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Abstract. Implicit interval methods of Adams-Moulton type for solving the initial value problem are pro-
posed. It is proved that the exact solution of the problem belongs to interval-solutions obtained by the con-
sidered methods. Furthermore, the widths of interval-solutions are estimated.

1. INTRODUCTION

In this paper we direct our attention to the interval multistep methods for solving the initial
value problem. Interval numerical methods are very interesting due to interval-solutions obtained
by such methods which contain their errors.

Using a computer implementation ofthe interval methods in floating-point interval arithmetic
together with the representation of initial data in the form of minimal machine intervals, i.e. by
intervals which ends are equal or neighbouring machine numbers, let us achieve interval-solutions
which contain all possible numerical errors.

Explicit interval multistep methods of Adams-Bashforth type have been considered by Sokin
[6, 16]. As we know from the analysis of conventional methods, higher orders of accuracy can
be achieved by applying implicit methods rather then explicit one. For this reason implicit interval
multistep methods of Adams-Moulton type are the subject of our present research.

This paper consists of six sections. In Sec. 2 we define the initial value problem and present
the conventional implicit Adams-Moulton methods whose interval equivalents are introduced in
Sec. 3. We also prove that the exact solution of the initial value problem belongs to interval-so-
lutions obtained by the interval Adams-Moulton method (Sec. 4). At the end of our paper we esti-
mate the widths of interval-solutions obtained by the interval methods considered (Sec. 5) and
draw some remarks (Sec. 6).

2. THE INITIAL VALUE PROBLEM
AND CONVENTIONAL ADAMS-MOULTON METHODS

As we know the initial value problem is concerned with finding the solution y = y(f) to a
problem of the form
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y/(1)=1(r.3(1)) .1

subject to an initial condition
7(0)= o,

where t €[0,&], y €R N and f:00,E1xR N 5 R¥, We will assume that the solution of (2.1)
exists and is unique. The theory of ordinary differential equations states that these conditions are
fulfilled if the function f is determined and continuous in the set {(f, y):0<t<E, y €R N }

and there exists a constant L > 0 such that for each ¢ €[0, &] and all y;, y, €R N we have

|7 (tv)=r(ny)|sLln -0

Let us choose a positive integer m and select the mesh points ¢,,7,,..., f, where ¢, - nh
foreach n =0,1,..., m and & = £/ m. Assume that aninteger k£ =1,2,... will state how many
approximations y,,, ¥, .u--» V.,  of the exact solution at the previous £ mesh points

have to be known to determine the approximation y, at the point .
As shown in [7] the exact solution of (1) considered on the interval [¢,_,, #] has the form

ko
y(tn): y(t11—1)+h .EO‘YjV]f(tns y( )) hk+2Yk+1\lf(T], (TI)), 2.2)
j:

where

fo(t", y(t ))= ‘2 (—1)"’[;)f(tn_m, y(t,,_,,,)),

m=0

(2.3)

0
Yo =1 .=Lj (s+1).(s+ j=1)ds forj=1,2,..., k+1,
J!

and w(n, y(m)= £ ym) =y m), mefnnpn ]

After replacing the unknown values  y(tn.x), Y(tn-k+1), y(t,-1) approxi-
mations Yok, VYnk+1, - Yn1 Obtained by applying another method (for exampleby aRun-
ge-Kuttamethod) and neglecting the error term hk+2_yk+,1p(n, y(n)) we are given the following

formula known as the k-step implicit Adams-Moulton method
ko_ ,
)’n=yn—l+h EYjV]fll’ (2.4)
j=0

where f, = f (t,, Yn). Letus note that in general to apply (2.4) we need to solve the system
of nonlinear equations with respect to the unknowns y,.
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3. IMPLICIT INTERVAL MULTISTEP METHODS
OF ADAMS-MOULTON TYPE

Let us denote:

A and A - setsinwhich the functionf{z, y) is defined, i.e.

A, ={teR: 01<LE},
Ay ={y=(yys 0 yu) €RY b, <y <bi, i=1,2,., N},

KT,Y) - aninterval extension of f{#, y) (for a definition of interval extension see e.g. [4],
[13] or [16]),
Y(T,Y) - aninterval extension of y(¢, y).
Let us assume that
the function FT,Y) is defined and continues for all T C A; and Y C Ay ,
the function F(T,Y) is monotonic with respect to inclusion, i.e.

