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Abstract: The coefficients sufficient to construct all the invariant (with respect to elements of 
the symmetry group Oh) cubic harmonics and the invariant cubic rotator (known also as the 
Wigner) functions are given up to l=30. 

Description of various problems in which symmetry plays an important role 
can be much simplified if one uses functions which are either invariant under action 
of elements of the symmetry group or which transform in a convenient way under 
such actions. Interaction of molecules of axial symmetry can be described by the 
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spherical harmonics, Y lm where the angles define the orientation of the 
symmetry axis of a molecule [1], If the molecules are not axially symmetric, the 

spherical rotator functions, (Ω), are necessary, in general; Ω defines the 

orientation of the molecule and, usually, is expressed by the Euler angles 

Spherical harmonics in a primed system, obtained from an unprimed system by a 

rotation , can be expressed by the spherical harmonics in the unprimed system: 

(1) 

For non-axial molecules, of the symmetry group G, it is convenient to use 

certain combinations of the spherical harmonics or the spherical rotator functions 

which are adapted to this symmetry, i.e. are transformed in a convenient manner 

under action of elements of the symmetry group of the molecules [2], We will denote 

these symmetry adapted harmonics and symmetry adapted rotator functions by 

and (Ω), respectively. These functions fulfill the relations analogous 

to the Eq.(l): 
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the invariant cubic rotator functions up to l=30. Empty spaces in the table above correspond to coefficients equal zero. All the 
coefficients not shown in the table are also equal zero. 

Table 1. The coefficients are sufficient to construct, according to Eqs. (5) and (6), all the invariant cubic harmonics and 



and Bethe [3]. The cubic harmonics up to l = 12 were later calculated in [4] by the 
projection operator technique. At present, the invariant cubic harmonics 
(transforming according to the fully symmetric representation of the cubic point 
group, Oh) of even higher order can be obtained. Such calculations, which are 
practically impossible to perform "by hand" for l > 12, can be done successfully 
using symbolic programming; here we used Mathematica [5], In Table 1 we present 
the expansion coefficients of all the invariant cubic harmonics into the spherical 
harmonics up to l = 30. These coefficients can be useful for calculations concerning 
systems of the Oh symmetry group when high accuracy is required. 
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Low order cubic harmonics were obtained already by Von der Lage 

The following example concerns the case when G=Oh , i.e. the case of the 
cubic group with the inversion centre. 

then the invariant ( f u l l y symmetric with respect to the elements of the group G) 
symmetry adapted rotator functions have the form: 

(6) 

(5) 

The symmetry adapted functions which are invariant with respect to all 
elements of the symmetry group G are of special interest. If the symmetry adapted 
harmonics of such a property are written as: 

(4) 

whereas the rotator functions form a complete orthogonal set (they are 

normalized to / (2l +1) ) on the 4D unit sphere: 

The harmonics form a complete orthonormal set on the 3D unit sphere: 

(3) 

(2) 
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