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Abstract: The paper presents three- and four-stage implicit interval methods of Runge-Kutta type and is
a continuation of our previous paper [6] dealing with one- and two-stage methods of this kind. It is shown
that the exact solution of the initial value problem belongs to interval-solutions obtained by both kinds of
these methods (three- and four-stage). We also present some approximations of the widths of interval-sol-
utions.

1. INTRODUCTION

Interval methods for solving the initial value problem are interesting due to interval-solutions
obtained by such methods which contain their errors. Computer implementations of interval me-
thods in floating-point interval arithmetic together with the representation of initial data in the
form of minimal machine intervals, i.e. by intervals which ends are equal or neighboring machine
numbers, yield interval solutions which contain all possible numerical errors.

In this paper we consider three- and four-stage implicit interval methods of Runge-Kutta type,
which are presented in Sections 3 and 4. As we proved in [6], the exact solution of the initial
value problem belongs to interval-solutions obtained by both kinds of these methods. In Sect. 5

some approximations of the widths of interval-solution are given.

2. THE INITIAL VALUE PROBLEM
AND CONVENTIONAL RUNGE-KUTTA METHODS

As is well-known (see e.g. [5]), the initial value problem consists in finding the function

y - y(x), such that

y = f(t (), y(0)=y,, )
where t € [0,T], ye R N and fi[0, T]xR N 5 R¥ . We will assume that the solution of (1)
exists and is unique.
To carry out a single step by a conventional, m-stage Runge-Kutta method we apply the for-
mula (see e.g. [1])

m

yk+1=)’k+hzwiK,‘, k=10,1,.., @

i=1
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where

) s
K= flty +cihoyg +hy, agx;), i=12,..,m, 3)
j=

n A

wi=1 ¢= Eaij’ (4)

i=1 j=I

and where s =i -1 for an explicit method, and s = m for an implicit one. The set of numbers
w,,¢,, a, areconstantswhich characterize a particular method.

The local truncation error of step k& +1 for a Runge-Kutta method (explicit and implicit) of
order p can be written in the form (see e.g. [1], [3] or [5])

e (D) =yt Y DRPH +0(hP+?)

p+1 p+2 5
L(_[;;Ll)( y h ‘) ‘p+2)(91) h , (5)
(p+1)! (p+2)!
where
+2)
277 0n)
0<ob<l, |—m—m (6)
(p+2)!

This error is equal to the difference between the exact value y(f + 4) and its approximation
evaluated on the basis of the exact value y(). The function Y(¢, y(#)) depends on coeffi-
cients w, ¢, a, andon partial derivatives ofthe function f(7, y) occuringin (1). The form

of (¢, y(f)) isvery complicated and cannot be written in a general form for an arbitrary p (see
e.g. [11, [5] or [8]).

3. THREE-STAGE IMPLICIT INTERVAL METHODS

Let us denote:
A, and A - sets in which the function f(z,y) is defined, i.e.

A ={te R: 021 < a},
Ay={y=(y. v o) eRY b <y <bi, i=1,2,.,N),

KT,Y) - an interval extension of f(/,y),
Vv (T,Y)- aninterval extension of Yz, y) (see (5)),
and let us assume that:
+ the function F(T,Y) is defined and continuous forallT C A, and ¥ C A),,
» the function FK(7,Y) is monotonic with respect to inclusion, i.e.

T,CTyAY,CY,= F(I,,V,)C F(Ty, %),
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« foreachT C A, and foreach ¥ C Ay there exists a constant L > 0 such that

d(F(T,Y)) < L(d(T)+d(Y)),

where d(A) denotes the width of 4 (if A,A, A, ) , then the number d(4) is
defined by d(A)= max d(4;)),
i=1,2,.,N

+ the function W(T,Y) is definedforallT C A, and ¥ C Ay,
» the function W(T ,Y) is monotonie with respect to inclusion.

From the theory of conventional Runge-Kutta methods it is known that two-stage implicit
methods, which are characterized by the set of coefficients w, ¢, a,, wherei,j= 1,2, 3, can
have orderup to six, and the maximum order condition (p =6) is achievedif(seee.g. [1] or [3])

5 4 1 Vs 1 1 s

W =Wg=—, Wy=—, (=————, (9=—, 3=—+—70

18 9 210 2 2 10
g2 s s IS
Y S TERET EA Y Y

s N5 1 s A5 s 51 S

@y =7t Gy =—, A3 ==~ 431 =_— a3y =~

a __ —_—
36 24 9 36 24 36 30 9 15
In general, for z, = 0 and yg € YO three-stage implicit interval method of Runge-Kutta type
we define as follows:
Y, (t5) =Y,(0) =Yy, .
V(1) = Xy (1) + B (w K g (B) 4w Ko g (B) + w3 Ky (1)

7)
(BT, 7y (1)) + =, al) P, (
k=0,1,..,n-1,
where p £6, and
Kip(h)= F(Tk teih Xy () +h (ailKl,k(h)+ai2K2,k(h)+ai3K3,k(h)))’ (8)

i=1,2,3, a=Mh,.

