
COMPUTATIONAL METHODS IN SCIENCE AND TECHNOLOGY 17(1-2), 35-40 (2011) 
 

Symbols 
h(t) – hazard rate function 
f (t ) – density function 
F(t) – cumulative distribution function (CDF) 
R(t) – reliability function 
MMD – modified Makeham distribution 
 
 

I.  INTRODUCTION 
 
 The difficulty of determining the distribution for the 
sum of independent random variables appears in the 
renewal process. The problem can be easily solved when 
underling lifetime distribution is of the so called “infinitely 
divisible” type. The distribution is said to be of this type if 
the sum of independent random variables follows the same 
distribution as the components do. Unfortunately, the mo-
dified Makeham distribution, which can be used in lifetime 
modeling [8], is not of this type. This paper shows how 
reliability problems in which sums of independent random 
variables with the modified Makeham distribution appear 
can be approximated. 
 
 

II.  MODIFIED  MAKEHAM  DISTRIBUTION 
 
 In the literature [1, 3, 4-6, 11] a hazard rate function of 
the Makeham distribution is given by: 
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where a is the scale parameter. It is the distribution to 
which the shape parameter b will be introduced: 
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 Thus defined, the distribution will be called the mo-
dified Makeham distribution (MMD) [8-10]. As a result of 
this modification, for parameter values b < 1, the MMD has 
a bathtub hazard rate function. This is a desired characteris-
tics among distributions used in modeling the lifetime of 
technical objects. Moreover, the MMD is the distribution 
which changes its skewness from a positive to a negative 
value as the shape parameter goes from zero to infinity. 
 The cumulative distribution function of the MMD will 
be determined using the formula [1]: 
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By substituting (2) into (3) we obtain: 
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Knowing that  

 ( )( ) dF tf t
dt

=  (5) 

the density function is given by the formula: 
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The basic characteristics of this distribution have been 
discussed in detail in [10].  
 The aim of this paper is the introduce of the method of 
approximation sum of two and three independent random 
variables with the MMD. Appropriate numerical experi-
ments will be conducted. In order to estimate the parameters 
of the distribution, the MMD probability paper will be used. 
 
II.1. Modified Makeham probability paper 

 The probability paper has been extensively used by 
many analysts. The reason for this popularity is the advant-
age that we can plot empirical data on a special graph 
paper, where trends or discrepancies may be easily dis-
covered. The axes of the MMD probability paper are 
derived by performing the linear transforms: 

 [ ]
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Remember that the cumulative distribution function is 
strictly connected with the reliability function of this form: 

 ( ) 1 ( )R t F t= − , (8) 

and based upon (4) and (7) we obtain: 
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III.  SUMS  OF  RANDOM  VARIABLES  
WITH  THE  MODIFIED  MAKEHAM 

DISTRIBUTION 
 

 In this paragraph mathematical equations will be deter-
mined for the distribution of the sum of two and three 
independent random variables with the MMD. The cumula-
tive distribution function for the sum of two independent 
variables with the same distribution is given by the convo-
lution integral [12]: 

  2
0
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t

F t F t u f u du= −∫  (10) 

where F is the cumulative distribution function, and f the 
density function for a random variable. 

 Using the formula (10) let us determine the sum of two 
independent random variables with the MMD (4). 
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Similarly, as noted above, the sum of three independent 
random variables having the same distribution is deter-
mined as follows [12]: 
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where F2 is the cumulative distribution function the sum of 
two independent random variables with the same distri-
bution. 
 In case of three independent random variables with the 
MMD, the cumulative distribution function has a quite 
complicated form: 
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Fig. 1. CDF of the modified Makeham distribution denoted F and 
CDF’s of sums of two and three modified Makeham random 
                       variables denoted F2, F3 (a = 1, b =  3) 
 
 
 It is not possible to find formulas for Fk(t) where k is 
the k-fold convolution of cumulative distribution function 
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of the single lifetime random variable. Numerical calcu-
lation of Fk(t) when k > 3, is extremely time consuming 
and may have inestimable errors. 
 
