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Abstract: The space-time fractional KdV-Burgers equation has been derived using the semi-inverse method and Agrawal’s
variational method. The modified Riemann-Liouville definition is used for the fractional differential operators. The derived
fractional equation is solved using the fractional sub-equation method.
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I. INTRODUCTION

All forces in nature are nearly non-conservative: dissipa-
tive and/or dispersive forces. Classical mechanics, using inte-
ger differential equations, treated conservative forces while
the non-integer differential equations can be used to describe
the non-conservative forces. Fractional calculus is a field of
mathematics that grows out of the traditional definitions of
calculus. Fractional calculus has gained importance during
the last decades mainly due to its applications in various fields
of science and engineering. Some of the areas of present day
applications of fractional calculus include fluid flow, rheol-
ogy, dynamical process in self-similar and porous structures,
diffusive transport akin to diffusion, electrical networks, prob-
ability and statistics, control theory of dynamical systems, vis-
coelasticity, electro-chemistry of corrosion, chemical physics,
optics, and signal processing, and so on [1-7].

There are different kinds of fractional integration and dif-
ferentiation operators. The most famous one is the Riemann-
Liouville definition [8-11], which has been used in various
fields of science and engineering successfully, but this def-
inition leads to the result that constant function differenti-
ation is not zero. Caputo put definitions which give zero
value for fractional differentiation of constant function, but

these definitions require that the function should be smooth
and differentiable [8-11]. Recently, Jumarie derived defini-
tions for the fractional integral and derivative called modified
Riemann-Liouville [12-15], which are suitable for continuous
and nondifferentiable functions and give differentiation of
a constant function equal to zero. The modified Riemann-
Liouville fractional definitions are used effectively in many
different problems [16-20].

It was shown that non-integer derivatives in the La-
grangian describe non-conservative forces. Riewe [21, 22]
derived a method using a fractional Lagrangian that
leads to a fractional Euler-Lagrange equation that is, in some
sense, equivalent to the desired equation of motion. Hamil-
ton’s equations are derived from the Lagrangian and are equiv-
alent to the Euler-Lagrange equation. Further study of the frac-
tional Euler-Lagrange can be found in the works of Agrawal
[23-25]. He presented generalized Euler-Lagrange equations
for unconstrained and constrained fractional variational prob-
lems. Baleanu and coworkers [26, 27] used the fractional
Euler-Lagrange equation to model fractional Lagrangian and
Hamiltonian formulations. EI-Wakil et al derived the time
fractional forms of some mathematical-physics equations
[28] using Agrawal’s variational method [23-25] and used
them to describe the electrostatic potential in some plasma
systems [29].
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Several methods have been used to solve fractional dif-
ferential equations such as: Laplace transformation method,
Fourier transformation method, iteration method, and oper-
ational method [8-11, 30]. However, most of these methods
are suitable for special types of fractional differential equa-
tions, namely the linear with constant coefficients. However,
some papers deal with the existence and multiplicity of so-
lution of the nonlinear fractional differential equation using
techniques of nonlinear analysis such as: Adomian decompo-
sition method [31], homotopy perturbation method [32] and
variational iteration method [33].

It is common knowledge that many physical problems
(such as non-linear shallow-water waves and wave motion
in plasmas) can be described by the KdV-type equations.
The KdV-type equations also have applications in quantum
field theory, plasma physics and solid-state physics. For ex-
ample, the kink soliton can be used to calculate energy, mo-
mentum flow and topological charge in the quantum field.
In order to study the problems of the flow of liquids contain-
ing gas bubbles, the fluid flow in elastic tubes, etc., the control
equation can be reduced to the so-called KdV-Burgers equa-
tion. This equation is equal to the KdV equation if a viscous
dissipation term is added. The KdV-Burgers equation can be
thought of as a generalization of the KdV and Burgers equa-
tions. This equation combines nonlinearity, linear dissipation
and dispersion terms. This is a well known nonlinear model
of viscous elastic medium and is found in many physical
phenomena. The Burgers equation is a special case of the
KdV-Burgers equation has been found to describe various
kinds of phenomena such as a mathematical model of turbu-
lence and the approximate theory of flow through a shock
wave traveling in viscous fluid.

