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Abstract: We discuss the invariance of the action of the Lorentz algebra on the relativistic fourmomentum algebra under nonlinear
transformations. In particular, we describe the global Lorentz boosts acting on four momenta in cases for classical and x-deformed

Poincaré relativistic symmetry.
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I. INTRODUCTION

A description of modified fourdimesional D =4 clas-
sical relativistic symmetries using the concept of a Hopf
algebra (quantum algebra) [1] was proposed in the early
1990s using a model of so called x-Poincaré algebra [2, 3].
It appears that one can modify an enveloping algebra of
classical Poincaré Lie algebra introducing a new nonlinear
basis. One can consider in some sense a minimal modifica-
tion of Poincaré algebra considering nonlinear transforma-
tions of the four momenta generators leaving unchanged clas-
sical Lorentz algebra, i.e. O(3)-rotations and boost gene-
rators. This choice of basis is called the bicrossproduct
basis [3].

In order to get a nontrivial Hopf algebra structure, one
also has to deform the classical coalgebra structure intro-
ducing a nonsymmetric coproduct. In this description, non-
commuting D =4 space-time is obtained as a dual Hopf
algebra to x-Poincaré algebra.

One of the most interesting physical problems is to find
appropriate nonlinear transformations giving new momenta
with physically reasonable properties. Further we shall
briefly consider this problem.

II. CLASSICAL AND x-DEFORMED
SYMMETRIES

Introducing generators M ; describing O(3)-rotations and
the boost generators N ;(,j,k=1,2,3) one can write the Lie

algebra commutation relations of the classical D =4 Poincaré
algebra (P =L & T*) in the form

— Lorentz algebra L

[MPMJJ :iei/k'Mk’ [M[,J\/_/J :iegjka:
(1
[N N | =—ieg M,

— Translation algebra T 4 generated by the commuting
four momenta [P,,P,]=0 and

— covariance relations

[ M, P =iy P, [M;,Py]=0,
@
(NP |=i0,Py, [NPy|=iP.

The momentum variables fulfill the standard mass shell
condition (Casimir quadratic in four momenta generators)

C, =Pl -P?* =’ =inv, 3)
where c is the speed of light and u — the rest mass.

There is a simple prescription for an extension of any
Lie algebra to a Hopf algebra structure defining a trivial co-
algebra structure [1] with a counit and an antipode. In parti-
cular, for the considered classical, nondeformed Poincaré
algebra, P, we define three algebra homeomorphisms
u=0,1,2,3)

— coproduct Ay : P - P P

Ao(X)=X®1+1®X, for X =M, N,P,. @
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— antipode S, and counit €

Sy(X)=-X, e(X)=0, e(1)=1, (5)

for X =M;, N, P,.

It has appeared that this trivial extension of the Poincaré
algebra to a Hopf algebra is not the only one. Introducing
an additional deformation parameter x of the dimension of
mass, one can slightly extend this Poincaré algebra Hopf
structure in such a way that its coalgebraic sector becomes
a nontrivial one.

The classical Poincaré algebra has a structure of a semi-
direct sum P = £ @ T'"*. It was shown that one can deform
P in such a way that the semi-direct sum structure
remains unchanged. It can be done using the so called
bicrossproduct basis [3]. In this basis the Lorentz algebra
commutation relations (1) do not change and the covari-
ance relations (2) take the form

)

[/\/l P.]:ieijkﬂc, [M;,B]=0, [Niapo]=il’,-e_;c, ©

27

_5B =2
R i
[/\/’i, Pj} =je K¢ {(Sij (Kcsinh(—oJ-FP—J——'/}. @)
Kc 2Kc 2Kc

In order to describe a nontrivial Hopf structure of this
deformed x-Poincaré algebra, we have to define coproduct
A, antipode S and counit € as follows

A(M)=M B1+18M,

(®)
A(R)=FR®1+1®R,
_h
A(N;)=N,;®l+e "N, +
1 B C)
+Eeijke 2'“’Pj OM,,
H R
A(P)=P, ®e™ +e * ®FP, (10)
antipode and counit
S(M;)=-M,,
Lid 1 i an
S(N}) == N, +—e ™ PM,,
KC
S(R)=-R, S(B)=-P, (12)

e(X)=0, X=M; NP, (13)

The concept of coproduct allows us to consider the four
momenta abelian algebra T * as a module of Lorentz alge-
bra £ so called £ -module.