The step-size & ofthe method (7), where 0 < h < hy, hy denotes a given number, is calculated
from the formula
M3
h=—, )
n

where

n3 = min {ng,M1,m4, M3}, (10)

The numbers 1; >0 (i =1, 2,3) are evaluated in such a way that
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Y0+nlch(Al'Ay)CA)H l=112y3) (11)

and the number 11 — from the relation

% +n0(wlF(A,,Ay)+wzF(A,,A),)+w3F(A,,Ay))
(12)
¥, 8, +-0,al)if © 4,

for Y() o Ay and Yo € Yo.
Theinterval {0, n‘;] wedivideinto n partsby thepoints t, = kh (k = 0,1,..., n), andthe
intervals Ty, which appear in the method (7) - (8), we choose in such a way that

ty =kh € T, C [0,13).

From (8) it follows that in each step of the method we have to solve a (vector) interval
equation of the form

X =G(T,X),

where
Ted cIR),X=(X,Xqy,...Xy) €I(A,)c IRY),

G:1(A)XxI(A,) > IRY).

If we assume that thefunction G is acontraction mapping, then the corresponding iteration pro-
cess follows from the fixed-point theorem.

4. FOUR-STAGE IMPLICIT INTERVAL METHODS

Four-stage implicit methods, which are characterized by the set of coefficients w;, ¢, a;,
@i, j - 1, 2, 3, 4), can have order up to eight, and if (see e.g. [3])

{ { 1 1
CI:E—AI’ Cz:{—Bl’ C3:—2—+B], C4=E‘+A1,

Wy W2 Wo wy

a =a = a =—_A +B! a :———A _B: a :—“—A 3

) = Aty ==t dy =By = Ay
__Wl _ _w2 _Wz _wl

a21 ==~ ~ By + 4, G212 =d33 = =5 ‘123—7‘34> 024—-2—-32—143,

Wi _W2 . _Wl
ayy =—2—-+B2 +A3, ayy —-—2—+B4, Q34 ——2—+Bz -A3,

M ) _W
ay) ——2—+A4, Ggp = =% Ay + By, agy=—=+ Ay = By,
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where

P [EETV RN CURE'cI RN (SIPE-N0)
2 35 6 24 21 168

1 15—2\/56, B2=A1(1 «fﬁ) B3=Bl[1 5\/3_0}

Bl = —
2 35 6 24

B, =B, —2B,,
21 168 4T

then the method is of the maximum order (p =8).
For t=0 and y, €Y, four-stage implicit interval methods are defined by the following
set of formulas:

Y, (1) =Y,(0) =Yy,
Yn(tk+l) = Y"(tk ) +h(W1 Kl,k(h) + wq KZ,k(h) +W3 Kg’k(h) + Wy K4,k(h))

+ (W(Ty, ¥, () + [-0x, 0]) AP,
k=0,1,..,n-1,

(13)

where p <8, and
K (h)=F(T +c;h,

Y, (1) + b (e Ky (h) +ajg Ky g (h) + a3 Ky g (h)+ a4 K4,k(h))), (14)
i=1,2,3,4, o= Mh.

The step-size h, 0 < h < hy, where ho isgiven, can be found from the formula

*
pe 4 (15)
n
where )
n4=min{n0,m,n2,n3,n4}. (16)
The numbers 1; >0 (i=1,2,3,4) should fulfilled the conditions

and the number 1 should be choosen in such away that

Yo+ Mo (Wi F(A;Ay) 4wy F(AL Ay 4wy (A, A)) +wy F(A,A,))
(18)

+((A,, A)) +[-0, 01)hf A,

for Yo © Ay and yg € Y.
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In [6] we proved (Theorem 1 in Sect. 5) that for one- and two-stage implicitinterval methods
the exact solution of theinitial value problem (1) belonged to theintervals obtained by these me-
thods. Since in that theorem there are no restrictions to one- or two-stage methods, the same
conclusion we get for the methods (7) - (8) and (13) - (14).

5. WIDTHS OF INTERVAL SOLUTIONS

First, let us consider thewidths of intervals ~ Kjx(h)  given by (8) and (14). From thesefor-
mulas and properties of the function F (see Sect. 3) it follows that

d(K; (1) S LT +d (Y, () +BL Y, |ay |d(K (b)), (19)
j=!

where m =3, i=1, 2, 3 for the method (7) - (8), and m =4, i = 1, 2,3, 4 for the method (13)
- (14). Theinequalities (19) are of the form

m
(l—aii)Xi—jzl Oyxj < B, i=12,..,m. 20)
j#i
For m = 3 we get the following solution of (20):

