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Abstract: The protein sequence is coded with the help of the triplets of nucleotides, each corresponding to one amino acid in a protein se-
quence. The triplet code of the coding sequences possesses some informative redundancy. Some triplets are more probable than others.
The analogous redundancies appear in all natural languages. The non-equal frequency of the characters in plain text makes possible that entire
words can be predicted given the context of the plain text. This is typical problem in cryptanalysis that a plain text is compressed before en-
crypting it in order to reduce the language redundancies. The nucleotides represent the natural units to discuss the redundancies in the coding
sequences of natural genomes. The mutation pressure and selection pressure are the main factors responsible for the observed redundancies.
Then, the nucleotide frequency in DNA seems to be the natural information weight. We show, that the probability of a nucleotide to stay non-
mutated becomes another, the more efficient information weight. It has smaller redundancy although it is correlated with the nucleotide fre-
quency. We have found the values of probability for nucleotide to stay non-mutated in the particular case of the Borrellia burgdorferi ge-
nome. In order to examine the usefulness of the new frequencies we used them in a problem of bit-string packing in a channel with a given
capacity. We performed a computer experiment, in which we have generated all possible oligomers consisting of k nucleotides and we have
shown, that if the number of bits of the information carried out by the oligomers does not exceed a given threshold value, the same as calcu-
lated for genes of the Borrelia burgdorferi genome, then the distribution of the generated oligomers resembles the one used by these genes.
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I. INTRODUCTION amino acids in protein representing the receiver. The nuc-
leotides have non-equal frequencies, f4, /7, f, fc, of their oc-
currence, which is the result of the mutational pressure and
selectional pressure. Thus, these frequencies express the natu-
ral redundancy of genetic code in the genome under consi-
deration. Shannon [7] considered the generation of a message
to be a Markov process, subject to a noise, and he introduced
an expression

Since the famous paper by Crick et al. [1] it is generally
accepted that there exists, in all living organisms, a code that
makes possible information transfer from DNA to proteins.
Namely, the protein sequence is coded by codons in DNA
sequences, which are the triplets of nucleotides, each corres-
ponding to one amino acid. There are 64 possible triplets and
only 20 amino acids. Hence, the genetic code is degenerated.
Crick et al. [1] proved that codons are always read from the H= _kz p; log fj, (1)
start, codon after codon, they do not overlap, there are no i
commas between them. Therefore, each strand of the coding
region of a DNA molecule could be read in three different
reading frames and all the statistical analyses of the coding
properties of the DNA sequences should be done in a specific
reference system consistent with the triplet nature of the ge-
netic code [2-4].

The coding DNA sequence can be thought as a message
necessary to be transferred from source to receiver through
a noisy information channel, e.g. [5, 6]. Then, the four letter ( 1 ]

known as information entropy, which is a measure of infor-
mation in a message, and j denotes letters of the alphabet
under consideration, f; represents the probability of the sym-
bol j, and the coefficient & is for the purpose of a unit of
measure. In the case of binary alphabet, one usually chooses
logarithm base 2 in the above expression. Then, the entropy
of a message consisting of symbols 4, T, G, C reads as

@)
Ji

alphabet, 4, T, G, C, which denotes DNA nucleotides represent- H= z f, log,

ing the source, should be translated into a 20 letter alphabet of J=AT.GC
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where

1
B.=log,| — A3)
Ji gz(fj]

represents the number of bits necessary to code nucleotide j
in optimal way. If there is no additional information about
the frequency of the occurrence of the nucleotides, then two
bits are necessary for each nucleotide. On the other hand,
the codons (triplets) need six bits of information for each
codon, whereas the amino acids need four bits. The sense of the
Shannon’s channel capacity theorem [7] is that if one wants to
send a message from source to receiver, with as few errors as
possible, then the code of the message should posses some
redundancy, because the channel adds noise to the transmitted
message. For example, in coding sequences of the Borrellia
burgdorferi genome, which we will address at the below we
have the following nucleotide fractions and numbers of bits:

£1=0.3060, f;=0.4901, f5 = 0.1365, f- = 0.0675,  (4)

B,=1.7084, By=1.0289, B; = 2.8730, B = 3.8890. Q)

Then, the total number of bits representing nucleotide fre-
quencies is equalto B=B,+ Br+ B+ Bc = 9.5, 1.e., there is
necessary about 2.4 bits per nucleotide. In the following sec-
tion, we will show that the information carried by the prob-
ability that these nucleotides will stay non-mutated is much
less redundant because in this case we have got only about
2.01 bits per nucleotide.