III. LORENTZ BOOST TRANSFORMATIONS

Let us recall that the leff action (right action) of Lorentz al-
gebra on the momentum algebra T’ * is defined as follows [1]

ad

x> p=x0pS (¥ ) = L xaupS (¥ ) (14
k

d
pax= S (xay) Pxy = 208 (%) P - 019)
k

where xe £, pe T* and (Sweedler’s notation is used)

Alx)= Z Xk ® Xy = Xa) O X
e

(16)

It appears that in both cases of classical, nondeformed
and x-deformed Poincaré algebra in bicrossproduct basis
we have

ad

x>p=x(1)pS(x(2))=[x,p] : (17)

Therefore, the left action (similarly right action) is clas-
sical, i.e. given by a commutator. From this relation fol-
lows a more general formula valid for an arbitrary function
of four momenta F (PO,IB) namely

N (ZF(PO,IB) =N F(B,P)e™,  (8)
where & =an is the rapidity vector related to the velocity
vector by a formula V =critanhe. In particular, for the
nondeformed Poincaré algebra P (see Egs. (1)-(2)) the
relativistic boost transformations of the four momenta P,
are given by the formulae

Py(a@)="P, cosha—(ﬁ-ﬁ)sinha, (19)

P (d)="P +ﬁ((ﬁ-75)(cosha—1)—750 sinha) . (20

From the form of relations (17)-(18) two main conclu-
sions follow:

(i) for an arbitrary, nonlinear and invertible transforma-
tions of the four momenta basis P, —P,, these rela-
tions are invariant,

(ii) these relations become invariant for a large class of nonli-
near transformations of the Lorentz generators N — L.
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Further we shall consider the case (i) and we assume
that the invertible, nonlinear transformations are in the
form (see Ref. [4])

R P P
Po =KcBgEKcB(K—OC, 5 ng[—oj ,
K cC KC

- - (R
KC
where invertible functions g and B depending on the para-
meter x satisfy the conditions:

. P . B, P
11mkﬁmg(—0j:1 and hmkﬁmB[—O, ?J:PO'

KC KC K'c

1)

This form of transformations imply only changes in the
covariance relations (6)-(7); therefore, the commutators
[V,P] depend on functions B and g but the classical
Lorentz algebra (1)-(2) is not changed.

The formulae (17)-(18) imply the following form of the
boost transformations of nonlinearly transformed momen-
tum P,

B(@)W (&) = Beosha— )

sinh a, (22)

KC

P(d)=
- - (23)
=w! (6)(P+ ﬁ[(ﬁP)(cosha —1)—1ccBSinha}) S

where:
o ~\ _ iGN y —iaN _
Wa)=g(x)g™ and X(@)=e'"" Xe , X=(g,B).

Using nonlinear transformations (21) the formula (3)
becomes a deformed mass shell condition and it is given by
the relation
& 2(’{2)} =inv., (24)

dk“c

C, =g*(K*?B* - P?) =, (K)(l +

which holds for the special form of function B satisfying
additional requirements

B:f(&j+ P’ h[&
KC 2K202 KC ’

g2 +ht(2f -1 =0.

(25)

The x-deformed Casimir is linear in the square of mo-
mentum and depends on the deformation parameter x and
can be rewritten as follows

P

Fig. 1. The case (a) — dispersion relation

5ke

KC

mc

0 0.2kc 0.4kc _ 06ke 0.8«kc KC
1Pl

Fig. 2. The case (b) — dispersion relation

G, (k) =2*c? (g(h_l —f)—l)—ghl52 =M?c* =inv. (26)

The form of the mass shell conditions and the physical
properties of the momenta depend on the choice of the
transformation functions f, 4, g. In particular, the four mo-
mentum basis satisfying the relations (6)-(7) are given by the
choice (a): f=¢*'*sinhx, h=e"?, g=¢"'?, and the
dispersion relation is plotted on Fig. (1). Similarly, most
frequently used basis (bicrossproduct basis) [3] is given by
(b): f=1/2(1—e), h=1, g=e", see Fig. 2 (dashed
lines on both plots represent classical behavior).
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