In this paper, the space-time fractional KdV-Burgers equa-
tion is derived using Agrawal’s technique [23-25] and the
modified Riemann-Liouville derivative [12-15], and solved
by the improved fractional sub-equation method [34, 35].

The modified Riemann-Liouville fractional derivative
D¢ f(x) is defined in the form [12-15]

D2{f(2)— f(a)] = ﬁ / " de ()-8, a <0,
‘ (1a)
D21(@) = =
(1b)
[ [T e - f(0) X
dx{/ (&) }’O< <t
ng‘f(x):dciil {D¢"f(x)}, n<a<n+1,n>1

(1c)

Some properties of the modified Riemann-Liouville

(mRL) fractional derivative were summarized in [12-15], use-
ful formulae include

D3C =0, a >0, C is a constant, (2a)

L(1+7)
'+~ -«

= D7 [u(z) Jo(z) +

Dgz" = 7Y v >0,

u(z) DF[v(z)l, ()

(2b)

D3 u(z) v(z)]

x

DEfule) = D2uo) (L) @
op () e
b b
/ (d2)*u(w) DEo(z) = alfu(e)o(r)|
b
—/ (dz)*v(z)Dgu(x), ©)
u(z),v(z) € [a,b], 0<a<l.

v(x) is non-differentiable, u(z) is non-differentiable in (3)
and (4a) and differentiable in (4b), and f(u(x)) is differen-
tiable in (4a) and non-differentiable in (4b).

II. SPACE-TIME-FRACTIONAL KDV-BURGERS
EQUATION FORMULATION

The space-time-fractional KdV-Burgers (STFKdV-Burgers)
equation in (1+1)-dimension can be formulated as follows:
The regular KdV-Burgers equation has the form

gu(x, t) + Au(z, t)gu(x, t)
ot ox 6
0? 3 ©)

Using the potential function U(x,t) where u(z,t) =
U, (z,t) gives the potential equation of the regular KdV-
Burgers equation in the form

7

where the subscripts denote partial differentiation of the func-
tion with respect to the parameter. The Euler-Lagrange equa-
tion of the regular KdV-Burgers equation can be derived using
the semi-inverse method [36, 37] as follows:

The functional of the potential equation can be represented
by

U):/Rd;z:/TdtU(a:,t){clet(x,t)+02AUT(x,t)

XUse(x,t) + c3Bugy (7,t) + c4CUppos(z, t)},
(8)

where c1, ¢, c3 and ¢4 are constant Lagrangian multipliers.
Here R refers to the boundaries of the space domain, while
T denotes to the initial and final values of the time. Inte-
grating (8) by parts where U, |gr=U;|7=Uy|r=0, Uz (x,t)
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is considered as a fixed function and applying the variation
of this functional with respect to U (z, t) lead to

5J(UY) = /R do /T dt{—cl [Us(er, )50 .1
+Uz(x,t)5Ut(x,t)} - %CQA[UT(x,t)]QéUT(x,t)

+c3Bugy (2, t)0U (2, t) + 2¢4C Uy (2,6)0U4s (2, t)] }

Integrating by parts using U, |g = Ug|r = Upz|r = 0 and
optimizing this variation, §.J(U) = 0, give

2¢1Ugt (2, t) + 3ca AU, (2, t)Uys (2, 1)
+esBuge (2, t) + 2¢4CUgpre(z,t) = 0.

