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Abstract: A batch biotransformation process running in the presence of microorganisms cells revealing a specified
enzyme activity has been considered. A non-linear deactivation model suggested by Do and Weiland has been taken
into account for modeling of the process. Based on variational calculus computations aimed at finding an optimal
selection of temperature conditions that ensure obtaining maximum conversion or minimum duration time necessary
for its attaining have been carried out. The solutions were given and discussed for the stationary process, and for the
active upper and lower temperature limitations. It has been proved that an application of microorganisms cells results
in slowing down the reaction rate and shifting the initial temperature of the stationary profile to higher values. They
are more pronounced the lower the permeability of the cell membrane is. In consequence, an extension of the process
duration time is observed along the sections of the optimal profile while the lower temperature constraint usually

becomes inactive.
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SYMBOLS

substrate concentration (i =S), substrate concentration inside
microorganism cells (i =SIn) and enzyme concentration
(i=E) [kmol m™]

activation energy for reaction (j =R), deactivation
(j =D) and permeability of the cells membrane (j =P)
[J kmol ']

dimensionless quotient of the activation energies
(=Ep / Ey)

frequency factor for reaction (j =R), deactivation
( j1= D) and permeability of the cells membrane (j = P)
[s"]

constant of reaction rate (j =R), deactivation (j =D)
and permeability of the cells membrane (j =P) [s”]

Michaelis-Menten constant for deactivation [kmolm™]
dimensionless constant for deactivation (= Kp/Cy)
Michaelis-Menten constant for reaction [kmol m™]

dimensionless constant for reaction (= Ky, /Cs,)

T temperature [K]

T, lower (m =min) and upper (m =max) temperature
constraints [K]

T*  standard temperature [K]
t time [s]

Greek letters

a conversion
n effectiveness factor
T dimensionless time (=¢/t;)

® modified control variable (=1/T) [K']

Subscripts
0 denotes initial condition
f denotes final condition

isot  isothermal
opt  optimal
stat  stationary
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I. INTRODUCTION

Batch reactors with deactivating catalysts are widely
used for production of various products in chemical and
biotechnological industry. In such reactors, high conversion
of a substrate can be achieved even at isothermal conditions.
However, it can take a long time to accomplish the process
and it may lead to the usage of a large amount of biocatalyst.
Therefore, in recent years there has been a growing interest
in finding a temperature control mode which could enable
either the maximization of the economic gain or the
minimization of the reaction time [1-3]. At present, the main
concern is the selection of temperature conditions for
biotransformation processes, because they often replace less
economical chemical processes.

The biotransformations can be carried out in the pre-
sence of a native enzyme or an enzyme encapsulated in
a whole microbial cell. In spite of diminished selectivity,
the latter is particularly advantageous since the natural
environment increases enzyme stability, and thus decreases
enzyme deactivation.

The analysis of the optimal temperatures given in
literature has shown that the kinetics of (bio-)catalyst
deactivation and mutual relations between the activation
energies exert the decisive effect [4, 5]. The majority of the
processes analyzed from the optimal point of view take into
consideration the simplest deactivation model, i.e. the first
order deactivation independent of a substrate concentration
[5-7]. Still the reported models have described the rate of
the deactivation occurring under real conditions with
accuracy sufficient for industrial practice.

Less often, the optimal conditions have been considered
for processes with a catalyst deactivation dependent upon
a substrate concentration [8, 9].

The determination of the optimal temperature for a bio-
transformation with an enzyme encapsulated in microbial
cells is significantly more difficult than that for a native
enzyme. This is because in the former it is necessary to
consider a substrate and product transport through a cell
membrane.

The effect of internal and external diffusional resis-
tances on the overall rate of the processes carried out in the
presence of immobilized enzymes have been reported in
literature [10, 11]. In most cases, the processes have been
analyzed for isothermal conditions, either without
consideration of a deactivation of a biocatalyst or with
assumption of the first order deactivation [12,13]. The
models have been solved by using either the combined
analytical and numerical techniques [14], or the latter alone
[15]. So far, no research has been reported on the optimal

temperature control for a biotransformation process in which
diffusional phenomena of a deactivating biocatalyst had
been considered.