X < {5—[(1*0‘22)(1‘0533)“1 + g3 = 0lg3)0yg + {1+ 03y = 0lgg )03 = 303y ],
3

Xy < VV—[(I‘OLH)U“OCMH(HOLB = O33)0gy + (L4 0ty =0y )0lgs — O30y ],

3
X3 < WB_[(I_(XII)(I—OLM)"*'(I + 0y = Olgg )0y {1400 =0y )0gy — 00y ],
3
where
Wiy =(1—o )(1=0gy)(1 = 0lg3) = 0ty 0lyz0Lyy — 0ly3Cg Olgy
—(1 =00 )0g3039 — (1= 0lgp )0 3031 — (1= 0l33) 090y,
and where

l—-ay; >0, 1=y >0, 1-043>0,
(=0 Ml =gy ) =009 >0, (I-oay)(1—033)—0303; >0,
(I“‘(X22)(I ~Ot33)—(x230632 >0, W3 > 0.

Form = 4 the solution of (20) is of the form

5 < ;Vﬁ—m — 0y )(1~ g3 )(1 = Ol )
4

L+ (14 0lgy = Ogq )Ugg + (L +0ty3 — 0ig3)0lgy — (1 = gy )O3y — Qg Oly3 — Qg 10y
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A (1 +0lg = Ogy)0ag + (140 =09y )0lay = (1= 0gg)0ny — Cgg gy — Cigyg J0y3
H[1 4+ (14093 —0l33)0lgg + (14 03y = 0yg )03 = (1= Gi33)0gy ~ Cly3C3y — Q33 )0y
—(1 = 0tgq)0g30i39 — (1 = 0l33)0lgq gy = (1= 0lyy J0zqOlys
—0l930l340lyy — OlggOl3pClyz),
Xy < —B—{(l—ocl,)(l—oc33)(1 —0lyy)
Wy
L+ (1 0lgg = Ogg )0y + (14 03 = 03304 — (1= Oy )03z — OlagOlgz — Olyg JOUy
H1+(1+ 0y = Ogg )0y + (14 0ugy =0y )0lg = (1= 0bgg )0} — Oy g OLgy — Olgq J0Lg3
+H1+(1+ 03 — 0gg)0igy +(1+ 0y = 0y )0tyy — (1~ 033 )0ty = 0303) ~ Cig3]0igg
—(1 = 0tgq )0ty30037 = (1= 033 )0y 40gy = (1= 0y )O3 Olg3
—0l 30340041 — Oli4 03 Cg3 ),
X3 < B { (1= o) (1 = 01 )1 = )
Wy
L+ (L4 Clgg = Ougg )0lyg + (L 0lgp = Olgg YOy = (1= 0lgq JOLgy — OlggQlyy — Oigy 03y
HL+ (T4 0y = 0tgg )0 + (14 0gy = 00 )0lgg — (1= 0lgq )0y ~ 0lyg0lyp — Qg J03,
HL+ (L4 0yg = Cgp oy + (1400 =0y )0y = (E =000y =00y — Oy 0y
—(1= 0y )0up 0Ly = (1= 0y )Cpg Oy = (1= 0igg )0l 40y
=0y Olgg gy — OO Oiga ),

(22)

Xy s ‘»5—((1—0@11)(1‘“22)(1—(133)
4
H1 4 (1+ 013 = 033 )0g + (14 0lgg = 0lgp )03 = (1= 033 )0gg = O30y = O3z 0y
HI+ (1403 —0t33)00 + (140 =04 )0g3 = (1= 0t33)0 | — 030y = Oi33]0Lg)
L+ (L4 04y = Ogg Jobgy + (14 0lgy = 0y )0y = (1= 0y J0py — Oyp 0y = 0y J0Ug3
=(L =0ty )0tp30t39 = (1= 09 )0y 303y — (1 = Cl33) 0500
=01y 0ly30l3) — Oly30ig O3y},

where

Wy=(1=0p)(1=0gy)(1—ca3)(l—0yy)
(1= 0ugq (1= 0ty )0g3039 + (1= 0lgp )Oy30yy + (1= 0l33)0y 20 ]
(1= 0y )(0Lg3034 0y + Qg OlagOiyz) — (1= Cgg (03034 0hg) + 040y Chy3)
—(1 = 033 )(0L90lpg Oy + Olpg Qg Olgy ) = (1 — 0lyy J(0L Qg3 Oz + L3 0lg O3y )
~0u g 0gy [(1 = 0tgp ) (1 = 0l33) = QLg30ign ] = OlygClgy [(1 —0upy )(1 = Cig3) — 0ty3031 )]
=034 O3 [(1 = 00 )1 = gy ) = Oy gy )]
=007 (019300340l ) + Olyg O3 Olyz) — Cly3(Oly OlggClgg + ClggOl3pOigy)
=00y 4 (Og Q3 Olyz + 030l Oy ),
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and where