The problem is closely related with designing DNA codes,
which is important for biotechnology applications, e.g., in
storing and retrieving information in synthetic DNA strands
or as molecular bar codes in chemical libraries. This has been
discussed recently by Marathe et al. [12] (see also very rich
literature within). The necessity of the suitable weight given
to nucleotides, in such a way that they be consistent with
the amino acid structure, is notified also in papers dealing with
DNA symmetry consideration in terms of group theory [11].

II. INFORMATION WEIGHTS
WITH DECREASED REDUNDANCIES

In papers [13-15], we concluded that in natural genome
the frequency of occurrence f; of the nucleotides (=4, T, G,
(), in the third position in codons, is linearly related to the re-
spective mean survival time 7,

fj =myT; + ¢y, 6)

with the same coefficients, mq and c¢,, for each nucleotide.
The coefficient m, is proportional to mutation rate u, experi-
enced by the genome under consideration. This means, that in
natural genome, with balanced mutation pressure and selec-
tional pressure, the nucleotide occurrences are highly corre-

lated. This observation does not contradict to the Kimura’s
neutral theory [16] of evolution, which assumes the constancy
of the evolution rate, where the mutations are random events,
much the same as the random decay events of the radioactive
decay. Actually, the mutations are random but they are corre-
lated with the DNA composition. Thus, the frequency f; con-
tains information specific for genome and therefore it seems
to be a natural candidate to model information weight for
nucleotides. However it possesses a large informative redun-
dancy, mainly due to the mutation pressure.
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Fig. 1. Relation between fraction of nucleotides representing third

position in triplets of the coding sequences of the Borrellia burgdor-

feri genome and the probability that they stay non-mutated.

The lower bound for the probability is presented, when the muta-
tionrate u = 1

The question rises, whether we could estimate a nucleo-
tide fraction fj, which is not influenced by nucleotide substi-
tutions. To answer the question, we considered the probability
that nucleotide j becomes non-mutated, which is equal to

Po=1-uW; = 1-u) W, %)
i*]

where W, is the relative mutation probability of nucleotide j,
W is the relative probability that the nucleotide ; is changed
to the nucleotide 7, and W+ Wr+ Ws+ W= 1. The parame-
ter u represents mutation rate. In the case of the Borrellia
burgdorferi genome, we have found [13-15] an empirical
mutation table, applying for genes of leading DNA strand (it
is transpose matrix for genes of lagging DNA strand), where
the values of ¥} are the following:

Wi=0.0667 Wr=0.0347 Wce=0.0470
Weq=0.1637 Wy, =0.0655 W, =0.0702
Wer=0.1157  W,r=0.1027 Wer=0.2613 (8)
Wee=0.0147  W,4c=0.0228 Wre=0.0350
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In the extreme case of u = 1, we obtain the lower bound for
the probability P; (Eq. 7) that nucleotide j becomes unchanged
by mutation at some instant of time z. We used these values to
construct information weights for nucleotides, which are
free of the mutation pressure. To this aim, we normalized
the probabilities, P;, and each nucleotide has been assigned
a value

B, =log, (1/13_/.), )

being an average number of bits necessary to code this nu-
cleotide in optimal way. We have got the following values for
the information capacity of the particular nucleotides,

B,=1.89278, By=1.79457, B;=2.08743, Bc=2.27122 (10)
This means that the average number of bits per nucleotide is
equal to

> B =20l (11)
T.,G,C

1
44
In Fig. 1, there is presented in the log-normal plot the pro-
bability that nucleotide in the third position in codons stays
non-mutated versus the nucleotide fraction in this position.
The value of u = 1. We can observe that P, ~ log( jj) The
consequence of this exponential law is that the frequency, fj,
of the non-mutated nucleotide j, which is defined as

7y =Bty
is, in practice, correlated linearly with their fraction f;.