The aim of this work was the determination of the
optimal temperatures for a batch process with parallel
deactivation of enzyme encapsulated inside microorga-
nisms cells. In development of the model, both the
diffusion of the enzyme across a cell membrane and the
deactivation of the enzyme were taken into account.

The effect of the diffusional phenomena on the tem-
perature profiles and on the optimal reaction time was also
analyzed.

II. MATHEMATICAL MODEL

The course of any enzymatic process is dependent on
anumber of kinetic parameters that characterize both the
reaction itself as well as the accompanying deactivation of
the applied biocatalyst so that determining the effects of
each of them is impossible. When formulating a mathe-
matical model of the analyzed process the following
assumptions have been made:
® substrate transport across the cell membrane is an

equimolar diffusion process affecting the overall pro-

cess rate

_4G _

& kp (Cs = Cspy) ey

where (g, determines the substrate concentration
inside the microorganism cells,

® the rate of reaction 7y occurring inside the micro-
organism cells is described by the Michaelis-Menten
kinetics

@

® an effect of the substrate concentration on the rate of
enzyme deactivation 7,, in agreement with Do and
Weiland theory [16], has been taken into account

rp =kp ——m—— 3)

® the effect of temperature on the reaction rate constant
kg deactivation rate constant k, and the overall mass
transfer coefficient across the cell membrane 4, is
expressed by the Arrhenius equation

k; =k exp(—% @j (i=D,P,R) @)
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where © =1/T while E,, Ep and Ep denote the ac-
tivation energy for deactivation, permeability of the
cells membrane and for reaction, respectively,

e the Michaelis-Menten constant for reaction K,; and
deactivation K, are assumed to be independent of
temperature because its variation with this parameter
can be neglected,

® in spite of the decrease in enzyme activity the rate of
the substrate transport across the cell membrane is
equal to the reaction rate inside the cells (quasi-steady
state assumption).

In the situation, after introducing dimensionless va-
riables

Ci=C,/Cy (i=E,S)
and
K1 =K,/Cgy (I=D,M)

the mathematical model will take the following form

dCs ,, CiCsn = A A =

- =ky —————= f[Csw(Cg,Cs,0),Cg,0] (5a)
&R Kt Com) STCsm( ) ]
dCE CeCsin = = A =

- =kp Csm(Cg,Cs,0),Cg,B] (5b)
” (KD+Csm) =gl ( ) ]

where kp =kzCpy/Cq, denotes the modified constant of
the reaction rate and

— —_ 1 — —
Csin(Cs,CE,0) =~| Cs — X, (CE,0) +
2 ©)

+\[X;(Cr,0)~CsJ +4KwmCs |

XT(EE,®)=EM +IZ—REE @)
p

It should be pointed out that the analyzed deactivation
mechanism can be related to many enzymes currently
applied in industrial practice [17, 18].

II1I. SOLUTION OF THE MODEL

When solving the above formulated model a process
carried out at the optimal temperature control, guaranteeing
maximum conversion ¢; = 1-Cs¢ or minimum time Tt opt
indispensable for its achieving, has been considered. From
the mathematical point of view both these variants of the
optimal solutions are equivalent [19].

In industrial practice typical situation is encountered
when a desired process is conducted starting from the

initial substrate concentration Cs (t:to)—aso and the
initial biocatalyst activity Crk (t=1))=Cgo and terminat-
ing at the fixed final values of these variables Cst, CEf.