I—a;; >0, 1-09>0, 1-033>0, 1-044>0,
(I= oy )L =0g9) = 0pp gy >0, (=0 )(1-0u33) = 0303, >0,
(I oy )= 0gq) = 0q0yy >0, (10 )1 -033) = Q3037 >0,
(I=0g ) (1= 0lgq) = CgqQigy >0, (1= 0133)(1 = 0ugq) — Q34043 >0,
(1= 0ty )1 =00 J(E = 0tg3) = (1 = 0y JOg30L35 — (1= Qlgy )0t30L5,
— (1= 0133 )09 0y = Olpg Qg3 Qlyy = Oly30g Oy >0,
(=0t (1= 0tgp (1= 0tgq ) = (1= 04y J0pqQugp — (1= 0l )04 0Ly
= (1= 00gq )09 0g ) = 0lypQupgQlgy = ClygOlg gy >0,
(=o)L =0y )(1 = 0gq ) = (1= 0y JOg4 043 = (1= Q33 )0ty 4004y
— (1 — 014 )00 3003) ~ O304 0g = Oy 4 O Qg3 >0,
(1= 0gp (I =0t33)(1 = Ggq ) = (1 = Qgp 034 0g3 = (1= 033 )0yg Clyg
— (1= 0144 )0p30L39 ~ 0ip3034QLgp = OlygOl3pOigs >0,
W, >0.

Using the above results we can estimate the widths of interval solutions for implict three- and
four-stage methods presented in the previous sections.

Theorem 1. If Y, (&) (k = 0,1,..., n) are obtained on the basis of the method (7) - (8), then
for hy such that

. I 1 1 l
hy < , , ) )
0 mi Llalll L|a22| L|a33| L(la“‘+|a22|)+L2|a12"azll
(an|+|433I)+L2|013”a31r 3
1 l
(022 |+|a33 |)+ L2|023 ”(132 I’ LQ] +L2Q2 +L3Q3
where
Q) =|ay; |[+|ag |+]ass ],
Qy =|ayy [[aar [+ars [|as1 | +]@2s || 232 |
93=|a“”an||a33|+|a12“a23”a3||+|a13”a2l”anl,
we have
d(Y,,(tk))SQh”+Rd(Y0)+S-l={nax nd(T,), (24)

where Q, R and S denote some nonnegative constants, and p <6.
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Proof. From (7) we get
d(¥, () < AT, (1)
b (|wy |dCK g () + [ wy [d (K g () +] wy [d(K3k(h))) (25)
+[d(¥(A,, A ) +2a]h?T,
where p <6, k=0,1,..., n —1. Onthe basis of (8) we have
d(K; g ()< LIA(Ty) +d(Y, ()]
+hL{]ay |d (K (1) + hL|agy |d(K o (1)) + bL|ajg |d (K5 (), (26)
i=1,2,3.
From (21) it follows that if
I=hL|a;|>0 i=1,2,3,
(1=nfag|)(1-ht|ay|) =022 [laji|>0, ij=1.2.3, i=j

(1= 1Ly [)(1-hL|ag | )(1-hL]az3])

(27)
=222 (Jara [|asy [+[ars [[asi | +]ans || as2 |)
‘h3L3(|a12 |23 || @31 |+ a3 || @at || 232 |
“|“11”“23||“32 |=Jais [|azs || ass |-[a1s ||021||“33|)>0’
then the solution of inequalities (26) is of the form
d(K iy () < %L[d(TkHd(Y,,(tk))], i=1,2,3 29

where

U,-=(1—11L‘ajj|)(l—hL|akk[)+(1+hL|ajk|—hL|akk|)hL|aUl
+(1+hL|akjl—hL|ajj|)hL|a,-k|~h2L2’ajk ”akfl’
ik, j=1,2,3, i%k, k#j, j#i,

U =(1=-hL|ay | )(1=kLjag, |)(1-hL|ass )
= H22[(1= L agy | ags [|asa [+ (1= hE|a | )] ars [|asy |+ (1= Bl ass | )]sz [|an, |

=12 (Jayy lags flasi [+]ars an [Jasa [)-

Taking into account the assumption (23), thefirst six inequalitiesin (27) are self-evident. Thelast
inequality in (27) is also an implication of this assumption, because from the inequality
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1

ho <
L+ 1M, + PQ,

it follows that for i < hy we have

l—hL(I(l“ |+I022 l+|a331)—hL2(|a12 ”a21l+|a13”a31 |+l(lz3”d32 |)

"7L3(‘f111 ||022 ||033 |+|013 ||az3 ||a31 |+lf113 Hazl ||f132 |)> 0.
7 ‘4
Since h < 1 (asaconsequenceof /jp < 1),then h < h and h < h. Thus, fromthelastin-
equality it follows that

1—’1L(|311 | +|azs | +|as3 |)"’22L2(|“12 @21 |+] @13 ||ass |+ a2 ||aza |)
—713L3(|011 le22 lass |+]a1s || s || @31 | +] @13 || a2 || @52 |)>0
and hence — all the more —
1‘“([“11 | +]azy | +]e33 I)"thz(,an a2t |+ @15 ||ast | +]a23 || a5, l)
+hP L2 (Ja oy |+]ant [[ass [ +]ezz [ ass |)
—’13L3(‘011 Hazz Hflsa |+]a13]]a23 || a1 |+|013 |21 || 32 I)
+113L3(|011 (@23 {|as2 | +] a2z [|ars [ a1 | +]ass [ a2 || 221 |)> 0.

