CMST 21(4) 261-264 (2015) DOI:10.12921/cmst.2015.21.04.c01

A Note on the Singh Six-order Variant of Newton’s Method
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Abstract: In 2009 in this journal it was published the paper of M. K. Singh [1], in which the author presented a six-order
variant of Newton’s method. Unfortunately, in this paper there were a number of printer errors and a serious error in the
proof of theorem on the order of the method proposed. Therefore, we have opted for presenting the correct proof of this

theorem.
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I. INTRODUCTION

In [1] the author presented a three-point iterative scheme
for solving nonlinear equations of the form

f(z) =0,
where f : I C R — R is a continuously differentiable real
function. Starting with a given x this scheme uses four func-
tion evaluations, namely f(z,,), f'(xn), f'(yn), f(2n) and
can be written as

f(@n)
Yn =Tn F(@n)’
Y —g f(xn)(f/(mn)Jrf/(yn)) )
o fr@a)? + fyn)?
. — f(zn)<f/($n)2 + f/(yn)Q)
e 21 (@n) ' (yn)? ’

where (see Eq. (11) in [1])

Qf/(xn)f/(yn)Q
f'(@n)? + f'(yn)?

Apparently this way of replacing f’(z,) by earlier calcu-
lated quantities is caused by the intention to reduce the cost
of the procedure by decreasing the number of evaluations of
f(-) and f’(-) to have higher efficiency index (see Def. 1.2
in [1]). It should be mentioned that in the original paper the
denominator of the last equation (1) contains f’(y,,) instead
of f'(yn)*.

II. CONVERGENCE ANALYSIS

The main theorem on the order of the method (1) pre-
sented in [1] (Theorem I'V.1 on page 187) is as follows:

Let o € I be a simple zero of a sufficiently differentiable
Sfunction f : I C R — R for an open interval 1. If x is suf-
ficiently close to o, then the method defined by (1) has six—th
order convergence.

The proof contains a number of misprints. However, the
careful reader can easily fix these errors and guess the cor-
rect form of adequate equations. The serious error is at the
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end of proof. Using the approximation (2) the last line of the
formula for x,, 1 can be written in the form (see page 189

in [1])

Tpi1 = 0+ (202 + %)
(203 + S )es +0(el) 2

+0(ep) —

1+ Ae? + O(el)
We use here the symbols C; introduced in the not labeled
equation below eq.(13) in the paper of Singh

1 fi(a)
T (@)
From (2) it follows that
_ 2, 05\ 3 Cs
Tp+1l = A + (202 + 7)6n + O(e ) (202 + ?)

~0(en) = a+ O(e,) = a+ Be,, + 0(ey),
where B is some constant. It suggests that the error equation
is of the form

= Be} + O(ed).

However, Singh claims that

= Ael 4+ O(€)),

what seems to contradict the above short reasoning. Mirac-
ulously, it turns out that the form of eq. (24) in [1] does not
depend on the terms smaller than 6751 because they cancel out
in the final expression the terms e} and e> hidden in the
Big- Oh symbols O(e? ) subtract each other leaving non-zero
term €% and indeed Singh method is of the sixth order, what

can be proved in details as follows.
We have

fwn) =f(a+ 6n) = f’(a)en + 1« )

+V (e ) +fv( ) + Y (@ )
:f’(a)[en —|— Coe? + Cgen + Cyet
+Cs5e> + Cgel + O(el)],

f'(xn) =f (@)1 + 2Cqe, + 3C3e2 + 4C €3
+5C5et +6Cse> + O(el)]

€n+1

€n+1

o
+0( =

+ f/ll( )

“
From the above equations it follows that
en + CQBEL + 036‘3 + C4€i
_ + Csed + Cgeb + O(el)
1+ ZCQGn + 3036% + 4046?1
+ 5C5ek 4+ 6Csed + 7C7e8 + O(el)

&)

= e,—Caed —(203—-2C3)e3 — Byet — Bse? —Bgel +0(e!)

where By, (k = 4,5,6) denote some constants containing
C;. From (5) and the first equation in (1) we get

Yn = + 026727, + (203 — 2022)62 + B4€fl
+B5€z + BGB?L =+ O(BZL)

Let us denote
g(en) =Cae? + (203 — 203)e3 + Byel

+Bse® + Bgeb + O(el).