Tl CT2 AYI CY2 = F(TI,YI)C F(Tz,Yz),
+ foreachT C A, and foreach ¥ CAy there exists a constant L > 0 such that

d(F(T, Y))S L(d(T)+ d(Y)),

where d(4) denotes the widthof 4 (if A =( A, A,, ..., A)" , then the number d(4) is
defined by d(4) = max d ( A; ),
i=1,2,....N
« the function ¥(T,Y) is defined forall T C A, and ¥ C Ay,
+ the function ¥(T,Y) is monotonic with respect to inclusion.

Now, after making the above assumptions, we are able to construct the implicit multistep in-
terval method of Adams-Moulton type. First, let us assume that y(O) €Y, and theintervals Y,
such as y(t,- ) € Y,‘ for i =1, 2,..., kK -1 are known. We can obtain such Y- by applying an in-
terval one-step method, for example an interval method of Runge-Kutta type (see [3], [10] or
[11]). Then, the implicit interval method of Adams-Moulton type we define as follows

Y, =Y, + h(?oF,, +Y,VF, +7,V2F, 4.4, VF F,,)
G.1)

+hk+27k+lq!(Tll +[_kh'0]’ Y, +[_kh’O]F(A" A),))

for n -k, k +1,..., m, where

F,=F(T,.1,),

n*on

_ _ 0
Yo =1, yj=—;-'js(s+1)...(s+j—1)ds, i=12, . k4],
|
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_&_’ t;=itheT;, i=0,1,...,m
m
In particular for agiven k we get the following methods:
® k=1 =
h
Yn =Yn—1 +_2_<F<Tn’Y )+F(T11—I’Yn—l))
h3

_]_2.‘P(T"+[ h,0].7, [—h,O]F(A,,Ay)),
® =) =

Y, =Y, +—1-}12—(5F(T,, E)48F(Ty. Yt )= F(Taca Yo

-Z—4\P(T +[-20,0], ¥, +[-20,0]F (4,,4, )

® =3 =
Yn Yn l+2 <9F(T11’Y11)+19F< n— liY—) 5F( n— 2’ n— 2)+F(T11—37Yn—3))
19%°

__75_‘P(T +[-3h, 0], ¥, +[-30,0]F (., 8, )).
The formula (3.1) can be written in the equivalent form

Yn Yn——l +h E Y v/ F(Tn’Yn)
j=0 (3.2

Y (T, + R, 00,1, + [-kh, 0]F (8.4, )
for n =k, k +1,..., m, where

j .
v F(T",Y,) 2 ('_l)m[])F(Tn—m’yn—m)’ j=0’1"“’k' (33)

m=0 n

Let us notethat (3.2) is anonlinear interval equation withrespectto Y, (n = k, k +1,..., m).
It follows that in each step of the method we have to solve an interval equation of the form

Y =G(T.Y),
where
rei(a)ci(R), ¥=(hn.ny) el(a,)ci(RY),

G:1(a)x1(a,)~ I(RN).
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If we assume that the function G is a contraction mapping, then the well-known fixed-point
theorem (see e.g. [9] or [14]) implies that the iteration process

Y“*”:G(T,Y(”), 1=0,1,..., (3.4)

. £
is convergent to Y*, i.e. lhm YW=y , for an arbitrary choice of ARNE I(Ay) . Let us recall
—>c0

that a function G is called a contraction mapping if

o(6(r.7). 6(1.7))sap(1.7),
where p is a metric, and a <1 denotes a constant.
Let us note that using the fact that

; J j

VIF(T,.7,)= Y (—1)’"( ]F(Tn—m’ Yn-—m)’
m=10 m

the equation (3.1) can be written in the form

- ko _
Y =Yooy #WBeoF (T Y )+ h Y ByF(Tusj Yaej)
j=1 (3.5)

+12y (T, +[kk, 0], ¥, + [k, 0]F (4, 8,))
where
- i (m\- .
Bkj =(_1) 2 NYmr =01,k (3.6)
m=j J
For the equation (3.5) the iteration process (3.4) is of the form
k
1+1 ) I R
yi+h oy | +th0F(Tn,Y,,( ))+h Y, ByF (Tujs Yami)

j=1
+hk+2§k+1\p(7~n +[~kh, 0], ¥D +[—kh,0]F(A,,Ay)), 1=0,1,...,

and we usually choose Y = Y_.