But the left-hand side of thisinequality is equal to the left-hand side of the last inequality in (27).
Taking into account that i £ hy, from (28) we get

1+hOL[|a12 |(1+hOL|a?_3 |)+|a|3 |(1+hoL|a32 |)]+113L2|a22 I|a33 I

d(Ky(h)) < .
LId(Ty ) +d (Y, (1 )],
d(Ky (h) < I+hOL“a21 '(HhOL(a” {)+|az_27|(1+”0[4|“31 |)]+11§L2|a“ |lass ]|

Ld(T ) +d Y, (e )],

2,2
d(Kq . (h)< 1+hOL“a“ !(1 +hOL|a12 |)+|a325|(1 H"OLI”N ')]thOL lflu ”azz l

LId(Ty ) +d (Y, (1 D],
where

U= (1 —hOLIa“ l)(l —110L|(122 |)(1 - hOL‘a33 |)

—113L2(|a12 l|ag1|+|ans | @31 |+]a2s || 232 |)"'3L3(|a12 “023 || a5 |+‘a13 l| 221 || 252 |)
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Using these estimates, from the inequality (25) we obtain

d(Y, (tpe NS dY, (5 ))(1 +V3hL) + v3hLd(T ) +[d(F(A,, Ay)) +20]h P

(29)
k=0,1,...,n-1,

where

1
V3 27{|W1 I(l +110L[|(112 l(l +h0Lla23 |)+|‘113 |(1 +110L|a32 |):|+h§L2](122 “6133 I)
+!W2 I(]. +h0L[|a21 |(1 +h0Lla[3 |)+|(123 l(l +hoLla31 I)]+th2|all ”(l33 I)
+|W3 |(1 +hoL“(l3l |(1+110L|t112 |)+|a32 |(1+110LI(121 l)]+h§L2|a“ ”(122 l)}
From (29) it follows that
aiy,(gn< d(Y,,(tO))(I+V3hL)+V3hLd(T0)+[d(‘P(A,, A),))-I-ZOC]hPH,
d(¥, () < d(Y,,(tl))(1+V3hL)+V3hLd(T1)+[d(‘I‘(A,, Ay))+20{.]hp+1
< (d(Y,,(to))(l+v3hL)+v3hLd(T0)+[d(‘P(A,,Ay))+20L]h”+1)
-(1+V3hL)+v3hLd(Tl)+[d(‘I‘(A,,A),))+20(.]h”+1
= d(Y, (t9))(1 +v4hL)?
+(V3hL-lnl%xld(T,)+d(‘P(A,, Ay))+2(x]h”+l)[1+(l+v3hL)],
d(Y, (1) < d(Y,,(zfz))(l+V3hL)+V3hLd(T2)+[d(‘I’(A,,A),))+20L]hp+1
< [d(Yn(tO))(l+V3hL)2

+(v3hL max d(T) +d(¥(A,, 4,) +2oc]hl’+l](1 +(+ \@hL))}

(14 V3hL) + v3hLd(Ty) + [d(¥(A,, A ) +20] b PH
<d(Y,(tg))(1+ v3hL)?

H vahL- max d(T,)+d(F(A,,A,))+2alkPH
=002 ney

-(1 F (L4 vghL) +(1+ v3hL)2),
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d(Y, (1)) < d(¥, (1)) (1 +v3hL)*

| ,
+(v3hL- max  d(T))+[d(Y(4,,A)))+20] h”“] 2 (1+ v3hL)".
1=0,1,.., k— ;
P i=0
But
k—1 k
. (L+vqhL)" -
3 (14 v3hL)’ _(+vshl) —1
i=0 V}hL
< exp(vskhL) -1 < exp(vsnhl) -1 _ exp(vmiL)—ll
V3hL V3hL V3hL
Hence
d(Yy (1)) < RA(Y, (1)) +S - max kd(T1)+Qh”+1, (30)
where

R=exp(vymil), S =R-1, Qzﬂ(%—nZL—)——l[d(‘P(A,,Ay)HZOL].
V3

Taking into account that d(T,) = 0, from (30) the inequality (24) follows immediately.