From (6) we have

g(en)z = C’22

(6)

efl + Dsed + DﬁefL + O(eZL). @)
and
glen)® = C3ef, + O(e),), ®)

where Dy, (k = 5,6) are again some constants containing
C;. Since

Fyn) =f'(a+g(en) = (@) + f(a)g(en)
+f///( )9(2') +fIV( )9(3') +O( )
then, using (6), (7) and (8), we get
f(yn) =f'(a) + () [Cae] + (205 — 2CF)e;)
—|—B4€$L + B5€§L + Bgem

f”’( ) V(@)
3!

(C3et + Dsel + DgeS ) + C3e8 +0(el).

Usmg (3) the above equation yields
F(yn) =f (@)1 + 203l + (4C2C5 — 4CF)ep,
+Esel + Fsed + EgeS + O(el)),

where Ey, (k = 4,5, 6) denote constants containing C.
On the basis of the second equation in (4) we have

©))

f'(@n) = f'(@)?[1 + 4C3e, + (403 + 6C3)er,
+(120203 + 804)6% + F4€3L + F5€?L + F6€?L + O(e:b)],
(10)
and on the basis of (9)
f'yn)? =f'(a)?[1 +4C32e% 4 (8C,C3 — 8C3)e3 an

+G4€i + G5€,51 + G66761 + 0(6771)}7

where F and Gy, (k = 4,5, 6) are other constants contain-
ing C;. The formulas (10) and (11) yield

F(n)? + [ (yn)? = 2f"(a)*[1 + Caen +

+(10CoC34+-4C, —4C3)e3 + Hye + Hsed + Hgel +O(el)],

12)
with some constants Hy,(k = 4,5, 6) containing C;. Further,
from the second equation in (4) and (9) we have

f/(xn) + f/(yn) = 2f/(a)[1 + Caey, + (022 +

+(2CQC3 +2C, — 203)62 + 146;11 + [562 + [6€?L + 0(6771)},

where Iy, (k = 4,5,6) are constants containing C;. The
above relation and the first formula in (4) yield

f(zn) (f/(xn) + f,(yn)) = 2f/(0‘)2[en + CQGEL

5
+(2C3 + §Cg)ef; + Jyeh + Jsed + JeeS + O(el)],
(13)

(4C3 + 3C3)e?

3C3)el
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with constants J(k = 4, 5,6) containing C;. Now, we can
write an expansion for z, given by the second equation in
(1). From (12) and (13) we have
2 2, 0 3 4
Zn = Ty, — [en + 2Cqe;, + (202 + §C’3)en + Jae,
FJsed + Jgeb + O(e;)} / [1 + 205, + (4C2 + 3C3)e2
+(10C2C5 + 4Cy — 4C3)e3 + Hyel + Hsel + Hgel
1 5
+O(e771)] =, —e, + (207 + 503)6% + Kyt + Kse?
1 14
+KgeS +0(el) = a+ (203 + ng)ei + Kyel + Kse?

+Kgel 4+ O(el),

(14)
where Ky, (k = 4,5,6) are other constants containing C).
From (14) it follows that

1
f(zn) :f (Oé + (2022 + 203) 6% + K46;11
+Ksed + Kgel + O(e;)> .

Let us denote

1
h(e,) = (2022 + 203,) e3 + Kyel 15)

—|—K5efL + ngg + O(eZL).
Then we can write

h(en)2
2!

f(zn) = fla+ h(en)) = f'(a)h(en) + f"()

LO(h(en)®) = F(e)h(en) + F() ™S L o).

