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Negative Stiffness Demonstrated by NiAl Nanofilms
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Abstract: This paper studies the uniaxial strain control tension of NiAl nanofilms via molecular dynamics simulations.
The nanofilm deforms elastically until fracture at tensile strain is as large as 37%. The stress-strain curve has a range
where tensile deformation develops at decreasing tensile stress, thus indicating negative stiffness. Such deformation is
thermodynamically unstable and the nanofilm splits into domains with two different values of elastic strain. Deformation
within the unstable range is controlled by motion of the domain walls, resulting in the domains with larger strain grow at the
expense of the domains with smaller strain.
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I. INTRODUCTION

Materials with negative Poisson’s ratio [1-7], nega-
tive linear compressibility [7-13], negative thermal expan-
sion [14-19], and negative refractive index [20,21] are well-
known examples of so-called negative materials. Such ma-
terials are interesting theoretically and from the practical
point of view because their unusual properties can find new
applications.

Negative materials are thermodynamically stable and their
counterintuitive properties can be explained by peculiarities
of their microstructures. On the other hand, free-standing
negative-stiffness materials and structures are thermodynami-
cally unstable; nevertheless, they are often observed experi-
mentally and studied theoretically. The van der Waals equa-
tion of state for real gas and liquid describes isotherms that
for sufficiently low temperatures possess a thermodynami-
cally unstable range in the volume-pressure coordinates [22].
Within this range a mixture of gaseous and liquid phases is
observed. A negative-shear modulus cell can be constructed
by connecting pre-loaded elastic springs of different stiff-
nesses [23]. The von Mises frame, an arch or a spherical

shell under lateral load exhibit the jump-like instability or,
in the case of displacement control deformation, one can ob-
serve a decreasing part of the displacement-force curve [24].
Stiffness of the structures along this part of the curve is neg-
ative. Plastic deformation of metallic materials often shows
the so-called yield drop resulting from either a dislocation
unlocking mechanism or a dislocation multiplication at a very
early stage of yielding [25].

For mechanical systems containing a negative-stiffness
phase, anomalies in stiffness and damping have been observed
experimentally [26,27] and described theoretically [28].

The concept of negative-stiffness-phase composites has
been legitimized by Drugan by demonstrating for the two
fundamental composite geometries the possibility of compos-
ite materials containing an isotropic phase having negative
bulk and Young’s moduli being stable overall, under merely
applied traction boundary conditions, if the stable encapsu-
lating phase is sufficiently stiff [29]. A thorough stability
analysis for general composites when one phase violates
positive-definiteness has been undertaken in the work [30].

Negative-stiffness elements can be used to improve vi-
bration isolation systems [31,32]. Composite materials with
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negative-stiffness inclusions can have extreme overall stiff-
ness and mechanical damping [33,34]. An elastic composite
material having a component with sufficiently negative stiff-
ness to produce positive-infinite composite stiffness can be
stabilized by the gyroscopic forces produced by composite
rotation [35].

It is well-known that nanomaterials very often have high
strength approaching theoretical limit [36] and their defor-
mation and fracture mechanisms can differ considerably
from those operating in bulk materials [37]. In some cases
nanowires under tension can show unusually large reversible
strain. For instance, superelasticity in bcc nanowires by a re-
versible twinning mechanism has been observed in molecular
dynamics simulations [38]. It has been shown that below
a critical size composite trilayer nanowires deform via twin-
ning and exhibit pseudoelastic behavior [39]. An ultra-high
recoverable strain (∼ 70%) has been revealed in hexagonal
close-packed cobalt nanowires by molecular dynamics simu-
lations, realized via lattice reorientation between 〈1̄1̄20〉 and
〈1̄100〉 [40]. The pseudo-elasticity is found to be relevant
to the cross-section size and length of the nanowires, which
dominates the competition between structural transformation
and stacking fault formation which leads to different degrees
of pseudo-elasticity. Extremely large plastic deformation of
intermetallic NiAl nanowire with failure strain as high as
700% at 700 K temperature has been reported [41]. Such
a large elongation to failure is due to transformation from the
crystalline phase to the amorphous phase after yielding of the
nanowire.