Theorem2. 1fY {ty) (k = 0,1,..., n) are obtained on the basis ofthe method (13)-(14), then
for hy such that
. 1 | 1 l
hy < min{ 1, , , , ,
L|(111| L|(l22| L|a33| L|(l44|

+L2!(l[3 ”031 ,,

~—| —

1
(“11 ,+l422 ,)+L2,“12 ”021 , L(If’n |+,a33|
1

(“11 |+‘ﬂ44| +L2|014 llaas | L(|“22 |+]ass |

+L2|(123Ha32 I’
1 1
(422 |+|a44 |)+ Lz‘“u || as | L(l“33 |+]a4a |)+ L2|“34 l|a4s |
1
LO + L2 @12 + 12 CIp ’ LO,y, +L2®22 +L3®23 ,
1 {
1Oy, + 120y + 1705, 1O, +120,, + 1703
1
LE; + 128, + I’E, + L'E,

R

+ (31)
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where

Oy =ay [+]ag [+]ass],
O =|ary ||agy |+]a1s ||ast | +|ass || 252 |,
O13 =|f111 ||a22 ||ﬂ33 |+|ﬂ12 ”a23 ”031 |+|413 “a2l ”ﬂzz I
@y =y |+]ag |+|as ],
Oy =|arz || ot |+|ars || @ar | +|a2a || as2 |
C2% =|a11 ”022 ||a44 |+|ﬂ12 ”024 “441 |+l014 ||a21 “042 |
Oy1 =|ayy |+]as3 |+]ass ],
@3y =|ars ||ast [+]a1a || aar | +] @34 || ass |
B33 =|“11 “433 ||a44 |+|013 ”a34 ”‘141 |+|‘114 “031 ||a43 l’
Oy =|ag [+|asy |+]aus |,
@4y =|ass ||ags |+] @24 || asa |+]a34 || 243 ]
Oy =|a ||ass ||asa |+] 223 || 34 || 242 |+ | 024 || 232 || 243 |
By =|ay; |+]ag | +]as3|+]ass |,
By =|apy ||aar | +|ars || @31 | +|a1a || aar |
+|ﬂ23 Ha32 |+la24 Ha42 |+|“34 ”043 |
By =|ay ||ags || @33 |[+] @i || @22 ||asa |+] @11 || ass || @as |
+|012 Hﬂza Ha31 |+ia12 ”024 ”a41 |+|a13 ”a21 ||a32|
+|“13 ||a34 ||a41 |+]‘114 ”421 ”042 |+|014 “031 ||a43|
+|022 Ha33 ”044 |+|023 Ha34 ||a42 |+|a24 ”a32 ||ﬂ43 |
Ey =|a“ ”‘122 “a34 ||a43 |+|f111 ||a23 ”432 ||a44|
+‘“11 H“24 Hass H“42 |+l“12 Ham Hazs ||a44 |
+|4112 ”023 Has4 ||a41 |+|012 ||a24 ||031 ||a43 |
+|“13 “a21 ||434 ”an |+l413 Hazz “aSI Ha44l
+|4113 ||a24 ||a32 ||a41 |+l“14 ”“21 ||a32 ||a43|

+|“14 Han Ha:ss Ha41 |+|a14 “023 Hazl Ha:n !
we have

d(Y,(t;))SOh? + RA(Yy)+S - max d(T)),

1=1,2,..,n

where Q, R and S denote some nonnegative constants, and p < 8.
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(32)
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Proof. The formulas (13) yield

4
ATy ()< AT () +h Y [wi |d(K g () +TACE(A,, A ) +20]0P, (33)
i=l

where p <8, k=0,1,..., n -1. On thebasis of (14) we have

4
MK@“hDSLMG}}HHnU”ﬂ+hLEZVUV(KM(ML

s (34)
i=1,2,34.
From (22) it follows that if
L=hL|a;|>0, i=1,2,3,4,
(1=htfag )1 =Ly [) =022 ey |lasi|>0, i j=123.4, i%]
(l—hMaHIXI—hqaﬁlxl—hanl)
_]12L2[(1—11L|a“ I)‘ajk “akj l+(l—hLlajj ‘)‘aik ”akil
+(1—th%k|NaU“aM¢]
_h}LS(laij Hajk “aki l+‘aik Haﬁ Hakj ‘)>0,
L k=1,2,34, i#j, j#k, k#i,
v =(1-hL|ay |)(1-hL|agy [)(1- WLjass |)(1-hL|ag |)
(35)

- h2L2[(1 - hLla“ i)(l I1L|a22 )|a34 Ha43 I
(1 hLla“ l)(l hL|a33
1=hL|ay; |)(1=hL]ay |

+ G4 H“42|

+

\__/v

|a23 || a2 |

|“14 Ha41|

al3”“31|

+ l—hLla33 ) 1- hL‘aM )a12 Haﬂl]
)

(
(
(
(
“h3L3[(1 L]y |)(|oas || ess [Jas [+ ez ||asa || aas |
(
(
(

+(1=hL]ay, | )(1-hL|ass |
)

(
+(1=hL]ay |)(1- hqa44
(

\_/\/

+ l—hLlan lflm “034 l|a41\+lal4||“31||“43l)