4. THE EXACT SOLUTION VS. INTERVAL SOLUTIONS

For the method (3.2) we can prove that the exact solution of the initial value problem (2.1)
belongs to the intervals obtained by this method. Before that it is convenient to present the
lemma.
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Lemma 1. If(t ( )) ( )forz—n—k n—k+1,...,n—-1, whereY; = Y(t), than
forany j=0,1, ..., k-1, k wehave

VIf(tyy(0a))eVIF(T,.1,). (4.2)

Proof. Since F(T, Y) is aninterval extension of f(t, then f(t,y)e F(T,Y) for each

h** h

Moreover, (t,-,y(t,-)) ( Y) for i=nk n-k+1, ...n-1, and hence we get the
inclusion as follows

f(tn—m ! y(tn—m ))E F(Tn——m! Yn—m )’ m= 0’ 1’ R ] ]
This implies that

(et ()

m=10

t €A, andforeach y EAy Thlsfact|mpl|estha1( ,,,y(t,,)) (T Y ) where ¥, A,

But

j i :
Z ("'I)M(]]F(Tn-—m’_Yn—m):VJF(Tn’Yn ) (4.3)

m=0 m

From (2.3), (4.2) and (4.3) theinclusion (4.1) follows immediately.

Theorem 1. If y(0)e¥, and y(1;)€¥; fori =1,2,.., k1, then for the exact solution
y(t) of theinitial value problem (2.1) we have

}’(tn)e Y,

for n =k, k+1,..., m, where Y, =Y(t,) are obtained from the method (3.2).
Proof. Let us consider the formula (2.2) for n = k. We get

)= () eh X TP ()t vl (), e

where n € [tO, ty ] From the assumption we have y(tk_l ) €Y,_;, andfromtheLemmal it
follows that

h Zy VIf(y(u))eh i v VIF(Ty, 1),

j=0 j=0
Applying Taylor's formula we have

YGD=YOO+Y(%+ﬂﬁTﬁk»@‘%) (4.5)

where ¥ €[0,1]. Because ne[to,tk] and t; =ih for i =0,1,..., m, we get
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n-1;, €[-kh, 0] (4.6)
Moreover, y(t) = At y()). Since

f(tk +0(m-1, ), y(t +1‘)(n—tk)))e F(A,,Ay),

y/(te+o(n-1))e F(A,, Ay)

In addition, F(T,Y) is aninterval extension of f (#, y), andhence f(t,y)€ F(T,Y) foreach
teA, and y € Ay. For these reasons we can state that y(tk,)e Yy, where ¥}, C Ay . Taking
into account the above considerations, from the formula (4.5) we get

y(n)e ¥, +[~kh, 0]F (A, 4, ). 4.7)

As we assumed, W is an interval extension of ¢ . Thus, applying (4.6) and (4.7), we have

Y w(n y () € 42X (T + [-kn, 01, 1y + [-kn,0]F[ A, A, ).
Thus, we have shown that y (#) belongs to an interval
ko -
By +h 3 VIF (T 0+ 0520, B( Ty +[-40, 0] Y + 40, 0]F (8,4, ),
j=0

but - according to the formula (3.2) - this is the interval Y,. This conclusion ends the proof for
n = k. In asimilar way we show the thesis of this theorem for n =k + 1,k + 2,..., m. .

5. WIDTHS OF INTERVAL SOLUTIONS

Theorem2. Iftheintervals ¥, for n = 0,1,..., k-1 areknown, t; =ih€T;, i=0,1,..., m,

7h=—§—, O<h<hy,
m

where

1 —
hy < —, = max I -l, L>0,
TN P J=01,...k Py

and ¥ for n =k, k +1,..., m are obtained from (3.2), then

d(r,)<A q=C’rr11,e.l?("k_ld( Yq)+ B j={1’12a,)'(",md(Tj)+ crr+! G5.0)

where the constants 4, B and C are independent of 4.
Proof. Substituting (3.3) and (3.6) into (3.2) we have
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ko
Vy =Yy +h Y ByP(Tasj ¥usg)
j=0

+hk+2§k+1\p(7~n +[~kh, 0], v, +[-kh, 0]F (A, Ay)).