The numbers of bits in Eq. 10 can be compared to
the numbers of bits in Eq. 5 representing the nucleotide frac-
tion f; in the position (3) in codons of genes which have about
2.4 bits per nucleotide. The same calculations for the normal-
ized fractions fj yield even larger number of bits per nucleo-
tide which is about 2.5 bits. We may conclude that the prob-
abilities P; represent the weights with the smallest redundan-
cies from among the considered examples.

In the case of the B. burdorferi genome we have suc-
ceeded with the knowledge of the mutation table. We have
not such table for amino acids, even in this genome. How-
ever, there is known a table of amino acid substitutions pub-
lished by Jones et al. [8], which results from statistical analy-
sis of 16130 protein sequences from few species. Unluckily,
this table includes both the mutational pressure and selec-
tional pressure. The table represents so called PAM1 matrix,
corresponding to 1 percent of substitutions between two com-
pared sequences. For each amino acid we calculated the prob-
ability P(j) (j =1, 2, ..., 20) that it is unchanged, in the same
way as for nucleotides in Eq. 7. Next, we calculated for them
the respective number of bits B;. They take the values pre-
sented in Table 1. For the data in the table we have got about
4.5 bits per amino acid.

(12)

Table 1 Average number of bits representing 20 amino acids calcu-
lated with the help of the PAM1 substitution table published by
Jones et al. [8]

Amino acid Average number of bits

3.9382
3.3455
4.9298
4.9286
4.9177
4.9273
4.9307
3.9266
4.9230
4.3469
3.3503
4.9301
5.9207
4.9221
3.9233
3.9344
3.3570
5.9157
4.9228
3.9362

<< E-HwuwwOmIIAFRrCc—-—IDIaoamo Qg ZzZ=m >

ITII. BIT-STRING PACKING
IN AN INFORMATION CHANNEL

The DNA sequence representing chromosome under con-
sideration is very long even if we would have restrict our-
selves only to genes. Therefore, we have decided to consider
the fragments of genes represented by oligomers consisting of
k nucleotides. Because the coding sequence has to be read in
triplets of nucleotides the number £ is a multiple of 3, k= 3n,
where n is some integer. We analyze independently three
subsequences of nucleotides from position (1), (2) and (3) in
codons, read codon after codon, instead of one sequence of
the total oligomer. Thus, each subsequence consists of # nu-
cleotides and therefore there are possible at most 4" different
sequences because there are four nucleotides. In the case of
non-equal nucleotide frequencies we can expect that the value
of the total number of bits representing each subsequence

B= Zn:Bl-
i=1

(13)

could be different for unlike subsequences. We decided to test
the usefulness of the information weights introduced in the
previous section in the problem of pattern recognition, where
we have compared the computer generated sequences of n
nucleotides to the ones taken from genes in the Borrellia
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burgdorferi genome. Therein we have partitioned all genes
under consideration into non-overlapping k-oligomers and
their nucleotides have been assigned the information weight
according to Eq. 10. The nucleotides in all 4" sequences gen-
erated with the help of computer also have assigned the same
values of the weight as those which are defined in Eq. 10. In
natural genome we have many repetitions of the particular
sequences but the number of unlike classes of sequences
associated with the particular position in codons is always
less than or equal to 4”.

Now, let us imagine a computer experiment in which we
have two banks of unlike sequences consisting of n = 6 nu-
cleotides, e.g., the first bank has been obtained for position
(3) of codons in genes of the Borrellia burgdorferi genome
and the second bank possesses all 4" = 4096 subsequence
experiment rest on the choosing from these two banks only
these sequences for which the total number of bits defined in
Eq. 13 does not exceed a given threshold value. We have
called this threshold value the channel capacity on account of
the analogy with the Shannon’s channel capacity theorem.
We change the assumed value of the channel capacity and
each time when we do this we count the number of sequences
from these two banks which coincide with the help of an
overlap parameter being defined as follows:

x

=, (14)
X+y+z

where x denotes the number of sequences, which are exactly
the same in two banks, y denotes the number of sequences

from the second bank, which are different from those in the
first bank, and z denotes the number of these sequences in
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Fig. 2. Dependence of the overlap parameter ¢ in Eq. 14 on the

given channel capacity in the case of two banks of n-oligonucleo-

tides, the first bank represents the position 3 in codons of the genes in

the Borrellia burgdorferi genome and the second bank represents all

possible sequences consisting of # nucleotides. The plots have been

done for the values of n=3,4, 5, 6,7, 8,9, 10. The nucleotides have
been assigned information weights defined in Eq. 10

natural genome (the first bank) where the total number of bits
exceeds the given channel capacity.
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Fig. 3. There is shown the dependence of the overlap parameter ¢

on the channel capacity for the 6-oligonucleotides in the case of

two banks of sequences as in Fig. 2 and different values of the in-
formation weights