I
+(1=hefags|)(Jars || azs Joar | +]ara || aar || ase |
)

w (1= age |)(|asa [Jos st | +]ans |2t sz )]



then

where
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— 114 [[ara | (] aas ||.034 llaas [+]a24 [|asi [|aas |~ |@a1 || asa || aas |)
+I‘113 I(]a21 ||“34 ”a42 |+|a24 ||’132 “041 I—lazzx “031 ”a42 |)

+|arg |(l‘121 @32 [|aas [+] @23 [ @31 ||aa2 || @23 | 232 || @ I)]>0

d(K;r(h)) < YVLL d(T ) +d(X, (6 N], i=1,2,3,4,

Vi=(1=ntfag|)(1-nLlay |)(1-pL|ay|)
+[1+hL aje|+|an])-m(lon |+ |a,,]]hL| il
#[10{|ag |+ |ak1|) ([ +] e ||l an |
+[1+hL |y |+ |a,k hL(lajj! oy | )]hLlai,I
(1+hL| |- hL]a ”|)h Lay ||y |
= (1+hL|ay |~ hLag | )h*1*|a },||a,]|
~(1+nL)ay |- hL|ay | )07 1 |a g || ay |
w0 [[ae (Lo = Tau ]+l |(Jou |-l ) #Lore o |
+lau<i[laklM“Ul‘l“ff\)*i“kfl(i“ﬂ|‘1““i)+\”ﬁ““«k’<‘]
+|“ill““lf'|(|“jk|‘|akk|)+!“1k (s [~ ) #]as flaw ”}
02 ([aglea oy #lanflan o).

Lk =12,3,4 i%j, j#k, k#l, 1#i

and Vis given by (35).
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(36)

The first fourteen inequalities in (35) are fulfilled from the assumption (31) and because of
h < hg. Thelastinequality in (35) also follows from (31), because for h < hy we have

1

h<
LE, + L8, + [’8, + L'E,
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1-hLE, - hI’8, — hL*8; - hL'E, > 0.
h<hy<l, < h (s=2,3,4).

1-hLE, - k2128, -1’1’8y - h'L'E, >0,

h < ho

d(KLk(h))S;:[l+h0L(la12 [ +]ans | +]ag ])
+h§L2(|‘112 lazs [+]a12 || azs [+]a13 || a2 |
+|“13“a34 |+|‘114 ”042 l+|014 ”043|
+|a22 ||a33 |+|022 ”a44|+|a33 ”044|)
+’13L3(|a12 @23 [ asa [+ ] a1 [|aaa {ass [+] 12 || ass || aaa |
+|“13 “422 ||a44 |+|a13 ”024 “032 |+l“13 ”‘134 ”“42 |
+|“14 “422 ”033 |+|al4 ”“23 "“42 l+|014 “‘132 ”443 l
+l“22 ”034 ||a43 |+|“23 ”“32 ”“44 |+laz4 “033 “042 I)]
LT ) +d (Y, (1)),
d(l(“.(h))s%[1+hoL(|a21 | +1azs |+] a2 ])
+"3L2(l‘111“033|+|“11”“44|+|“13”021|
+|“14 “azll"““zs ”%1[*‘[“23 ”“34|
+|az4 “au |+|024 “043|+l“33 ”a44 l)
+’13L3(|“11 “023 ||a44l+|‘111 ”‘124 ||a33|+|“uua34 ||“43|
+|“13””21 ”434|+|‘113““24 ”“41 l+l‘113”031 ”‘144|
+|“14 ““21 ”4143 |+|f’14 ”‘123 ”’131 |+|ax4 ”033 ”041 |
+|“21 ”033 ““44 |+|f123 ||034 ““41|+lf124 “431 ”a43|)]
LId(Ty) +d (Y, (1)),
d(K;,,k(h))Sé_—[l+hoL(|a3l | +]as |+]esa )

+h§L2(|‘111 l|ass [+]ars llasa |+ @z || @1
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+|{114 ”ﬂsl |+|021 ”032 |+|022 ||a44 |
+|a24 “‘132 |+|‘134 ”‘141 |+|034 “a42 l)

+h3L3([“11 @22 [|a3a |+ | a1 || @24 ||aaz |+ a1 || @32 || 2aa |
+|a12 “021 Ha44 |+|‘112 H“24 ||a31 |+l012 ||a34 ”441 I
+|“14 ”‘121 ||a32 |+|014 ”azz ”041 '+|ﬂ14 “031 ”042 l
+lag [|ase || aga |+[ana [ a1 [|aaa | +] 224 [| 232 [|aar |)]

LLd(Ty ) +d(Y, (1)),
d(K 4y () S%[IﬂzoL(la“ |+|aas | +]ass |)