Comparing the above equation with (7) gives constant La-
grangian multipliers as

1 1 1 1
c1=—-, Co=—, (3= 4= —.
1 2 ) 2 3 ) 3 ) 4 9
The functional relation yields directly the Lagrangian of the
potential equation as

1
LU, U, Uy, Uyy) = §Ut(a:,t)UI(x,t)
1 1
+54 [Uy(2,0)]> — BU (2, t)ugs (x,t) — 5C [Upa (2, 1)) .

®

Similarly, the Lagrangian of the space-time-fractional version
of the KdV-Burgers equation could be written in the form

F(U,DU, DPU, DPPU) =

:%DtaU(x,t)DfU(x,t) + éA[DfU(xat)]g (10)

~BU(z,t) D} u(z,t) — SC[DFU(x,1)]%,

1
2
where DY f(z) = D)[D? f(z)] while the fractional deriva-
tive DY f(z) is the mRL fractional derivative [12-15] defined
by (1). The functional of the STFKdV-Burgers equation takes
the form

Jr(U) :/R(dx)B/T(dt)"F(U,D?U, DSU, DR .
(11)

The variation of this functional with respect to U (z, t) leads

to
OF OF
_ B o il
570 (U) /R(dx) /T(dt) {(w) 5U + (8D?U)
x5D§U+< or )5D§§U+( or )ngﬁU}.
oD5U oD2PU

12)

Integrating this equation by parts using the definition (5) and
optimizing this relation, §.Jp(U) = 0, the Euler-Lagrange
equation for the STFKdV-Burgers equation has the form

OF o[ OF
(5v) -~ (55

pp (2N ppes (28 ),
*\oDlU * \oD?u

with the constraints that 6U| g=0U | 7=0.
Substituting the Lagrange of STFKdV-Burgers (10) into this
Euler-Lagrange formula gives

~BD} u(w,t) — D [DJU (x,1)]
1 (14)
*§ADf[DfU(x,t)]2 — D (DU (2, 1)] = 0.
Substituting u(x,t) = DPU(x,t) and using formula (3)
lead to

13)

Du(x,t) + Au(z,t)DPu(z,t)

(15)
+BDPPu(z,t) + CDPPPu(x,t) =0,

which is the space-time-fractional Koreweg-de Vries-Burgers
equation.

III. SPACE-TIME-FRACTIONAL KDV-BURGERS
EQUATION SOLUTION

In this section, the STFKdV-Burgers equation will be
solved using a fractional sub-equation method [34, 35].

Considering the traveling wave transformations u(x,t) =
®(&), £ = x + vt, (15) can be reduced to the following non-
linear fractional ordinary differential equation (FODE) using

relation (4) for the case of 3 = a:
v DED(E) + AB(E) DED(E) o
+BD?°‘<I>(§) + CD?”“"CI)(ﬁ) =0.

The fractional sub-equation method [34, 35] assumes so-
lution of this equation as

(&) = arp®(9), 17
k=0

where ¢ () satisfies the following fractional Riccati equation:

Dge(€) =D b’ (€), (18)
§=0
where ay, k = 0, ..., n are constant coefficients to be deter-
mined later and b;, j = 0, ..., m are arbitrary coefficients.

Balancing the highest order derivative term and nonlinear
term in (16) the value of n can be determined, which has in
this problem the value n = 2.

We suppose that (16) has the following formal solution:

®(&) = ap + ar1p(€) + az[p(8))?, (19)
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where aq, a1 and a5 are constant coefficients to be determined
and (&) satisfies the following fractional Riccati equation:

Dgp(€) = bo + bap®(£),

where by and bs are arbitrary coefficients.