Optimal conditions provide the most advantageous
solution for process control in view of the analyzed
objective function. They have been determined based on
the accomplishment of the optimization problem, which
was aimed at finding a temperature as a function of time

T, (1)=1/0(z) so that for the initial conditions of the

substrate concentration Cs (t=ty)= Cso and the enzyme
activity Ck (t=ty)= Cro — in particular Cro =1, Cso=1
— as well as the appropriate fixed final values of the state
variables Cs; and Cgr will minimize the process duration
time g o

Hence the initial and the final conditions for the state
variables are defined as follows:

Cs(t=0)=Cso, Cs(t=t;)=Cst (8a)

Ce(1=0)=Cro, Ce(t=t;)=Crr (8b)

In solving the formulated problem a classical method of
variational calculus [20] has been applied to leading di-
rectly to differential equation describing a stationary tem-
perature profile (Appendix A). For the analyzed problem
the following equation is obtained

W T

dt JdCEg aEs BEE
©)
e B 0 o] (o)
dCs oCe ~ 9Cs ot 00
Z denotes Horn’s variable defined as
Z(t, Cs CE Q)= f (10)
8@)
which according to the analyzed model takes the form
Z(t,Cs,C, 0) = u(©){Csin (Cs, Cr.,0),0]-
(11
“WCsm(Cs,CE,0),0]
where
u(©) =& (12
kp
V[Csin(Cs,CE,0),0] =
(13)

—  — — 2
_ Kp +Csm(Cg,Cs,0)
Km +Csm(Cg,Cs,0)
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W[ESln (CS 5 CE > 9)’ G)] =

{ER Csin (EM +Csnn )— RK M aggln } (14)

¢
|:EDCSIn(KM+CSIn)_RKDa®SIn:|

The derivatives of Horn’s variable Z with respect to
control variable ©, biocatalyst activity Ce and substrate
concentration Cs are expressed

0Z  du ov ow

% w2 =0,Ck,C 15
> vway uway uvay (y E,Cs) (15)
where
a_u= (ED_ER).M (16)
00 R
P gy (Kw-Kp)  9Csn (17)
dy (Kp +Csm)(Km +Csm) 0y
a_w _ RESIn [ERED (EM +ESIH)—EDEM (E])_+Eszln )] 4
» 5 Com (K + Com) - R 250
bCsm (KD +Csi LR (18)

. 82651;1 N [ER (EM + ZESIH )—w-Ep (ED + 2651;1 )] . aasm
00dy 9Csm } dy

EpCsi(Kp +Csm)—RK
|:DSI(D SIn) DBG)

The remaining elements revealed in the Eq. (9) are
described by the following expressions:

o ____ ke Com + S MCE 9Csin (19)
JCEg (KM +Csm) (KM +Csm) 9CE
%2 ____k |7, KpCe ICsm (20)
JCEg (Kp +Csm) (Kp +Csm) 9CE
Y Ky—CE 9Csm Q1)
dCs (Km +Csm)* 9Cs
8 _ gy Ce ICsm 22)
oCs (Kp +Csm)* 9Cs

where f,g denote the right-hand sides of Eqns. (5a) and
(5b), respectively.

The first dCsm /90, dCsim /dCE, dCsm /dCs and the se-
cond derivatives 9*>Csin/0©” 9> Csin/d©dCE, aZEsm/aeaES
appearing in Eqns. (17-22) are given as follows:

aESIn =lﬁ(Ep _ER )EE .

0 2k R
_ (23)
. Xr=Cs 1
J(X1 —Cs)* +4KuCs
ICsm _ 1 XitGs 4 24)
ICs 2| J(X; —Cs)* +4KuCs
BC;sm =lkR {T—Cs_ _ 25)
ICe 2 kp | (X1 —Cs)* +4KmCs
*Csm 1k, (EP—ERJZE
T —— — E.
00 2k R
'k_R 4§MCSCE _ 26)
kp JI(Xy—Cs)* +4KmCsT
J(X;—Cs)? +4KnmCs
9’ Csnn _lﬁ(EP—ERj.
900Ce 2k \ R
| A= AkmCsCe @7
ko (X1 —Cs)* +4KuCsT
P oS B
J(X;—Cs)? +4KnmCs
826 n - ’ - -
sh ——KMk—R(—EP ERJCE'
000Cs kp
(28)

(X7 +Es)
JI(Xp = Cs)? +4KuCs T

where X is described by Eq. (7).