+’13L2(|011 llaaa |+]a11 || @33 | +] @12 | 241 |
+|a13 ”a41 |+|421 ”‘142 |+|022 ”‘133|
+la23 “‘142 l+|‘131 ||a43 |+l<132 Ha43 l)
+h8L3(|“11 a2z || ags |+ |a11 ||a2s “a3z»|+l011 || a3 || 242 |
g [|an [Jass |+ |az [|aas [|aar [+ [ o1z [| a5t [|aas |
+|013 ”“21 Ha42 l+|013 ||a22 ”a31 |+|“13 ““32 ”441 l

+[“21 ||‘132 ||a43 |+|022 ”‘133 “041 l+|ﬂz3 ”031 ||a42 |)]
L[d(Tk ) +d(Yn([k ))],

where

V =(1=hoL]ays|)(1-hoL]ag |)(1 = hoL|ass ]| (1~ hol|ass |)
—h(%Lz(l“lz [| 221 |+|413 || a3 |+|al4 ||a41 |+|“23 || a3 ]+]a24 | 242 |+|a34 [|243 |)
—’13L3(l012 Hazs ”1131 |+|‘112 ||a24 ”041 i+|‘113 Ha21 Hasz l+|013 H034 H041 ]
+|014 ||021 ”a42 |+|‘114 ”031 ”“43 |+|a23 “ﬂ34 ||a42 |+|a24 Hasz Ha43 |)
“113L4(|012 “azs ”‘134 Ha41 l+|012 ”a24 ”‘131 Ha43 |+lam Hau “034 Ha42 |

+|“13 ||‘124 ||ﬂ32 ”041 |+|“14 ||f121 “asz “(143 |+l“14 “423 ”031 ||a42 |)

Using these estimates, from the inequality (33) we obtain

(Y, (tp g NS d(Y, (N0 +VghL) + V4 hLd(T ) +[d (F(A,, Ay)) +20£]hp+1,
k=0,1,...,n—-1,
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where

i |wi|[1+ 23_:

AghdL? |,
j=1

and where

Ay =ag [+las | +a ],
Ap :lan |(l“23|+la24 |)+1“13](lf132 |+l“34 !)+|014 l(‘an l+|“43 l)
+agg [Jasg [+ ez [ass [+]ass [|aaa [,
A3 =|ay I(lflzz lasa [+]@2a ||ass | +] @33 || @as |)
+!013 |(|a22 ||ﬂ44 |+lf124 ||032 |+|a34 ||ﬂ42 ))
+|”14 )(|ﬂ22 ||¢133 |+|a23 Ha42 |+|f132 Ha43 l)
Hagy [|as [|ass | +]azs[Jass [Jass [+az [|ass [[asa |-
Ay =|ag [+]ay |+]a2 |,
Ay :|f121 I(Iam |+Ial4 |)+|023 |(|a31 |+|“34 l)+|az4 l(|a41 |+|“43 l)
+|“11 Ha33 |+|au Ha44 |+la33 H“44 |
Ayy =|ayy l(|‘113 lasa [+]ara [|ass | +]a33 || ass |)
+l“23 |(|011 ||a44 |+lf114 “031 |+|f134 ||a41 |)
+l“24 |<|011 ||a33 l+|013 ||ﬂ41 |+|031 ||a43 |)
+|ﬂ11 ||034 ||a43 |+|a13 ||031 ”“44 l*‘!am Ha33 Ha41 l
Ayy =|agy [+]ays [+]asq |,
A3y =|ﬂ31 |(|a12 |+|f114 |)+|“32 I(I“zl I+l024 l)+|”34 l(lam )+|ﬂ42 |)
Hap flagg | +|an[Jeas [ +[az fa ],
Asy =|ay l(lalz llaze |+|aia flasa [+] a2 || aus I)
Hasa [(Jan flaas [+]ara [Jaz [+]a2a [eas )
+(a34 |(|011 Hflzz |+|012 Hatu |+lf121 “042 |)
+|f111 ||‘124 ||fl42 |+I”IZ Hﬂzl Ha44 )+|014 ||022 “a41 l
Agy =|agy |+ asy | +|ags],
Ap =la41 l(IaIZ (+|al3 ‘)+|“42 |(|021 |+|023 |)+|a43 l(l“al |+|f132 |>

Hayy [Jagy [+ [an [Jass | +]aa f|ass |
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Ay =|a41 |(|‘1;2 “023 |+|‘113 ”‘132 |+|022 ”‘133 I)
Hag |(Jar lass |+|ais oz | +|azs [|asi |)
+|a43 |(|‘111 “022 |+|a12 ”“31 |+|021 ”“32 l)

Hay || ags [|asz [+|arz ||aar | ass [+]a13 || aza || asi |

Proceeding further, as in the proof of the previous theorem, we get

d(Yn(tk))S Rd(Yn(tO))'I'S ‘l=I(§la).(.. kd(Tl)'*'th, (37)
. exp(v *L)—I
R=exp(vynyl), S=R-1, Q=%[d(T(A,,Ay))+20L].
4

Since d (T, ) = 0, the inequality (32) is an obvious consequence of (37).
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