the 
flow inside the permeable wall and is described by means 
of volume-averaged Navier-Stokes equations [22]. 
 In the present work, we consider the hydromagnetic 
flow through a porous medium between two permeable 
beds. An exponential decaying pressure gradient and a uni-
form magnetic field in a direction normal to the flow satu-
rated porous medium between and through permeable beds 
has been considered. Two governing equations Navier-
Stokes equations and Darcy’s law have been employed for 
the flow between and through the permeable beds, respec-
tively. Analytical solutions to the velocity field and mass 
flux are obtained. These results are presented in a graphical 
form for different choices of ,M 1 ,Da−  n, ,σ ,α  R  and .t  
 
 

II. MATHEMATICAL  ANALYSIS 
 
 Consider the flow of a viscous incompressible fluid 
through and between two permeable beds apart from unit 

distance with different bed permeabilities 1k  and 2.k  The 
uniform magnetic field in a direction normal to the flow 
through a porous medium is considered. Injection from 
lower permeable bed and suction through upper permeable 
bed of the fluid with the same velocity in the presence of 
porous medium and the uniform magnetic field are carried 
out. Two governing equations Navier-Stokes equations and 
Darcy’s law are employed for the flow between and through 
the permeable beds, respectively. The flow is driven by 
pressure gradient which comprises a steady and an expo-
nential decaying component in the axial direction, 

  1 ntp A Be
x

−∂ = +
∂ρ

,  (2.1) 

where ,A  B  and n  are constants in which the last is posi-
tive, ρ  is the density, p  is the pressure and t  is the time.  
 The governing momentum equations and related bound-
ary conditions for the incompressible Navier-Stokes equa-
tions can be shown to reduce to the following form for the 
MHD flow regime: 

 
 

0,u v
x y

∂ ∂+ =
∂ ∂  (2.2) 

  

* 22
0

2
1 ,B uu u p uV v u

t y x ky
σ ν

ρ ρ
∂ ∂ ∂ ∂+ = − + − −
∂ ∂ ∂ ∂   (2.3) 

  
0 ,p

y
∂=
∂  (2.4) 

  1 at 0Bu u y= =
 (2.5) 

  
( )1 1

1
 at 0B

du u Q y
dy k

α= − = ,   (2.6) 

  2  at Bu u y h= = , (2.7) 

  ( )2 2
2

 at  ,B
du u Q y h
dy k

= − − =α   (2.8) 

where u  is the velocity component in x -direction, V  the 
suction/injection velocity, ν  is the kinematic viscosity, *σ  
is the electrical conductivity, 0B  is the magnetic field, k  
the porosity parameter, 1k  and 2k  are the permeabilities of 
the lower and upper beds respectively, 1 1h kσ =  and 

1 2h kσ =  are dimensionless parameters, 1Bu  and 2Bu  
are the slip velocities at the lower/upper beds, respectively, 
α  is the slip parameter, h  is the width of the channel, 

( )1 1 /Q k p xμ= − ∂ ∂  and ( )2 2 /Q k p xμ= − ∂ ∂  are the Dar-
cy’s velocities, respectively. 
 We separate all the above equations into a steady part 
and an unsteady part represented by a bar ( )−  and a tilde 
( )~  respectively, they become 
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II.1.  Steady part 

  0,u
x

∂ =
∂

 (2.9) 

  
* 22

0
2

B uu uV A v u
y ky

σ ν
ρ

∂ ∂= − + − −
∂ ∂

, (2.10) 

  1  at 0,Bu u y= =  (2.11) 

  ( )1 1
1

 at  0B
du u Q y
dy k

α= − = , (2.12) 

   at  ,2u u y hB= =
 

(2.13) 

  ( )2 2
2

 at ,B
du u Q y h
dy k

α= − − =
 

(2.14) 

where  

  1 2
1 2,   .k A k AQ Qρ ρ

μ μ
= − = −  

 
II.2.  Unsteady part 

  0,u
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∂ =
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(2.15) 
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(2.16) 

  1  at  0Bu u y= = , (2.17) 

  ( )1 1
1
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  2  at ,Bu u y h= =  (2.19) 
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 at B
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where  
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III.  DIMENSIONLESS  FORM 
 
III.1.  Steady part ( )* 
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1
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* 2
2 *0  , ,B h xM x

V h
σ

ρ
= =  * ,yy

h
=   
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III.2.  Unsteady part ( )* 
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 ,  , 
/ /

B h Q QM Q Q
V h B v h B v

σ
ρ

= = = ,  

* ,yy
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=  where 1 .B B= −  

 Using the above dimensionless quantities, equations 
(2.9)-(2.20) yield: Ignoring the asterisks ( )*  for clarity, we 
obtain the dimensionless governing equation. 
 
