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A b s t r a c t : A transfer matrix approach has been worked out to test the predictions of the three-step 
molecular-field renormalization group (MFRG) for square Ising clusters with linear size up to L = 11. 
The convergence of the finite-size critical couplings and the critical exponents towards the exact values is 
shown. 

The molecular field approximation has become a valuable tool for a qualitative understanding 
of the phase diagrams of three-dimensional systems and for obtaining quantitative estimates of 
non-singular thermodynamic properties. Its most serious drawback is the prediction of classical 
critical exponents. A successful attempt to improve this deficiency [1-3] is the idea of MFRG 
which will be illustrated for the ferromagnetic nearest-neighbour Ising model on the square 
lattice, inasmuch as for this case the exact results are known. 

Consider three square clusters consisting of N = L2, N' = L' 2 and N" = L" 2 sites, where L, 

L' and L" denote the linear size of a given cluster, with L> L' > L". In the spirit of the 
mean-field theory, the border spins of the clusters are subject to the symmetry-breaking 
(effective) field b, b' and b", respectively. For the cluster of the size L, the Hamiltonian in 
the presence of magnetic field can be written as 

where K stands for the coupling βJ and the parameters h and b denote the external and 

the effective field, respectively. The first sum runs over the nearest-neighbour pairs, the second 

over all the cluster sites and the third over the edge spins only, so that the factor nj counts 

the number of effective fields (nj = 1 except for the corner spins where nj = 2). 

In the standard MFA, the self-consistency condition for the magnetization per site 

m(K,b,h)=b (1) 

leads to the critical coupling Kc in the limit b = 0. 

In MFRG, the scaling behaviour of the cluster magnetisations m and m' under the length-

rescaling factor l1 = (N/N') 1 / d is imposed [2] 
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follows for the fixed point, where 

(5) 

(6) 

and 

denotes a two-point correlation function in the limit h = b = 0. Once the fixed point K* is 
calculated, the thermal and the bulk and surface magnetic exponents yt, yh and yhs. can not uniquely 
be determined. From the set of Eqs (4) and (5) only yh + yhs can be determined, whereas for 
critical exponents slightly different results can be obtained from the corresponding scaling fields 

This method of computation of non-classical critical properties of lattice models is attractive 
due to its efficiency and simplicity and is easily applicable [4-9] to bulk critical phenomena as 
well as to surface, random and dynamic effects. Initially [1] the estimates of the non-classical 
critical exponents appeared to be inferior to the estimates of critical couplings. In a number of 
publications some attempts to improve this shortcoming have been undertaken by a redefinition 
of the rescaling factor [10], or an idea of effective fields with correlations [11], However, 
the validity of the basic assumptions (2) and (3) have not been confirmed so far as well as 
the convergence of the MFRG results has not been systematically checked by using sequences 
of large cluster sizes. The main difficulty arises from summation over all the 2LxL Ising 
configurations in (6), blowing up quickly with increasing L. With some computational effort 
the renormalization-group calculations have been performed up to L = 6 [4], Considering the wide 
range of the MFRG applications, the test of convergence in the finite-size scaling region 1/L << 1 
seems rather important. 

for the mapping (K, h, b) ( K " , h", b " ) . ( K ' , h', b') and for ( K ' , h', b') 

together with the ansatz that the effective field scales like the surface field Similar 

(2) 

equation we have for magnetisations m' and m ": 

(3) 

with and l2 = (N'/N")1/d. 

A mapping (K, h, b) (K', h', b') can be found from Eq. (2), setting h = h' = 0 and expanding 
both sites to the leading order in b and b'. Analogously, from Eq. (3) we can find a mapping 
( K ' , h ' , b') ( K " , h", b"). Combining Eqs (2) and (3), the set of two equations of the form 

(4) 
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where 

The computations of the partition function ZL and its expansion is carried out by the powerful 

transfer matrix technique. If the spins belonging to the j-th column of the cluster are denoted as 

Sj = (S j1, Sj2,... , SjL), the partition function is given by 

(7) 

where the global transfer matrix TL is defined in the 2L-dimensional manifold of all the con-

figurations of L spins Sjk(k= 1 , . . . , L). The matrix TL can be factorized into the product 

TL = T0T
L-1T0, 

where T0 is the diagonal matrix defined by 

and T is a non-diagonal matrix which can be split into the product 

T = T v T h T v 

with the diagonal matrix Tv expressed by 

The corresponding matrix Th is non-diagonal but can be expressed as a product of sparse matrices 

convenient for numerical computations. 

In this paper we report a transfer matrix approach which enables the numerically exact 

solutions of the set of Eqs (4) and (5) for the Ising clusters up to L = 11 sufficient to perform 

asymptotic analysis of the corresponding finite-size data. 

The idea is as follows. Our system consists of a square cluster of size L and contains L x L 

spins S = ± 1. The spins on the external edges are subject to an effective field b. For the L x L 

cluster and small h and b, the partition function ZL can be expanded in a power series. 