2!
(16)
because in (15) the term e,, occurs at least in the third power.
Since from (15) it also follows that

1
hen)” = (203 + LC3)%€) + O(e]),
then from (16) we get
1
flzn) = f’(a){ <2022 + 203) e3 + Kyet + Ksed
1 2
+Kgel + 0(62)} + C’gf’(a)[ <2022 + 203) b
1
+(9(e,71)] +0(e2) = f’(oz)[ (26’22 + 203) el + Kye}

1 2
+Kse? + <K6 + Oy (2022 + 203> ) b + O(ez)]
(17

Inserting the second relation in (4), (11), (12), (14) and (17)
into the last relation in (1) we have

1
Tpt1 =0+ <26’22 + 203) ef’l + K4efl + K5efl + Kﬁei

1
+0(c]) = { £(@)[(2C3 + 5Ca)el + Kael + Ksel

s + Co(20F + 505068 + O(e])] x 21 ()?
x[1 4 2Cqe, + (4C3 + 3C3)e2 + (10C,C3

+4Cy — 4C3)ed + Hyep + Hsed + HeeS
+0(e;)]} /{2 F(@)[1 + 2Cse, + 3C5e2 + 4Cye?
+5C5€er + 6Cge + TCreb + O(el)]

x f'(a)?[1 +4C3e2 + (8C2C3 — 8C3)ed

+Gaet + Gsed + Goel + 0(61)]} -

1
=a+ (207 + 503)62 + Kyet + Kse? + Kgel

1
—I—O(e;) - [(2022 + 503)62 + L5e§1 + Leeg
+O(el)]/[1 + Caen + (4C3 + 3C3)el
+(5C3 + 8CoC5 + 4Cy)e3 + Myet

+Mse3 + MgeS + O(el)],
(18)
where Ly and My, (k = 4,5,6) are consecutive constants
containing some combinations of C;. In particular, we have

1
Ly =K4+2Cs (203 + 203) ,
1
Ls =K5 + 205Ky + (2022 + 203) (4022 +3C3),
1
Le =Kg + 2C5 K5 + (4C5 + 3C3) Ky + (2022 + 203>
21 3
X 30203 +4Cy — 202
(19)

(the forms of M}, are unimportant further). If we denote

K3 = Ly =203 + %Cg,
My = 20y,

M, = 4C3 + 3C3,

M3 = 4C3 4 8CoC3 + 4C,y,

(20)

then the equation (18) can be written in a simpler form

Tpt+1 = -+ ngi + K4€i —+ K5€§L + Kﬁeg + O(GZL)
Lze} + Lyet + Lsed + Lgel + O(el)
1+ Mie, + Mae? + Mzed + Myet

+ Msed + MgeS + O(el)

2
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Denoting the fraction in (21) by @ it can be calculated that
® = Lze3 + (Ly — MyLz)et + [Ls — MLy
+(M} — My)Lsle;, + [Le — MiLs + (M — Ma) Ly
+(2MyMy — M3 — Ms)Ls)eS + O(el).
(22)
But from (19) and (20) it follows that
Ly =Ks3,
Ly =K4+ ML,
Ls =K5 + M1 K4 + M Ls,
L =K + M1 K5 + MyKy

21
+(30203 +4Cy — 203)[13
Inserting these results in (22) we obtain
P = ngz + K46;11 + Kg,ei
5 (23)
+[Ks + (5C2C5 — 6C3) Ksler, + Oley,).
Thus, from (21) we finally have
5
Tptl = Q + 02 <6C22 — 203) 62 + 0(62)

The last relation states that the Singh method is of the
sixth order and now the proof is correct. On page 186 in [1]

Singh defines efficiency index as p'/™, where p is the order

of the method and m is the number of functions evaluations
required by the method. Usual Newton’s method is of order 2
and requires 2 functions evaluations, therefore the efficiency
index of Newton’s method is 2'/2 = 1.414.... The whole
algorithm of Singh presented in eq. (1) contains 4 function
evaluations, 5 multiplication and 3 divisions, while the usual
Newton method three times iterated has the order eight with
6 function evaluations and 3 divisions without any multipli-
cation involved. Thus three times iterated Newton’s method
has the efficiency index 8'/6 = /2 = 1.4142 (the same as
usual Newton method) in contrast to the efficiency index of
the Singh’s method 6'/* = 1.5651. However the advantage
of the method proposed by Singh seems to us to be illusive in
view of complicated character of computer implementation
and time consuming extra operations (intermediate results of
arithmetical operations have to be stored in temporary vari-
ables).
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