In a series of works on atomistic simulation of NiAl
and CuZr intermetallic nanowire tension, various interesting
effects such as asymmetry under tensile/compressive load-
ing and pseudo-elastic/pseudo-plastic behavior have been re-
ported [42-45]. The structure transformations observed in the
nanowires were called phase transitions. In the present study
we demonstrate that no new phase appears during tension of
NiAl nanofilms.

An interesting mechanism of two-phase stretching has
been described for molecular chains by Savin et al. [46].
They have shown that, if the monomer stretching energy as
a function of extension has a non-convex (concave up) region
(see Fig. 1), the stretching of the polymer chain separates
into two phases: weakly and strongly stretched monomers.
Within the two-phase stretching regime, strain increases at
constant stress. This is because the two-phase stretching does
not follow the non-convex P (ε) curve but develops along
the lower energy path shown in Fig. 1 by the dashed line,
which is the tangent to the P (ε) curve. Linear P (ε) depen-
dence implies that σ ∼ dP/dε is constant. For ε < ε1 one
has single-phase stretching. In the region ε1 < ε < ε2 the
domains with strain ε1 and ε2 coexist and elongation occurs
due to the growth of the domains with larger strain in expense
of the domains with smaller strain. When ε reaches the value
of ε2, the domains with smaller strain disappear and further

elongation develops homogeneously. Note that the use of the
term “phase” in the work [46] is not actually justified because
here one has not two different phases but the same phase at
two different strain levels.

Fig. 1. Schema for the non-convex (concave up) dependence of the
potential energy of a sample as the function of strain

It is also worth noting that Fig. 1 is used here for the
purpose of illustration and, strictly speaking, it can be applied
only to the analysis of 1D problems such as the problem dis-
cussed in [46]. In a general case one should speak about the
loss of quasiconvexity of the P (ε) curve.

Non-convex potentials similar to that shown in Fig. 1
have been employed to describe localization of plastic de-
formation and similar phenomena in frame of continuum
mechanics [47,48].

Surprisingly, in the present study, we find that a simi-
lar P (ε) curve is demonstrated by the NiAl nanofilm under
tension.

Many intermetallic compounds having bcc based B2 and
fcc based L12 superstructures can show negative Poisson
ratios for particular tension directions and directions of mea-
suring lateral strain [2,3], and thus they also belong to the
class of negative materials.

Deformation mechanisms of pure metal nanowires and
composite nanowires have been studied in a number of works.
On the other hand, intermetallic nanomaterials have received
very little attention. Intermetallic compounds have fewer slip
systems than pure metals, which is why a larger elastic strain
to failure can be expected for intermetallic nanomaterials.

This work, devoted to molecular dynamics simulations
of uniaxial tension of NiAl nanofilm, is organized as follows.
The simulation model is described in Sec. II, the numeri-
cal results are presented and discussed in Sec. III, and brief
conclusions are given in Sec. IV.

II. SIMULATION MODEL

Uniaxial tension of an NiAl nanofilm is studied by
molecular dynamic simulations using the LAMMPS program
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package. The interatomic potentials obtained by the
embedded-atom method are employed [49]. The fitting
database used in [49] for the development of the interatomic
potentials includes experimental parameters (the lattice pa-
rameter a0, the formation energyEf , and the elastic constants
cij of the B2 structure of NiAl) and the results of ab initio
simulations (the nine formation energies of the NinAlm com-
pounds with different values of n and m having different
ordered phases.

The Verlet method of order four with the time step of 1 fs
is used for numerical integration of the equations of motion
of atoms.