III.3.  Steady part 

  
0u

x
∂ =
∂

, (3.1) 

  

2
2

2
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, (3.2) 

  1 at 0Bu u y= = , (3.3) 

  1 1 2
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du Ru y
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where  

   1
1

,  ,  Vh hR
v k

σ= = and 2
2

 .h
k

σ =  

 
III.4.  Unsteady part 

  0u
x

∂ =
∂

, (3.7) 
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2
2

2 .1 ntu u uR M R u e
y t Day

−∂ ∂ ∂ ⎛ ⎞− − − + = −⎜ ⎟∂ ∂∂ ⎝ ⎠
 (3.8) 

Assuming ( ) ntu f y e−= , the above equation yields 

  
( ) ( ) ( ) ( )'' ' 2 1 1f y Rf y nf y M R f y

Da
⎛ ⎞− + − + = −⎜ ⎟
⎝ ⎠
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( ) ( )'' ' 2 1 1f y Rf y M R n f

Da
⎛ ⎞⇒ − − + − = −⎜ ⎟
⎝ ⎠

,  (3.9) 

and letting  

    ( ) ( )1 1 2 2 ,   nt nt
B Bu f y e u f y e− −= = . 

The boundary conditions reduce to 

  1  at  0f f y= = , (3.10) 
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  2  at  1f f y= = , (3.12) 
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⎝ ⎠
. (3.13) 

 
 

IV.  ANALYTIC SOLUTION 
 
IV.1.  Steady part 

 Using boundary conditions (3.3)-(3.6), we get the ve-
locity field by solving (3.2) as 
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and the slip velocities are given by 
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IV.2.  Unsteady part  

 Using boundary conditions (3.10)-(3.13), we get the 
velocity field by solving (3.9) as 
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The unsteady part of the velocity is expressed as 

  ( ) ntu f y e−=
 

(4.11) 

and the slip velocities are given by 
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IV.3.  Velocity of the fluid 

 The fluid velocity is given by the sum of steady and 
unsteady part of the velocity profile 
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where unknowns are stated above.   
 
 

V.  DEDUCTIONS 
 
V.1. The velocity field for 1 2 1 2( . . )= = = =k k k i e σ σ σ . 

V.1.1.  Steady part 
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and the slip velocities are given by 
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V.1.2. Unsteady part  
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The slip velocities are given by 
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V.2.  The velocity field for 1 2,k k  tending to zero 

V.2.1. Steady part 
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and the slip velocities 1Bu  and 2Bu are zero. 

V.2.2. Unsteady part 
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where   
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The slip velocities 1Bu  and 2Bu  are zero. 

 
V.3.  The velocity field for zero injection i.e. R = 0 

 The unsteady part of the velocity u  in (4.11) reduces to 
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where 
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VI.  MASS  FLOW 
 
 The instantaneous Mass Flux Q  of unsteady velocity 
field is given by 
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VII.  SHEAR  STRESS 

  We obtain the shear stress τ  at the lower as well as 
upper permeable beds 0τ  and 1τ  using 
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VIII.  DISCUSSIONS 
 
 Unsteady and steady state velocity fields and volume 
flux of the flow of a hydromagnetic fluid through a porous 
medium between permeable beds are calculated analyti-
cally and presented graphically. Steady state velocity 
profiles (Figs. 1, 2, 3) have been considered for various 

1, Da−σ  and M  for corresponding fixed 1, ,R Da−α  and 
;M  , ,  Rα σ  and M  and , ,Rα σ  and 1Da−  respectively. 

We have found that an increasing porosity parameter σ  
(Fig. 1) and decreasing inverse Darcy number 1Da−  
(Fig. 2) decreases the velocity field and the velocity field 
attains its maximum in the middle of the bed. Figure 3 
declares that an increasing M  decreases the velocity 
profile. All are parabolic in nature attaining its maximum 
between the beds ( )0 1 .y≤ ≤  Unsteady state velocity 
profile has been plotted for various parameters in Figures 4 
to 10. It can be seen there that an increasing porosity 
parameter σ  decreases the velocity profile (Fig. 4) for 

0n =  (that is for constant pressure gradient) and becomes 
closer to upper permeable bed. On comparing Figs. 5 and 6 
the velocity profile decreases with an increament in .n  An 
increase in the Hartman number  M  results in a reduction in 
the velocity field (Fig. 7) and an increasing n  results in 
a decreasing velocity profile (Figs. 7 and 8). From Figs. 9 
and 10 it is noticed that the velocity profile lifts up for 
increasing inverse Darcy number towards upper permeable  



B.G. Prasad, A. Kumar 70

 

  
Fig. 1. Steady state velocity profile for 

α = 0.5, = 2, σ = 5, = 1R M  
Fig. 2. Steady state velocity profile for 

α = 0.5, = 2, σ = 5, = 1R M  
 
 

 

 
 

 
Fig. 3. Steady state velocity profile for 

-1α = 0.5, = 2, σ = 5, = 1R Da  
Fig. 4. Unsteady velocity profile for 

-1= 1, = 0.1, = 10, = 0,M Da R n   0.5, 0.5t α= =  
 

 

 

 

 

 
Fig. 5. Unsteady velocity profile for 

-1= 1, = 0.1, = 10, = 1,M Da R n  0.5, 0.5t α= =  
Fig. 6. Unsteady velocity profile for 

-11, 0.1, 10, 2,M Da R n= = = =  0.5, 0.5t α= =  
. 