The longer the oligonucleotides the more gene specific
they become. From our observations the best choice of the
length of the oligonucleotides for statistical analyses is equal
to n = 6. The result presented in Fig. 2 could seem to be triv-
ial — the maximum of the curves for the respective values of n
shifts to the right direction with the increasing value of ».
However, in Fig. 3 we can observe that the maximum value of
q appears only for the proper choice of the number of bits
associated with the nucleotides. There is no sharp maximum
in the case of the loss of information when all nucleotides
have assigned the same weight B; = 1. On the other hand,
when all nucleotides have assigned a weight equal to two bits
there is only a signal that below some value of the channel
capacity there is no coincidence between the sequences of the
two banks under consideration. There are, in the figure, two
curves with the largest value of maximum value of ¢, which
are corresponding to two different sets of information
weights, defined in Egs. 5 and 10. In general, one could find
more representations {B;} (j = 4, T, G, C) of information
weight leading to the same result (the same maximum value).
The trivial ones are those which correspond to other values of
mutation rate u. We expect that the optimum representation
should be that which requires the less amount of redundant bits.

We have analyzed all possible 6-oligonucleotides in each
nucleotide position in codons of genes, and we have found
the lower bound and the upper bound of the information capac-
ity of these sequences for the particular choice of the weights
By, Br, B, B¢ defined in Eq. 10. Besides, we have translated
the triplets of nucleotides (codons) into the amino acids and the
lower and upper bounds have been found also for the amino
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Table 2. The lower and upper bound for the average number of bits
representing 6-tuples of nucleotides in position (1), (2), and (3) in
codons of 18-oligomers cut off from the genes of the Borrellia
burgdorferi genome, and the 6-tuples of the corresponding amino

acids
Amino Nucl. Nucl. Nucl.
acids €)) 2) 3)
Lower bound 20.0778 10.7674 10.7674  10.7674
Upper bound 31.5625 13.4435 13.6273  13.0651

acids. In Table 2 we have presented the results for n = 6.
Notice, that the range of the differences among the numbers
of bits representing oligonucleotides specific for each position
in codons of the examined 18-oligomers is of the order of
maximum 3 bits whereas the corresponding range for the
amino acids is about four times larger. We would like to em-
phasize that if we had measured the nucleotides with the
values of B4, Br, Bg, B¢ introduced in Eq. 5 being constructed
with the help of the nucleotide occurrences f, /1, f6, fc, then
the range of the corresponding differences would be almost
four times larger.

IV. DISCUSSION OF THE RESULTS

The presence of the lower and upper bound for informa-
tion packing in DNA sequences and protein sequences im-
poses natural selection criterion for the nucleotide sequences
which can be considered as the coding sequences. Therefore
we generated with the help of computer random number gen-
erator as many of k-oligomers as there are in genes of natural
genome and all the oligomers were fulfilling the following
three conditions:

o the frequency of occurrence of nucleotides was the same as
in coding sequences of natural genome, separately in posi-
tion (1), (2) and (3) in codons,

« each nucleotide j is assigned a value B; (Eqs. 10),

o the lower bound and the upper bound for the selected n-nu-
cleotides in each position in codons of k-oligomers
(k= 3n) could not exceed the value of the lower and upper
bound for genes in natural genome as well as the triplets of
nucleotides from k-oligomers cannot exceed the lower and
the upper bound for amino acids after translation them into
a sequence of amino acids.