The above given Expressions (9-28), together with the
state Eq. (5) as well as the initial and the final conditions
for the state variables (Eqns. (8)), compose the model of
the process carried out under a stationary profile of the
optimal temperature. The effect of the formulated optimiza-
tion problem can be classified as a two-point boundary
value problem which can only be solved using numerical
methods.

The more accurate analysis has revealed that a decisive
effect on the structure of the optimal temperature profile is
exerted by the activation energy quotient £ and a relation
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between the levels of the allowable temperatures 7,,, and
Tax» the initial 7 and final T, temperature of the
stationary temperature profile as well as the value of the
isothermal process temperature T, resulting from its
limiting values (Eq. (8)).

If Thin Ty and T, 2 Tigy, then the optimal tem-
perature profile is entirely a stationary one. If one of these
conditions is not fulfilled, it may activate a corresponding
constraint.

If the permissible temperatures obey the relations

TE)<Tmin<T

isot

T.

1sot < Tmax < ]},stat

then in an optimal process the following elements will sub-
sequently appear: an isothermal part at a level 7=T,, .
a stationary part T, (f) and an isothermal part at a level
T =T,,, (the most frequent case).

If finally 7., <Ti . or T, =T, the optimal policy

is strictly an isothermal one.

IV. ANALYSIS OF RESULTS

The most important part of the present study is to define
the extreme temperature conditions that would minimize
the total duration time of the biotransformation process, in
particular decomposition of hydrogen peroxide by catalase
in the yeast cells of Saccharomyces cerevisae, with parallel
deactivation of biocatalyst. For this purpose the data
collected during a laboratory study for the process under
consideration carried out at a temperature 7 = 30°C and
listed in Table 1 [21] have been used.

Table 1. Parameters used in calculation

Parameter Value
Cso 0.01 kmol/m’
Er 4900 J/mol
Ep 61 700 J/mol
Ep 74 300 J/mol
krCro 0.3 - 10* kmol*/( m®s)
ko 1.92-107* Is
Ko 0.016 kmol/m*
Ku 0.083 kmol/m*

For a value of Ey the computations have been
expanded by adding the values of the activation energy of
the deactivation process Ep for which the quotient

E =Ey/Ey is within the limits from 1.5 to about 13. The
values of this quotient E refer to the majority of the
processes that are encountered in industrial practice [22],
thus providing a generalization for the range of the present
considerations.

The coefficients of frequency kp,, corresponding to
the assumed values of E, in calculations, have been ob-
tained based on the half-time decrease of biocatalyst activ-
ity, determined from the kinetic data and accounted in the
solution of the mathematical model (5).

As it followed from the earlier investigations [23], high
values of the quotient of the activation energy E = E,/Ey
resulting from the kinetic data presented in Table 1 and the
low values of the final activities Cgr caused a rapid
temperature increase at the final stage of the process and
this justifies a need to apply the upper temperature limit.
Thus, in the computations, a typical range of temperature
applied for the majority of biological catalysts, i.e. with
the lower and the upper temperatures 7., =293 K and
Tax =323 K, respectively, has been assumed.

The optimal temperature profiles 7|, (7) together with
the corresponding variations of biocatalyst activity
Z’E,opt(r) for the selected values of the quotient E are
shown in Figs. 1-3. Because of a small effect of a para-
meter £ on the changes of the substrate concentration with
time, the optimal concentration profile E‘s,opt () has
additionally been inserted in Fig. 3 only for a selected
value of £ and Ej.