III.1.  Numerical example  

 Let’s calculate on formulas (11) and (13) sums of two 
and three random variables of MMD. The required calcu-
lations were performed in the Mathcad Professional Appli-
cation. 
 Figures 2 and 3 show the cumulative distribution 
functions of two random variables of MMD for the particu-
lar shape parameter values (a = 1) on the modified Make-
ham probability paper.  
 
 

 
Fig. 2. F2 plotted on the modified Makeham probability paper  

(a = 1, b = 1, 2, 3) 
 
 

 
Fig. 3. F2 plotted on the modified Makeham probability paper  

(a = 1, b = 0.3, 0.5, 0.8) 
 
 
 Figures 4 and 5 show the cumulative distribution func-
tions of three random variables of MMD for the particular 

shape parameter values (a = 1) on the modified Makeham 
probability paper. 

 
Fig. 4. F3 plotted on the modified Makeham probability paper 

(a = 1, b = 1, 2, 3) 
 
 

 
Fig. 5. F3 plotted on the modified Makeham probability paper  

(a = 1, b = 0.3, 0.5, 0.8) 

 
 Obtained results on the MMD probability paper appear 
quite linear so the sum of two and three random variables 
with the MMD having the same parameters can be surro-
gated with the MMD having different parameter values.  
 Let us put forward that the distribution for the sum of k 
(k = 2, 3) random variables of the MMD with the same 
parameters can be surrogated with MMD of which the 
parameters are calculated from the system of equations: 

  1 1,kα kα=  (14) 

  2 2kμ kμ= , (15) 
where k denotes the convolution of k random variables, 1α  
expected value, and 2μ  variance, 1kα  expected value of k 
random variables of the MMD, 2kμ  variance of k random 
variables of the MMD. 
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 By numerically solving the system of equations (14) 
and (15) for the particular shape parameter values (a = 1) 
the estimated values are given in Table 1. 
 
 

Table 1 Estimation parameters the author obtained  
by numerical calculation 

F2 F3 

a = 1 
b 

a e be nω2 
a = 1 

b 
a e be nω2 

1.0 1.779 1.544 0.028670 1.0 2.502 1.992 0.048792 

2.0 1.823 3.044 0.031624 2.0 2.618 3.864 0.044577 

3.0 1.864 4.499 0.026186 3.0 2.708 5.663 0.036989 

0.3 2.292 0.427 0.021067 0.3 3.474 0.537 0.039469 

0.5 1.906 0.756 0.014267 0.5 2.695 0.973 0.025281 

0.8 1.790 1.236 0.014565 0.8 2.508 1.595 0.024494 

 
 

 
Fig. 6. CDF of the sum of two modified Makeham random 

variables (a = 1, b = 1, 2, 3) and its Makeham surrogate 
 

 

 
Fig. 7. CDF of the sum of two modified Makeham random 

variables (a = 1, b = 0.3, 0.5, 0.8) and its Makeham surrogate 

 In order to finalize the verification of that the distribu-
tion of the sum of two and three random variables from the 
MMD with the same parameters can be approximated by 
the MMD with different parameters, for each example the 
Mizes-Smirnov compliance test will be conducted [12]. 
Calculated empirical values of the test statistics are pre-
sented in Table 1. 
 
 

 
Fig. 8. CDF of the sum of three modified Makeham random 

variables (a = 1, b = 1, 2, 3) and its Makeham surrogate 

 
 

 
Fig. 9. CDF of the sum of three modified Makeham random 

variables (a = 1, b = 0.3, 0.5, 0.8) and its Makeham surrogate 
  
 
 Figures 6-9 show that surrogate distribution is accurate 
to approximate the sums of two and three modified 
Makeham random variables. It seems that errors of plots 
are negligible. 
 At the level of significance 0.05α =  comparing the 
obtained empirical values with the critical value of 

2 0.4614nϖ = , there is no reason to reject that sums of two 
and three independent random variables with the MMD can 
be approximated by surrogate distribution. Owing to this 
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MMD distribution can have a wide application in the 
reliability theory.   