–
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Fig. 7. Unsteady velocity profile 

for 15, 0.1, 2, 1, 1.5, 0.5Da R n tσ α−= = = = = =  
Fig. 8. Unsteady velocity profile for 

15, 0.1, 2, 2,  1.5, 0.5Da R n tσ α−= = = = = =  
 
 

 

 
 

 
Fig. 9. Unsteady velocity profile 

for 25,  1, 10, 1,  1.5, 0.5M R n tσ α= = = = = =  
Fig. 10. Unsteady velocity profile for 
25, 1, 10, 2, 1.5, 0.5M R n tσ α= = = = = =  

 
 

 

 
 

 
Fig. 11. Mass flux flow for 

5, 1,  1.5,  25 and 1 n t Mα σ= = = = =   
Fig. 12. Mass flux flow for 

15, 0.1, 1, 1.5, 25  Da n tα σ−= = = = =   
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Fig. 13. Mass flux flow for 

15, 0.1, 2, 1.5, 25  Da n tα σ−= = = = =   
Fig. 14. Velocity profile for 1 0.1, 1,Da M− = =  

0.5, 10, 1R nα = = =  and 1t =  
 
 

 

 
 

Fig. 15. Velocity profile for 1 0.1, 2,Da M− = =  
0.5, 10, 1R nα = = =  and 1t =  

Fig. 16. Velocity profile for 1 0.1, 3,Da M− = =  
0.5, 10, 1R nα = = =  and 1t =  

 
 

 

 

Fig. 17. Velocity profile for 5, 1,Mσ = =  
0.5, 10, 1R nα = = =  and 1t =  

Fig. 18. Velocity profile for 5, 2,Mσ = =  
0.5, 10, 1R nα = = =  and 1t =  



Flow of a Hydromagnetic Fluid through Porous Media between Permeable Beds… 73

 

Fig. 19. Velocity profile for 5, 3,Mσ = =  
0.5, 10, 1R nα = = =  and 1t =  

 
 
bed. Mass flow has been presented in Figures 11, 12 and 13 
for different cases. Mass flow profile (Fig. 11) illustrates 
that it is initially increasing and then decreasing with an 
increase in R  and the flow profile attains its maximum at 

1R =  for 1 10.Da− =  The smallest inverse Darcy number 
( 1 0.01Da− = ) makes the flow field negligibly small. 
Figures 12 and 13 show in such a way that an increasing 
mass flow in the beginning decrease with an increase in R  
for the varied Hartman number M  crossing the flow one 
another at about (1.9, 0.012) and (1.9, 0.003) respectively.  
 The fluid velocity profile ,q  which is the sum of steady 
and unsteady part of the velocity profile, has been exhibited 
for  increasing  porosity parameter σ  and the inverse 
Darcy number 1Da−  in the figures from 14 to 19. The 
influence of the Hartman number M  has been displayed in 
the figures drawn for the velocity profile .q  It is seen in 
Figures 14, 15 and 16 that an increasing porosity parameter 
σ  decreases the fluid velocity q  and their nature depends 
upon the variation of the Hartman number .M  For 1M =  
the velocity increases with an increase of y  and 
approaches its maximum peak at about 0.8y =  near the 
upper permeable bed and then decreases but in the next 
figures (Figs. 15 and 16), the behavior of the fluid 
velocities for 5=σ  changes and becomes just opposite to 
those for  10, 15 =σ and 20. These figures (14, 15 and 16) 
show that increasing Hartman number  M  decreases the 
velocity profile .q  The last three figures (Figs. 17, 18 and 
19) have been depicted for an increasing inverse Darcy 
number 1Da−  against .y  Figure 17 shows that an increas-
ing inverse Darcy number decreases the velocity .q  Here 
the velocity profile increases with increase in y  and 
reaches its maximum in the region 0.8 0.9y≤ ≤  close to 
upper bed then decreases. Hence, once again, the velocity 
is at its peak near the upper permeable bed. Figures 18 and 
19 have been presented for  2 and  3,M =  which make the 

velocity curve concavity upward and are just opposite to 
the previous one. In this case the fluid velocity decreases 
first and reaches its minimum near the upper permeable 
bed at about 0.8y =  then increases. It is noticed that the 
fluid velocity near the lower permeable bed is greater than 
those near the upper permeable bed. All the graphs have 
been drawn with the help of Matlab.  
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