Using the generalized Exp-function method via Mittag-
Leffler functions, Zhang et al [38] first obtained the following
solution of the fractional Riccati equation (20)

(20)

—+/ —bg tanha(\/ 7b0£), bg < 0,by =1,
(21a)
(PQ(E) = —\/ 7b0 COtha(\/ 7b0§)7 bo < O,bz = 1,
(21b)
= /bo tang (v/bof), bo > 0,by = 1,
(21¢)
—/bo cota (v/bo), bo > 0,by =1,
(21d)
ps5(§) = —T'(1+a) /(" +w), bo = 0,b2 =1,
w = constant,
(21e)

with generalized hyperbolic and trigonometric functions

tanh, (z) = sinh, (z)/ coshy (),

(22a)
coth, (z) = cosh,(z)/ sinh, (),
sinh, (2) = [Eo(z) — Eo(—2)]/2, (22)
coshq (7) = [Ea(2) + Ea(—2)]/2,
tan, (z) = sing (x)/ cosq (), @2)
coto () = cosy () / sing (),
sing (z) = [Ea(iz) — Eq(—iz)]/(29), 220)

c08q () = [Eo(iz) + Eo(—ix)]/2,
where ¢ = v/—1 and E,(z) is the Mittag-Leffler function

defined by
[o ] k
T
x) = -
kZ:O I'(l+ ko)

Substituting (17) along with (18) and setting the coefficient
of " (&) equal to zero lead to a set of algebraic equations in
terms of coefficients ag, a1, as, by and bs. Solving the alge-
braic set of equations by Maple gives the following cases:

(22¢)

Case 1: In this case, A and B are arbitrary while C' = 0.
This case describes the Burgers equation. The coefficients
of (19), using the Maple package, have the forms:

apg = —v*/A,

112:0,

bg = arbitrary, by =1,

a1 = —2B/A, @3)

where A # 0, the solutions of the STFKdV-Burgers equation
using the fractional Riccate equation solutions (21) are as
follows:

‘1’11(5) = —’Ua/A + (QB/A)\/ —bo tanha(\/ —bof), bo < O,

(24a)
(I)lg(g) = —’Ua/A + (QB/A)\/ —bg COtha(\/ —bog), by < 0,
(24b)
(b13(£) = _va/A - (2B/A)\/%tana(\/%€>v bO > 07
(24¢)
B14(€) = —v /A + (2B/A)\/bg coto (v bof), by > 0,
(244)
D15(8) = —v*/A+ 2B/AL(1+a) /(" +w), by =0,

w = arbitrary constant.
(24e)

Case 2: The second case has A and C' arbitrary while B = 0.
This describes the KdV equation. The set of coefficients of
the solution of (19) using the Maple package is
by = arbitrary, b = 1, ag = —(8bgC + v¥)/A,

(25)
aq :0, CL2:712C/A,
where A # 0, these coefficients lead to the second set of
solutions of the STFKdV-Burgers equation in the following
forms

P21 (§) = —(8b0C +v*)/A
+(120/A)b0 tanha(\/ —b()g)i| ’ s by < 0, (263)
By (€) = —(8boC + v¥) /A
+(12C/A)by [cotha(\/—bog)r, by <0, (26b)
Dy3(€) = —(8boC + v)/A
—(12C/A)by [tana(\/%@r, bo >0, (26¢)
P24(§) = —(8b0C + ") /A
—(12C/A)bo [cota(\/—bog)r, bo >0, (26d)
D25(&) = —(8boC +v*)/A
—(12C/A) L1+ a)/(§* + w)]?, bo =0,
w = constant. (26e)

Case 3: The third case has A, B and C arbitrary, which de-
scribe the KdV-Burgers equation. The set of coefficients of
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Fig. 1. The solution ®11(£),§ =z +vtfor A=0.1, B=0.6,C =0,bp = —1,v = 0.2

(a) 3-dimensions, a = 0.5

@)

= 0=0.25 = * * * 0=0.50 —

= 0=0.75 = -

'o=1.0

(b) 2-dimensions

Fig. 2. The solution ®21(£), & =z +vtfor A=0.1, B=0,C =0.6,bp = —1,v = 0.2

the solution of STFKdV-Burgers equation is given by

S B  3B% - 250°C
0= TToocz 2T T Tosac
27
_ 12B 120
S vl

where AC' # 0. As the coefficient by is negative, therefore
the solutions corresponding to this set of coefficients are two
solutions only and represented by the following forms:

