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Abstract: This paper investigates reliability properties of a flexible extended Makeham family of distributions. Quantiles
are obtained and a probability distribution has for particular parameter values a bathtub hazard rate function.

Key words: Makeham distributions, reliability function, moments and quantiles

Symbols

EM — Extended Makeham

RF — Reliability Function

RV — Random Variable

pdf — probability density function

cdf — cumulative distribution function
FR — Failure Rate

I. INTRODUCTION

The Makeham distribution describes the age dynamics
of human mortality rather accurately in the age window of
about 30-80 years. At more advanced ages the death rates
do not increase as fast as predicted by this mortality law
— a phenomenon known as the late-life mortality decelera-
tion. Historical decline in human mortality before 1950s
was mostly due to the decrease in the age-independent
mortality component (Makeham parameter), while the age-
dependent mortality component was surprisingly stable in
history before 1950s. After that a new mortality trend has
started, leading to unexpected decline in mortality rates at
advanced ages and “de-rectangularization” of the survival
curve.

In terms of the reliability theory, the Makeham
distribution of mortality represents a failure law, where the
hazard rate is a mixture of non-aging failure distribution,
and the aging failure distribution with exponential increase
in failure rates (see [7]).

A new probability distribution which for particular
parameter values (three parameters) has a bimodal density

function and a bathtub hazard rate function is presented in
[3]. Feng et al. [2] use the least squares type estimation to
estimate the parameters of Makeham distribution (three
parameters).

Adding parameters to a well-established family of
distributions is a time-honoured device for obtaining more
flexible new families of distributions. An ingeneous gen-
eral method of adding a parameter to a family of distri-
butions is introduced in [5]. Their method: if we have
a family of distributions with RF FO(x), then anew
family of distributions can be constructed based on the
relation:

P =
- X
7o m
—o<x<oo, y>0, y=1-7.

They discovered that the method has a stability property,
namely, if the method is applied twice, nothing new will be
obtained the second time around. They also have shown
that the newly generated family of distributions with the
RF (1) is geometric extreme stable, namely, if Xj, X5, ... is
a sequence of independent and identically distributed RVs
with RF (1), independent of a RV N possessing a geometric
distribution with the probability mass function:
P(N=n)=p(1-p)"",
2
n=1,2,..., 0<p<l],

then the RVs
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U=min(X;, X,,..., Xy ),

3)

V=max(X, Xs,..., Xy),

also belong to the family of distributions with the RF (1).

In this paper we introduce a new variant of Marshall-
Olkin extended family of distributions by selecting in (1)
the RF of Makeham distribution with three parameters:

Fy(x) = eXp(—Ax—E(ew —1)),
o

“
x>0, A,B,a>0.
Substituting (4) in (1), we obtain
3 yexp (—Ax—B(e‘” —1))
F(x) = “B =
1- j7exp(—Ax—(ew —1))
o
= z : )

exp(Ax+B(eax —l)j— y
o

x>0, A4,B,a,y>0.

We shall write X ~ EM(A, B, ¢, y) to denote an absolutely
continuous RV X possessing the Marshall-Olkin extended
Makeham distribution with parameters 4, B, ¢, ¥ and RF
given by (5).

The aim of this paper is to reveal some reliability
properties of EM distribution. These properties include: (i)
expressing this proposed distribution as a compounding
process with exponential mixing model, (ii) shapes of the
probability density function, (iii) moments and quantiles,
(iv) shapes of the failure rate function, (v) stochastic
ordering, and (vi) limiting distributions of extreme order
statistics.

II. COMPOUNDING

Let F(x|9), —o < x<oo, —oo< @ <o, be the condi-
tional RF of a continuous RV X given a continuous RV ©.
Let © follow a distribution with the pdf m (). A distribu-
tion with RF

F(x)= [ F(xlo)m(@)ae,
- ©

—o0 < x < oo,

is called a compound distribution with mixing density
m(6). Compound distribution provides a tool for obtaining

new parametric families of distributions in terms of
existing ones. They represent heterogeneous models where
populations items involve different risks.

The following theorem shows that the EM distribution
can be expressed by the compounding argument.

THEOREM 1

Let the conditional RF of a continuous RV X given
© =6 be expressed as:

_ ( ( Ax+£(em—l) ) )
F(x)=exp\-le @ -1/6
@)
x,0>0, A, B, a>0.

Let © follows an exponential distribution with probability
density function (pdf):

m(@) =y, 6>0, y>0. (8)

Then the compound distribution of X is the EM(4, B, «, 7)
distribution.

Proof.