In contrast to processes with biocatalyst deactivation
independent of substrate concentration the optimal tem-
perature profiles for processes with parallel deactivation
usually contain at least the upper temperature constrain

Y.
" max
T
315 4,'2—5
I Ji
310 4

for catalase

& 7

= ,// /,'/ 1 E= 850;4,,=1125h
&~ 305/ I 2 E= 9.00:,,=11.03h
/ /,'/ 3 £=10.00: 1, = 10.62 h
300 / ; 4 E=12.00;1,,= 987h
205 5 £=1259:4,,= 9.66h
’ T 6 E=13.00:fr,,,= 9.33h

290 1 1 I 1

0 01 02 03 04 05 06 07 08 09 1
T

Fig. 1. Effect of the quotient of the activation energy £ on the

optimal temperature profiles T, (7) for the effectiveness factor

n=0.5, the activation energy for permeability of the cells

membrane Ep, = E; as well as the final values_of biocatalyst

activity and substrate concentration equal to Cgr =0.1 and
Csr =0.1, respectively
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Fig. 2. Effect of the quotient of the activation energy £ on the

optimal temperature profiles T, (7) for the effectiveness factor

n=0.5, the activation energy for permeability of the cells

membrane Ep =74.3 kJ/mol as well as the final values of bio-

catalyst activity and substrate concentration equal to Cgr =0.1
and Csr =0.1, respectively

1
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Fig. 3. Effect of the quotient of the activation energy £ on the

variations of biocatalyst activity in the optimal conditions

Ceopt(7) for the effectiveness factor 77=0.5, the activation

energy for permeability of the cells membrane E}, =74.3 kJ/mol.

A dashed line describes substrate concentration variations

Csopt(7) for E=12.59 kJ/mol, Ep, =74.3 kJ/mol and the final
biocatalyst activity Cgf =0.1

T =T,.- It should be pointed out, however, that at low
values of the parameter £ the profiles of optimal tem-
perature assume the range of its greater values. In effect, at
such values of E and at the active temperature constraints,
the optimal temperature policy is usually strictly isothermal
atthelevel T=T,,, .

The presence of the cell membrane is represented by the
effectiveness factor 77 [24-27] of enzyme contained within

the cells. This effectiveness factor is defined as ratio of the

reaction rate at substrate concentration inside a cell
(observed reaction rate) to the reaction rate at substrate
concentration in a fluid core.

An impact of the effectiveness factor 77 on the profile of
optimal temperature is depicted in Figs. 4 and 5. The
frequency coefficient kp, encountered in this study can be
related to the effectiveness factor 77 of the enzyme con-
tained within the cells and is given by the following

equation:
E,-E
exp[P—*Rj (29)
RT

in which 7" denotes standard temperature.

__n kroCro [EM_"' (1 —_77)65]6
(-7 Csq  (Km+Cs)?

PO

T
/ max

& —1—

Y
——

lopl(r)
g
I~
N
A

305 1 1 7= 10:4,,= 710h
100 / 2 = 0511,,= 9.66h
7 3 9= 02:1,,-1695h
295 7/ / - 4 n= 011, =2922 h H
min ‘ | ‘ |
290 .
0 01 02 03 04 05 06 07 08 09 1

T

Fig. 4. Effect of the effectiveness factor # on the optimal

temperature profiles 7, (7) for the quotient of the activation

energy FE=12.59 (Table 1), the activation energy for

permeability of the cells membrane Ep = E; as well as the final

values of biocatalyst activity and substrate concentration equal to
Cgr =0.1 and Csf =0.1, respectively

T .
320 / // //, max
/ 4
315
/1
< 310 P L
= 305 % / 1 =101~ 7.10h[]
300 2 = 054~ 7.92h] |
/ 3 n=02; Lpop = 9.64 h
295 1 1 4 5= 0.1:1,,=1256h
[lﬂll
290 [T T 7
0 01 02 03 04 05 06 07 08 09 1

T

Fig. 5. Effect of the effectiveness factor # on the optimal

temperature profiles 7,,(7) for the quotient of the activation

energy FE=12.59 (Table 1), the activation energy for

permeability of the cells membrane E, =74.3 kJ/mol as well as

the final values of biocatalyst activity and substrate concentration
equal to Cgr =0.1 and Csf =0.1, respectively
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A value of 7 —1 corresponds to a case where the
diffusional resistance does not affect the reaction rate. In
the case of low concentration, for which Cg << Ky,
Eq. 29 simplifies to that used in the work [23].