3B% — 250°C  6B2
31 (&) = 25AC 25AC
3B2 2

h,

95AC [tan (1005>]

3B2% — 250°C  6B2
®0(8) = —55ae Tasa0

2

25AC

o

B
10C

I

B
tanha (m&)

(28a)

B
COtha (m&)

(28b)
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IV. RESULTS AND DISCUSSION

The real world physical processes are modeled by nonlin-
ear partial differential equations. First order nonlinear partial
differential equations model nonlinear waves and arise in gas
dynamics, water waves, elastodynamics, chemical reactions,
transport of pollutants, flood waves in rivers, chromatography,
traffic flow, and a wide range of biological and ecological
systems. Second order partial differential equations govern
nonlinear diffusion processes, including thermodynamics,
chemical reactions, dispersion of pollutants, and population

LTFRZ

';;;, ',
T

sty
l.-... !!’

u(x,t)

(a) 3-dimensions, a = 0.5

dynamics, the simplest and best understood is Burger’s equa-
tion. Third order partial differential equations arise in the
study of dispersive wave motion as the KdV equation, in-
cluding water waves, plasma waves, waves in elastic media.
A generalization of these two equations (KdV and Burgers)
known as the KdV-B equation is very useful approximation to
describe phenomena in fluid mechanics and plasma physics.

The real world physical processes can be better modeled
by fractional differential equations rather by integer-order dif-
ferential equations. The space-time fractional KdV-Burgers’
equations are derived using Agrawal’s technique [23-25] and

@)

T
0
3
0=0.25 * * * * 0=0.50 —

“0=0.75 = * '0=1.0

(b) 2-dimensions

Fig. 3. The solution ®31(£), § = = + vt for A=0.1, B=10.6,C = 0.6, by = —%, v=20.2

(a) 3-dimensions, a = 0.5

@(®)

0=0.25 * * = = 0=0.50 = = 0=0.75 = = ' 0=1.0

(b) 2-dimensions

Fig. 4. The solution ®32(¢), € = @ + vt for A = 0.1, B = 0.6, C' = 0.6, by = — 12, v = 0.2
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the modified Riemann-Liouville derivative which were de-
fined by Jumarie [12-15], and solved at different three cases.
The first case takes the dissipation coefficient equal to zero,
which tends to Burgers’ equation, the second case takes the
dispersion coefficient equal to zero, which tends to KdV equa-
tion, and the third case takes the dispersion and dissipation
coefficient arbitrary that are not equal to zero, using the frac-
tional sub-equation method [34, 35].

Fig. (1a) shows the solution ®11(§) in 3-dimensions
where a shock wave formulated as the dispersion term in
the KdV-Burgers equation equals to zero, and Fig (1b) shows
the relation of ®1; (&) and the position at different values of
the fractional parameter o, where as shown as « increase
the amplitude of the shock wave increase. If the dissipation
coefficient in the KdV-Burgers equation equals to zero this
equation tends to KdV equation, where a soliton solution will
be obtained as shown in Fig (2a) the relation between®s (§),
position, and time. Fig. (2b) shows the relation of ®5;(&)
and the position at different values of the fractional parame-
ter o, where a bell shape formulated which increased in the
amplitude and width as the fractional parameter increased.
Figures (3) and (4) show that at dispersion and dissipation
coefficients are not equal to zero, where Fig (3) shows the
relation between ®31(£) and the position in 3-dimensions
and 2-dimensions at different values of fractional parameter,
respectively. Fig. (4) shows the relation between ®35(£) and
the position in 3-dimensions and 2-dimensions at different
values of fractional parameter, respectively when the balance
between nonlinear and dispersion effect is strong and can
result in the formation of explosive waves which appear in
different fields as tsunami.
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