Forallx>0, 4,B,a,y >0 the unconditional RF of X is
given by

F ()= [F(xlo)m(6)do -
0

B

< Ax+—(e% 1) _
=7Iexp(—(e o —}/)deez )
0

_ y
exp(Ax+B(e’” —l)j— ¥
a

>

which is indeed the RF (5) of EM(A4,B,,y) distribution.

III. THE PROBABILITY DENSITY FUNCTION

The pdf of the EM (A4, B, ¢, y) distribution with RF (5),
is given by

dﬁ(x) 7(A+Be“x)eXP(Ax+g(eax _1)j

B (exp(Ax+§(eax—1)j—7]2

x>0, 4,B,a,7>0.

f(x)=-
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The following theorem gives simple conditions under
which the pdf (10) is decreasing or unimodal.
THEOREM 2
Let X ~ EM(A,B,c,y) then X has a decreasing (unimo-
dal) pdf provided (y—2)(4> +2A4B+B*)+aBy<0(>0). %
Proof.
The first derivative of f(x) is given by
exp(Ax+B(e’” —1))'//(?5) 07 08 0.9 1.0 11 12 13
VoY o
/ (x) = 30 X2 0, (11 Fig. 2. Plot of the pdf for different values of ¥
B 1) |7 w2 B
exp Ax+a e 1 Y ford=a=2,B=1
where
B
Ax+—(e™" 1) IV. MOMENTS AND QUANTILES
w(x)=(Be™ (24+a)- A2 —B***)e  « + Q
12
(12) The rth moment of the EM distribution is given by
— 7(Be™ 24+a)+ A® + B2*™),
r r-1 -
The function w(x) has no (one) zero on (0, ) provided E(x")=r I X (x)dx =
w(0) = (y—2)(4> +24B+B*) + a By<0(>0). That is, 0
f(x) has no (one) critical point provided y(0)<0(>0).
Since f(x) is non-negative and [f(0)=(4+B)/y, _ ]7 X! d (13)
f(e2)=0 then f(x) is decreasing (unimodal) provided =Y v

w(0)<0(>0).

Remarks:

(1) When ye [2,00) , f(x) is unimodal for all values of
A, B, > 0. Otherwise, f(x) may still exhibit a decreasing or
unimodal behavior according to the conditions of theorem 2.

(i) As B — 0, i. e. the extended exponential distribution,
f(x) is decreasing (unimodal) provided 0< ¥y <2(y>?2),
as shown by [5].

12F
10F
08} -

0.6

EMD
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0.2}

0.0,

Fig. 1. Plot of the pdf fordifferent values of ¥
ford=a=1,B=2

In general, the last integral cannot be given explicitly in
terms of r, &, ¥, A, B. The mean E(X) and the variance
Var(X) of EM distribution are shown graphically in the
following Figures for4 =1, =3, B=2:
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Fig. 3. Plot of the mean
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Fig. 4. Plot of the variance

The gth quantile of the EM is given by

x,=F'(q)=

l[jl?wzlnl_qﬂj
= ;—I[LambertW(geA [ 4 j A + (14

o

I-g

where F'(.) is the inverse distribution function.
The median of the EM distribution, i. €. xy 5, is given by

median(X) =

— Ly In(1
= —I(Lambeer(EeA(Bm (t+7) A+ (15)
Ao A

- B—aln(1+7/)j :

V. FAILURE RATE FUNCTION

The concept of the FR in engineering (also known as
the hazard rate in medical science and the force of mortal-
ity in actuarial science) is the basic staple of the modern
reliability theory.

The FR function of the EM (A4, B, ¢, ) distribution is
given by

_f(x)
=505 =

16
exp(Ax+B(em‘—1)j(A+Bew) 1o
a

exp(Ax+B(eax —1))—}7
o

and FR average function of the EM (4, B, ¢, y) distribution
is given by

(0 =L [l du =
o

(17
log(exp(AerB(em —Oj—?}—log(?’)
(04

X

The behavior of the FR and FR average is the same. The
following remark presents a formal description of the
possible shapes of the FR of the EM distribution in terms of
the parameters 4, B, ¢, .

THEOREM 3
Let
73(_1+em)+/1x+xa
E(x)=Be « a—-7(42 + B2 + Be™ (24+a)),

x>0.1f X~ EM(A, B, ¢, 7), then X has
(1) a decreasing FR provided
0<y<0.1, £(0)<0

(i1) a decreasing-increasing (bathtub) FR provided
0.1<y<05, £(0)<0

(iii) an increasing FR provided

y>05, £(0)>0.

Proof.