 
III.2. Application of the Surrogate Distribution  

to Determine the Renewal Function 

    The renewal function can be approximately determined 
using the formula [2, 7] 

  1 2( ) ( ) ( ) ( ).H t F t F t F t≈ + +  (16) 
Example: 
 In this example we will compare the values of the 
renewal function calculated numerically from the appro-
priate convolution integrals (11) and (13) as well as using 
surrogate distributions.  
 The obtained results are presented in Figures 10 and 11. 
 
 

 

Fig. 10. Comparison between the values of the renewal function 
determined on the basis of convolution integrals of MMD and on 
  the basis of the surrogate distribution for parameters a = 1, b = 2 
 
 

 

Fig. 11. Comparison between the values of the renewal function 
determined on the basis of convolution integrals of MMD and on 
the basis of the surrogate distribution for parameters a = 1, b = 0.5 

Such property as the pseudo-infinite divisibility of the 
MMD can speed up the process of evaluating the renewal 
function. Thus instead of calculating a proper convolution 
integral for each point, one can just obtain approximation 
of the proper parameters for the surrogate MMD and put 
them into the renewal function. 

 
 

IV.  CONCLUSIONS 
 
 There is no doubt that the surrogate MMD, which was 
applied to the components of the renewal function is suf-
ficiently accurate to determine the renewal process. Com-
paring results obtained by computer simulation of the 
convolution integral and by surrogate distribution we can 
conclude that the presented method yields quite the same 
results, which are presented in Figures 10 and 11. Errors 
among these methods are negligible. So it seems that the 
presented method of approximation of sums of two and 
three independent random variables with the surrogate 
MMD distribution is sufficiently accurate for engineering 
purposes. The surrogate distribution turns out to be rela-
tively easy to implement and is surprisingly accurate.  
 The results obtained in this paper are a valuable contri-
bution to reliability practice.  
 
 
References 
   [1]  R.E. Barlow, F. Proshan, Statistical theory of reliability and 

life testing. Holt: Reinhart and Winston Inc 1975.  
   [2]  D.R. Cox, Renewal Theory. New York, Methuen 1962.  
   [3]  D. Cox, D. Oakes, Analysis of survival date. New York, 

Chapman and Hall 1990.  
   [4]  B.S. Dhillon, A Hazard Rate Model. IEEE Transactions on 

Reliability R-28, 2 (1979).  
   [5]  B.S. Dhillon, Network Reliability Evaluation: Application 

of Bathtub Failure Rate Curve. Microelectronics and Relia-
bility 21, 1, 103-111 (1981). 

   [6]  B.S. Dhillon, New Hazard Rate Function. Microelectronics 
and Reliability 18, 531-532 (1979). 

   [7]  A. Drapella, Lifetime models and renewal processes. Słupsk, 
PAP 2002. 

   [8]  S. Kosznik, Zrównoważenie procedury pracy próbnej i ob-
sługi profilaktycznej w przypadku siodłowej funkcji ryzyka. 
Praca doktorska, PG, Gdańsk 2003.  

   [9]  S. Kosznik-Biernacka, Makeham’s generalised distribution. 
Computational Methods in Science and Technology 13 (2), 
113-121 (2007). 

 [10]  S. Kosznik-Biernacka, Rodzina rozkładów Makehama. Słupsk, 
PAP 2006.  

 [11]  A.W. Marshall, I. Olkin, Life Distributions. Structure of Non-
parametric. Semiparametric and Parametric Families, New 
York, Springer 2007. 

 [12]  E.C. Wencel, Teoria wierojatności. Moskwa, Nauka 1969. 



S. Kosznik-Biernacka 40

 

 
 
SYLWIA KOSZNIK-BIERNACKA graduated in mathematics in 1996. Since then she has been working at the 
Institute of Mathematics at AP in Słupsk. She earned the PhD in reliability theory in 2003 from Gdansk 
University of Technology. Her research interests concern of reliability mathematics and computational 
methods in statistics 
 
 

  

                                                 
 
COMPUTATIONAL METHODS IN SCIENCE AND TECHNOLOGY 17(1-2), 35-40 (2011) 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