The thermal expectation values present in Eqs (4) and (5) can be then evaluated from 

the ratios of the corresponding coefficients in the expansion of ZL. It appears that 
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Table 1. Estimates of the critical couplings K* and the critical exponents for the square clusters 
with linear size L, L' and L" 

According to the data in Table 1, the limit Kc of the series for the critical couplings K L L , * 

coincides with the exact Ising value 0.4406868 within the quoted error bar. The corresponding 
series for the thermal exponent yt converges towards the exact values, too. Within MFRG 
the ratio yh/y t deserves special attention. This quantity is independent of the definition of 
the rescaling factor [4] and is expected to show the best convergence for 
confirm this behaviour, although the limit deviates slightly from 1.875 due to the unsufficient 
convergence of the magnetic exponent yh. 

The transfer matrix technique developed here was aimed at testing the convergence of 
the original MFRG results with increasing size of the square clusters. It can be also used in 

Each contribution to the partition function (7) requires a number of successive multiplications 
of a given vector by T. In order to evaluate the correlations we keep track of the powers 

of h and b during the transfer matrix multiplications up to the second order. We note that 
the external field dependence is restricted to Tv whereas the effective field dependent terms are 
present in both diagonal matrices. This perturbative scheme is an extension of that in [12] and 
yields numerical values of the sums with an accuracy limited by the rounding effects of 
double-precision floating point operations. 

Using our approach, we have solved the fixed point set of equations (4) and (5) for K* with 
the accuracy up to 7 decimal places for L' = L - 1 and L" = L - 2. The final results 
for K* as well as for the critical exponents yt, yh and yhs are given in the corresponding columns 
of Table 1. The values for coincide [4] with those previously published to all the decimal 
placed quoted. We have used the mapping (K, h, b) (K', h', b') for which one obtains slightly 
better results than for the mapping (K ' , h', b') ( K " , h", b" )[2], 

The series given in Table 1 have been analyzed by a number of extrapolation techniques [12, 
13], yielding consistent limits for Finally, the estimates found from the alternating 
ε-algorithm [13] are given as the extrapolated values in the last row of Table 1. The uncertainties 

on the last decimal places are written in parentheses. 

We do not 
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the framework of the standard MFA to solve the self-consistent equation (1) by numerical 
differentiation of the partition function. Moreover, as clusters of N 100 sites can be dealt with, 

the approach can be applied in MFA to some condensed matter physics problems in 3 dimensions 
with the length L ~ 4 5. Our 2d results unambiguously show systematic improvement with 
increasing cluster size. We expect that the standard MFA calculations limited (with some 
exceptions [1,11], to L = 1 in 3d can be also significantly improved for clusters with L > 1. MFA 
provides a feasible approach to complicated problems and is improved in three-dimensional 
systems. In this interesting area our new approach is directly applicable. For the square Ising 
model, the MFA self-consistent equation (1) is reduced in the vicinity of the critical point to 

which can be dealt with our approach. 
In conclusion, the transfer matrix approach has been worked out to test the predictions of 

MFRG for large cluster sizes. Strong numerical evidence is given for the convergence of 
the finite-size critical couplings and the thermal exponent y, towards the proper Ising limit. 
The estimated value for the critical exponent yh = 1.879(2) only slightly differs from its exact 
value 1.875. It is not confirmed that the ratio yh/y t yields a good estimate in the limit We 

have obtained also reasonable estimate for the critical exponent yhs = 0.486(1) which is close to 
its exact value 1/2. We expect that persistent deviations of the extrapolated values of the magnetic 
exponents yh and yhs from their exact values can be attributed to the unsufficient system sizes 

Acknowledgements 

We would like to thank D. Tomecka for her assistance in the numerical computations as well as the Super-

computing and Networking Center in Poznań for an access to Cray T3E and J916. A financial support from 

the Committee for the Scientific Research via grant 8 T1 IF 027 16 is also acknowledged. 

References 

[1] J. O. Indekeu, A. Maritan, A. Stella, J. Phys. A15 , L291 (1982). 
[2] J. O. Indekeu, A. Maritan, A. Stella, Phys. Rev. B35, 305 (1987). 
[3] I. P. Fittipaldi, J. Magn. Magn. Mat. 131, 43 (1994). 
[4] K. Croes, J. O. Indekeu, Mod. Phys. Lett. B7, 699 (1993). 
[5] J. A. Plascak, W. Figueiredo, B. C. S. Grandi, Braz. J. Phys. 29, 579 (1999). 
[6] C. N. Likos, Phys. Rev. E55, 2001 (1997). 
[7] P. Pawlicki, G. Musiał, G. Kamieniarz, J. Rogiers, Physica A242 , 281 (1997). 
[8] J. R. de Sousa, I. G. Araujo, J. A. Plascak, Physica A278 , 181 (2000). 
[9] D. P. Lara, J. A. Plascak, Int. J. Mod. Phys. B12, 1831 (1998). 

[10] P. A. Slotte, J. Phys. A20 , L177 (1987). 
[11] G. Kamieniarz, R. Dekeyser, Symmetry and Structural Properties of Condensed Matter, 

ed. W. Florek, D. Lipiński and T. Lulek, World Scientific, Singapore 1993, p. 181. 
[12] G. Kamieniarz, H. W. J. Blöte, J. Phys. A26 , 201 (1993). 
[13] M. N. Barber, Phase Transitions and Critical Phenomena, vol. 8, ed. C. Domb and J. L. Lebowitz, 

Academic Press London, 1983, p. 145. 