The first derivative of /(x) with respect to x is given

by

B(—1+e‘“)+Ax -
o
B =— )
B(71+em)+/4x (18)
yt+e & -1
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where
73(_1+em)+Ax+xa
E(x)=Be ©« o+
— 7(4% +B2** + Be™ 24 +@)).
Note that

E(0)=Ba— 7(4> +B>+B(24+a)) and £(c0) = oo,

h(x)

h,(x)
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Fig. 6. Plot of the FR average for different values of yfor 4 =1,
a=3,B=2
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Fig. 7. Plot of the FR for different values of yfor4 =3, =6,B=4
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Fig. 8. Plot of the FR average for different values of yfor 4 =3,
a=6,B=4
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Fig. 9. Plot of the FR for different values of y for 4 =3,
a=2.6,B=0.25
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Fig. 10. Plot of the FR average for different values of yfor 4 =3,
a=2.6,B=0.25

VI. STOCHASTIC ORDERINGS

Stochastic ordering of positive continuous random vari-
ables is an important tool to judge the comparative
behavior. We shall recall some basic definitions.
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Random variable X is said to be smaller than random
variable Y in the
(1) stochastic order (denoted by X <, Y) if
fX (x) < FY (x) for all x;
(i1) hazard rate order (denoted by X <, Y) if
hy (x) = hy (x) for all x;
(iii) likelihood ratio order (denoted by X <, Y) if
fx (x)/ fy (x) decreases in x.
The following implications (see [6] chapter 9) are well
known:

X<, Y=>X<, Y= X<, Y. (19)

The EM distributions are ordered with respect to the stron-
gest “likelihood ratio” ordering as shown in the following
theorem.

THEOREM 4
Let
X~EM(A,B,a, 1)
and Y ~ EM(A, B, o, }/2).

If , <7, then

X<, Y(XS,Y, X<, 7). (20)
Proof.
First note that
Sy () _
fy (x)
B ’ 21
exp(Ax+(e’” —1))—772 @1
N a

V2 exp(Ax+B(e‘” —l)j— %
a

Since, for 7 <75,

ifX (X) :2ﬁ(
dx fy (x) V2

[exp(Ax+§(eax_1)j_72j
[exp(AHg(eax_l)j_zf

B ox
y (A N Bem‘ )eAx+;(e -1)

Nn=7) X

X

X (22)

<0,

then fy (x)/ fy (x) is decreasing in x. Thatis X <, Y. The
remaining statements follow from the implications (19).

VII. LIMITING DISTRIBUTIONS
OF SAMPLE EXTREMES

Let X, X,,..., X, be a random sample of size n from
an absolutely continuous distribution with pdf f(x) and
cdf F(x)=1-F(x). Limiting distribution of sample
maxima X, =max (X, X,,..., X,) is a long stand area
in applications of probability and statistics (see, e.g. [4]).
First, we recall the following asymptotical results for X,
(see, e.g., [1], pp. 210-214).

(i) For the maximal order statistic X

nn?>

we have

lim P{X,, <a,+b,tt=exp(-¢™),

nn —

n—eo (23)
—o00 <t < oo,

(of the extreme value type) where

d( 1
lim —| — |=0. 24
xl—IBedx[h(x)j @9

The following theorem derives the limiting distributions of
the largest order statistics from the EM distribution.

THEOREM 5

Let X,., be the largest order statistics from EM (4, B,
a, ) distribution. Then

lim P{X,, <a,+b,tt=exp(-e™),

nn —

n—oo (25)
—00 < f < oo,
where
a, =F1(l—lj and b, -
n nf (a,)

and f(.), F~' (), respectively, are given by (10) and (14).

Proof.

For EM distribution, we have
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—e"*B+B—A B(-1+e"
¢ SHo-Axa 3 (-lve )+x(A+a)
—Be o

a—(42 + B*¥ + Be™ (2A+a))(7—1)j .

.od 1 . e @
hm—[ J = lim
x—eo dx \ h(x) x>0

Hence, the statement follows from (23) and (24).

VIII. CONCLUSION

The new extended Makeham distribution is obtained. The
proposed extended Makeham distribution has a unimodal
probability density function. Such characteristics are useful
for modeling continuous data from life-testing experiments.
Some reliability properties are obtained. The extended Make-
ham distributions are ordered with respect to the likelihood
ratio stochastic ordering. The limiting distribution of the
largest order statistics of a random sample from the proposed
distribution has an extreme-value distribution.

The distribution profile is shown in Figs. (1-2). On the
other hand, Figs. (5-10) show the variations of FR and FR
average for different values of . The behavior of FR and
FR average is the same, it is clear that for 0.1<y<0.5,
£(0) <0, decreasing-increasing (bathtub) FR and FR
average are obtained and for > 0.5, £(0) >0, increasing
FR and FR average are obtained, while for 0 <y <0.1,
£(0) <0, decreasing FR and FR average are obtained.

methods in statistics.

(A+Be)
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