Since temperature significantly affects transfer proc-
esses across the cell wall, the courses of the optimal
temperature profiles 7, (7) at different values of the
activation energy £, of the transfer process across the cell
wall are displayed in Figs. 6 and 7.

325 I -
I lma\
320
315
< 310
< /
<7 305 LAY
4 -
. / 1 E,=03E,: 1,,=9.79h
300 / 2 Ep=5.0B: fy=8.85h
295 2 / 3 k=743 kImol; £, =7.92h
7= . 4 E, =20, i, =7.60h
290 | | T T T T 7T
0 01 02 03 04 05 06 07 08 09 1

T

Fig. 6. Effect of the activation energy for permeability of the cells
membrane Ej on the optimal temperature profiles T, (7) for the
quotient of the activation energy E =12.59, a value of the
effectiveness factor 7=0.5 as well as the final values of

biocatalyst activity and substrate concentration equal to
Cgr =0.1 and Csr =0.1, respectively
325 .
// 7 [mﬂx
320 / /
315 /
0
T 310 ‘>
= Lo
=" 305 F==2
R T 1 E,=05Eg: fg,, = 30430
300 /1' 2 Ey=S5.0E: 1, =2165h [
3 E,=743Kkl/mol; 1, =12.56h
205 P f.opt
é 4 E,=2.0E,: 1, = 9.43h
200 T T T T 1
0 01 02 03 04 05 06 07 08 09 I

T

Fig. 7. Effect of the activation energy for permeability of the cells
membrane Ep on the optimal temperature profiles T;, (7) for the
quotient of the activation energy £ =12.59, a value of the
effectiveness factor 7=0.1 as well as the final values of
biocatalyst activity and substrate concentration equal to

Cgr =0.1 and Csr =0.1, respectively

As it follows from Figs. 6 and 7, the variations of
temperature with time 7, (7) are located at higher values
for increasing values of Ep. In consequence, the lower

constraint becomes inactive and the total process time 7,
decreases.

Optimal temperature control accompanying biotransfor-
mation processes frequently hold in their structure at least
an upper temperature constraint. However, it is worth
mentioning that in case of processes with deactivating
biocatalyst independent of the substrate concentration the
optimal temperature profiles may not be constrained by
permissible temperatures I'=T7_, , T =T7,, and usually
are monotonically increasing the time function. In
particular, this becomes evident for Ej, > E,. However, at
Ey<E, and low values of biocatalyst effectiveness
(7<0.2) a course of a stationary optimal temperature
atypical for enzymatic processes is seen (Grubecki, 1997).

Actually, at slightly higher final activities, e.g.
Cer =0.3 one can notice an appearance of temperature
minimum (77 =0.2) or its decrease (77 =0.1) taking place
for the entire process duration time.

A decrease in the final biocatalyst activity (EEf =0.1)
results in the course of the temperature profiles within the
range of higher values, giving rise to a situation that a tem-
perature minimum becomes visible. It is moving towards
the end of the process as 5 decreases.

V. CONCLUSIONS

An analysis aiming to search for an optimal temperature
control ensuring the shortest duration time of a biotrans-
formation process with a parallel deactivation of enzyme
encapsulated inside the microorganisms cells has been
presented.

The conditions required for conducting a biotrans-
formation at the optimal temperature were established. It
was found that, for a process occurring with a biocatalyst
deactivation both parallel and independent of the substrate
concentration, the temperature profile was increasing with
time. For the parallel deactivation it was necessary to
account for, at least, the upper temperature constraint
T = Tmax N

Application of microorganisms cells results in slowing
down the reaction rate and shifting the initial temperature
of the stationary profile to higher values. They are more
pronounced the lower permeability of the cell membrane
(n) is. In consequence, an extension of the process
duration time is observed along the sections of the optimal
profile while the lower temperature constraint usually
becomes inactive.