From the above formula we get

d(1,)< (Ve é“o [ id(F(T,,_j, )

P, !d(\y(rn +[~kn,0],7, +[~kh, 0]F (4, Ay))>.

(5.2)

We have assumed that W is monotonic with respect to inclusion. Moreover, if the step size &
is such that satisfies the conditions

T, +[-kh,0]c A,
Y, +[-kh,0]F (8,4, )c A,
than
(7, +[kh, 0] ¥, +[-kn, 0]F (8,8, )| c ¥(4,, 4, ) (5.3)

From (5.3) we have

d(‘I’(T,, +[~kh, 0], ¥, + [k, 0]F (4, Ay)))s d(‘F(A,, Ay)).

We have also assumed that for the function F there exists a constant L >0 such that

d(F(T,,_j, Yn_j))s L(d(T,,_j>+ d(Y,,_j)).

Therefore, from the inequality (5.2) we get

k

a(1,)<d (Y, )+ LBy .Eo(d(T,l_j>+d(Y,,_j))+hk+2l\_/k+1,d(‘y(A;:Ay)), (5.4)
=
where
P =j=r(§l,?f..,k|6kj"
Denoting
B=hLBy, a=1+B, Y=hk+2|\7k+1 | (5.5)

we can write (5.4) in the form
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d(Y,,)éd(Y,,_l)+Bd(.Y,,)+B i d(Y,,m,-)+B k
j=1

j= j=0

that is equivalent to
k

(1-B)(1, )20 é]d(y,,_j)m > d(Tuy)rra(¥(a,a,))

j=0
Let us assume that

[-B=1-hLBy >0.
The condition (5.7) is satisfied if

0<h$h0,

where

ho <‘—1—.

On the basis of the above assumptions the inequality (5.6) can be written in the form
k k
d(t,)<va Y (Y, ;)+vB 3, d(T,,_j)+vyd(‘I’(A,,Ay)),
ji=1 j=0

where
1

V= .
[~ hoLB,

From (5.8) for n = k we have

(%)< voci d(¥e_;)+ VB i d(Tij)+vra(¥(a,8,)),
i=1 =0
and for n =k +1 we get

k

> d(T,,_j)+'yd(‘P(A,,Ay

)

d( Y ) S vad(r, )+ voclgld(Yk_j)+ vB .Zod(rk+1-j)+ vy d(‘P(A,, A ))

J=

Applying (5.9) to the above inequality we obtain

d(Yk.H)S ((V(x)2 + V(X,)kil d(Yk_j)+(V(X,)2d(Y0)
j=1

o~

25

(5.6)

(5.7)

(5.9)

(5.9)

+v[3(voc "L‘od(rkmj)dr ¥ d(Tepj) +vy(voc+l)d(‘I’(A,,Ay))

ji= j=0
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k .

< ((voc)2 +voc) > d(Yk_j)

i=1
. . (5.10)

+vB| vou 2_: d(Tk_j)+ god(TkH_j) +vy(va+1)d(‘I’(A,,Ay)).

From (5.8) for n =k +2 we get

d(Yk+2)S vocd(Yk+1)+ vod (¥, )+ voclfizld(yk_j)
s

+vB f‘, d(Tk+2_j)+vyd(‘P(A,,Ay)).
j=0

Insertion of (5.9) and (5.10) into the above inequality yields
3 2 d
d(Yk+2)S((voc) +2(v0) +voc) Y d(1-))
j=1

+vB[((von)2 +voc)§k: d(Tk_j)+ voczk: d(Tk+1_j)+ i d(Tk+2—j) (5.11)
“Z et

j:O j=

+ vy ((voc)2 + 2va+1)d(‘P(A,, Ay)).