We have found, that the distribution of the generated by
computer k-nucleotides in all nucleotide positions in codons
coincide up to the noise introduced by the over-represented
and under-represented oligonucleotides with the corres-
ponding distributions in natural genome. This could be seen
in the Figs. 4-6, where we placed all generated oligomers and
natural ones in a space [4, T, G, C| with the help of IFS ({ter-
ated Function System) transformation [18]. In the case of

k = 6, the points of the space [4, T, G, C| represent all possi-
ble 4096 k-tuples of nucleotides (oligomer classes) and the
hills represent the numbers of the same sequences in the class.
The detailed construction of the [4, T, G, C] space can be
found in our paper [23]. The representation is similar to the
chaos game representation of DNA sequences in the form of
fractal images first developed by Jeffrey [19] and followed by
others, e.g., [20]. The size of the hills is closely related to the
mutation pressure and selection. The particular case of the sta-
tistical properties of short oligonucleotides have been discussed
recently by Buldyrev et al. [22]. In particular, they showed

Fig. 4. Left: distribution of 6-oligonucleotides in position 3 in

codons of genes from the leading strand of the Borrellia burgdorferi

genome in [4, T, G, C] space. Right: the same for computer
generated sequences

Fig. 6. The same as in Fig. 4, but for position 1 in codons
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that the number of dimeric tandem repeats in coding DNA
sequences is exponential, whereas in non-coding sequences it
is more often described by a power law. Other analysis of the
k-oligomers, like Zipf analysis, can be found elsewhere, e.g.,
[24, 25].
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Fig. 7. Number of representants in 4096 classes of 6-sequences
sorted with respect to their rank number in the case of: 6-nucleotides
originating from position (2) in codons of the Borrellia burgdorferi
genome (the hills in the left side Fig. 5), 6-nucleotides generated by
computer (the hills in the right side Fig. 5) where information
weights are defined in Eq. 10, 6-nucleotides generated by computer,
where information weights are defined in Eq.5. Every point
in the data resulting from simulations has been aver aged over
10 elements

In the Figs. 4-6, the best result with respect to comparison
of the natural sequences with the reconstructed oligomers we
have got for the third position in codons, whereas the worst
one we have got for the second position in codons. However,
the reconstruction of the second position in codons and the
first one also shares many features common with the natural
genome. The choice of another set of {B;}, the one originating
from the nucleotide occurrence f; (Eq. 4), leads to very similar
results. We showed this in Fig. 7 for position (2) in codons. In
the figure, all k-oligonucleotides have been assigned a rank
with respect to their occurrence and there is plotted their
number in each number 4096 classes versus the rank. The
three cases are plotted in the figure: the number of k-nu-
cleotides in natural genome, the number of k-nucleotides in
generated sequences where the information weights have
been defined in Eq. 10 and Eq. 5. As we can see, even in the
case of the weakest reconstruction of DNA oligomers for the
position (2) in codons, the number of representants of each of
the 4096 classes well approximates the corresponding number
in natural genome. Much better approximation we have got
for the first position in codons and the third one. It seems, that
suggested by us information weights B;, in Eq. 10, basying on
the mutation table for nucleotides, estimate information car-

ried out by nucleotides better because they correspond to the
smaller size of the information channel. This could be as in
the example, given by Yockey [6], of bar code attached to
packages items in stores that permits the cashier to record the
price of the item. Namely, the amount of information esti-
mated by us with the help of mutation table for nucleotides
represents the sense code whereas the remaining part of it
represents the redundant bits. Hence, the frequency of occur-
rence of nucleotides in natural genome represents two types
of information being compromise between selection and mu-
tation pressure. It is worth to add, that analogous information
redundancy in protein sequences is very small.

The obtained by us reconstruction of DNA sequences with
the help of only one rule, that the number of transferred bits
cannot exceed some threshold value, suggests that the width
of information channel is the basic mechanism of the informa-
tion packing in DNA coding sequences.

There is different research done in the field of combi-
natorial DNA words design by Marathe et al. [12], in which
they discuss some constrains imposed on constructed code,
like Hamming constraint, free energy constraint etc. Their pa-
per is one of the papers dealing with the study of biotechnologi-
cal applications of DNA information. Our result, basying on the
usage of the table of substitution rates for nucleotides and
amino acids, could be also used as a new possibility of the
designing the code of synthetic DNA for biotechnology pur-
poses.

V. CONCLUSIONS

Our results suggest that the redundancies in the frequency
of nucleotide occurrence in coding sequences substantially
depend on mutation pressure. We have shown the method of
the construction of the information weights with the reduced
redundancies. It is possible to use it in some biotechnological
applications dealing with designing synthetic DNA code.
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