Furthermore, lowering values of the parameter E causes
the optimal temperature profiles shift towards higher
values. In effect, optimal control consists of the following
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subsequent parts: isothermal 7 =T
and isothermal 7 =T,

hin- Stationary Ty, (1)
at high values of E, throughout

max *

the profiles with an inactive lower temperature constraint
or becomes strictly isothermal policy at relatively low
values of E.
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APPENDIX A

Derivation of the equation for stationary optimal
decision using variational method

Let
dc — —
==5 = f(t,Cs,Cg,0) (A1)
dr
dc — —
f = g(1,Cs,CE, ©) (A2)

determines an equation of state in an optimization problem
minimizing the process duration time. Now, the objective
function takes the following form

L
S = J' dr (A.3)

which is a special case of the Bolza functional and deter-
mines the so-called Lagrange problem.

Since the mathematical model (Egs. (A.1) and (A.2)) is
dependent on the two state variables ( EE,ES) and one
decisive variable (©), then when solving the problem it is
possible to determine a differential equation that describes
a stationary control.

For this purpose, by introducing the Lagrange multi-
pliers A4 (f) (i=E,S) it is indispensable to formulate
a modified objective function Sy defined as

Sr :J.{Hﬂs(f){f(f Cs, CE, )—d&}
’ (A4)

+ ﬂE(f){g(l,Es,EE,@)— dgtE }}dr

which will undergo the minimization procedure. The fun-
ctions CE stat (#) and Cs stat (f) that minimize this func-
tional are searched as the solutions of the Euler-Lagrange
equations being the necessary condition for the existence
of the functional (A.4) [20]

dy_ oL | dL_
de| o(dy/de) | oy

where L(EE,ES,G, dCE / dt, dCs /dt) is a function expres-
sed in form of

—1+ﬂs(t){f(t Cs.Cr. @)—%}

(y=CE,Cs,0) (AS)

(A.6)

+ Ag (t){g(r,Es,EE,(a)— dcff }

Calculating the variables that appear in Eq. (A.5) yields

di of (t,Ck,Cs, @)

- A0 aCs

o (A7)
dg(t,Ck,Cs,0)

A= (¢
g (0) 3Cs

CPINC/AC (QECCS,@)
E

o (A.8)

Jdg(t,Ce,Cs,0)

- t -_—
A (1) 0CEg

Bf(t,a:fs,@)+

—As(0) o

o (A.9)
dg(t,Ce,Cs,0)
—_ t _— -
oy 2ELCE

From the above set of Egs. (A.7)-(A.9) it is possible to
eliminate the multipliers Az (f) and Ag(¢). Assessing the
multiplier A (¢) from Eq. (A.9)

9 (t,Cr,Cs,0)

A () = — =
(0 9g(1,Cr,Cs,0)

~A5(1)

(A.10)

and accounting for its value in Eq. (A.8), then dividing it
side by side by Aq(#) one can get (for clarity of the no-
tation in some of the expressions of the further part of this
derivation it is assumed

f(t,CE,Cs,0) = f, g(t,CE,Cs,0)=g,

Z(t,C,Cs,0)=2)

az _ o +Z( &y _ % j—zz 2 (A.11)
dt  9Cg dCs dCk dCs
with
Y (A.12)
00 E)@

and is called as the Horn’s variable [26].

Making use of a definition of the complete derivative
Z, with respect to time, a searched equation describing
changes of the stationary decision © is gained in time

o.[F (3 3,
dr BCE dCs 0dCg

fE)Z az} (azj
7 9Cs o]\ o®

(A.13)
_22 ag _ 0Z
9Cs ~ oCk
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