Now, from (5.8) for n = k +3 we get

k=3

d(Yk+3)Svocd(Yk+2)+ vocd(Yk+,)+ vad (¥ )+ vo. 'ild(}’k_j)
i=

+vp ﬁ‘; d(Tk+3_j)+ vy d(‘P(A,, Ay)).
j=0

Applying (5.9), (5.10) and (5.11) to the above formula we have

d(YkH)s((voc)4 +3(va)® +3(va)? +voc)ﬁ‘, d(Yk_j)
j=1
+vB[((va)3 +2(va)? +voc) > d(Tk_j)'l'((VOL)?' +voc) i d(Tk+,_j)

i=0 ji=0

s
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+v0;§, d(Tk+2—j)+ i d(T"”‘f)}
Z, P (5.12)

+vy ((voc)3 +3(voc)2 +3va +1)d(‘P(A,, Ay ))

Thus, for each i =0,1,..., m —k we have

e ger 1
+ vﬁpéo[lpg(p l— l](va)m][éo d(Tk+i—p"j )]

I

+vyé‘,0(l (voya(¥(a,.a,))

Applying the notation (5.5) we obtain
ifi 1+1
d(YH,.)SkEO[l)(v(l+hLﬁk)) qzof?‘z.zf‘k_ld(Yq)
i

+thBk(k+l) > El(p;IJ(V(HhLBk))lH max d(Tj) (5.13)

p=01=0 J=0,1 . k+i
Py, ]é;o (;](V(lﬂzLBk))ld(‘I’(A,, ay))

Let us notice that
i
IJSi!S(m—k)! forl=0,1,..., 1,

-1
(pl ]Sp!Si!S(m—k)! forl=0,1,..,p- 1,

and

(t+hLBe) ™ <exp((1+1)nLBy )< exp((i+1)nLBy)
< exp( mhLp, )= exp( ELB, ),
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3 1+ ol it I+1
(1+hLBk) 2 +(1+hLBk)
I=0 =0

i—1

=v(1+hLBy) (V(”hLBk))l

=0
vi(1+IzLBk)i—1< vt (14 LB )™ -1
v(1+hLB, )-1 v(1+hLB;)-1
+ exp((i+1)hLBk)—1 < v exp(mhLBk)—l
v(1+aLB)-1  — v(1+ALBy)-1
_ V™exp(ELBy)-1 ) v" exp(ELB )-1
© v(1+hLBy)-1  VRLB, +v-1

< v" exp(ELBy )-1
VhLBk

=v(1+hLBy)

On the basis of the above we can make the following estimates

ké‘,o(]( (1+hLBg)) " <m(n k) V(14 hLy )

=0

<m(m-k)! i v+l exp(ELBy)

=0

= m(m - k)! vexp(ﬁLBk) 212 v!
=0

m

(m k)'vexp(éLBk)l_v
(kfl)ZMZO( jl+l(1+hLﬁk)l+IS(n1+l)( )ni~ "glwﬂ(mwk)’“

<(or-ty 3 SRR

VRLB,

m &LB -1
< (m+1)(m =k +1)(m = k) ”S}fwk") ,
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i

EOUJ( (1+418,)) <(u-#) g( (1+thk))’

I=

1+] i+l
o (1+hLB )™ -
..(m k)! (l+hLBk)—

o (n-py (DL )-
B © VhLB, +v-l

< (m -k)' V" exp(mhLBk)-
B " VRLBy +v-1

= (m - k)l v exp(&LBk )_1
" VALB, +v-1

B v"’exp(‘c’,LBk)—l
<(m-k)! ViLh,

Thus, from (5.13) wefinally get

(), gnn, oln)er g ()

foreach i =0,1,..., m-k, where

m

A= m(m - k)! Vexp(E_,Lﬁk ) 11__VV ,

B= (m +l)(m -k +1)(m - k) (V’” exp(&LBk)—l),

I'ZI;-;I I(m k)' (vm CXP(E.,LBk)_l)d(\P( A, Ay)'

Taking into account that Ty = [0, O]
from (5.14).

6. REMARKS

(5.14)

, i.e. d(To) =0, theinequality (5.1) follows immediately

The main aim of our paper is ashort presentation on the numerical analysis of implicitinterval
methods. As an example we have given interval methods of Adams-Moulton type. At present,
efforts are being made to devel op an appropriate computer system which would provideinterval -
-solutions of both explicit and implicit interval methods. Such a system would make it possible
to provide calculation in standard floating-point arithmetic and in interval floating-point arith-

metic together with interval representation of datain the form of machine intervals.

29
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At the moment one of the main problems is concerned with an iteration process used in the

implicit methods. Such a process cannot be too complicated and should be possible to apply to
awide range of interval functions.
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