Fig. 2. (a) B2 superstructure based on the bcc lattice with the lattice
parameter a = 2.8712 Å. Al (Ni) atoms are shown by small (large)
spheres. (b) The computational cell having size Lx=50a, Ly=200a
and Lz=3a subject to periodic boundary conditions along the x and
z axes. Free surfaces of the nanofilm are parallel to the xz plane
and normal to the y axis. The nanofilm is subject to uniaxial tension

along the x axis under the condition σyy = σzz = 0

NiAl is an ordered intermetallic compound with B2 super-
structure based on the bcc lattice with the lattice parameter
a = 2.8712 Å(see Fig. 2a). The Cartesian coordinate system
is chosen so that the x and z axes are in the nanofilm plane
and the y axis is normal to the nanofilm plane (Fig.2b). The
direction of tension of the nanofilm is along the x axis which
coincides with[100] direction of bcc lattice. Free surfaces of
the nanofilm are parallel to the (001) crystallographic planes.

A nanofilm of infinite size is modeled with the help of
the periodic boundary conditions imposed along the x axis.
The Parrinello-Rahman stress control is used to keep σzz =
0 during tension along the x axis. Simulation results were
compared for the computational cells of three different sizes,
Lx = 3a, Lx = 50a, and Lx = 200a, with the same two
other dimensions, Ly = 200a and Lz = 3a. The three com-
putational cells are referred to as small, intermediate, and

large, respectively.
The film is subjected to strain control tension along the

x axis with the strain rate of 0.5× 109 s−1 for the small and
intermediate computational cells and 1.25× 108 s−1 for the
large computational cell. It was checked numerically that such
strain rates are sufficiently small to reproduce the domain wall
dynamics in our case. Numerical simulations are conducted
at temperature of 10 K controlled by the Nose-Hoover ther-
mostat [50]. Small temperature is chosen to prevent early
nucleation of dislocations at the nanofilm surfaces and by this
means to extend the elastic range of deformation.

III. NUMERICAL RESULTS AND DISCUSSIONS

Firstly, the results for the small computational cell are
presented. In Fig. 3a, we plot the tensile stress σxx (solid
line) and the potential energy per atom P (dashed line) as the
functions of tensile strain εxx. Note that σxx is proportional
to dP/dεxx. The curve P (εxx) has a non-convex (concave
up) shape between ε(1)xx = 0.158 and ε(2)xx = 0.234, which re-
sults in the appearance of the decreasing part on the σxx(εxx)

curve. For σ(1,2)
xx ≤ σxx ≤ σ

(3,4)
xx , where σ(1,2)

xx = 9.12 GPa
and σ(3,4)

xx = 12.9 GPa, there are two possible values of strain
corresponding to the 1-3 and 2-4 parts of the σxx(εxx) curve.
The decreasing part 3-2 corresponds to thermodynamically
unstable states. In the stress control loading of the nanofilm,
after reaching point 3, strain would jump to point 4 at constant
σxx. However, in the case of strain control loading employed
in our simulations, the nanofilm deforms along the thermo-
dynamically unstable path 3-2 demonstrating negative elastic
modulus E = dσxx/dεxx, as can be seen in Fig. 3b. It should
be kept in mind that the elastic modulus in the y and z direc-
tions is different from E because considerable homogeneous
elastic strain makes the material of the nanofilm orthotropic.
The elastic modulus as the function of tensile strain is plotted
in Fig. 3b by the thick line and the stress-strain curve is also re-
produced here for reference by the thin line. Strain till global
maximum with the coordinatesεxx = 0.389, σxx = 21.6GPa
is elastic, which will be demonstrated later by comparing the
loading and unloading curves for the computational cell of
intermediate size.

Note that the σxx(εxx) curve presented in Fig. 3a is quali-
tatively similar to the van der Waals real gas isotherm plotted
in the volume-pressure coordinates [22]. It is well-known
that in the thermodynamically unstable region the mixture of
gaseous and liquid phases takes place. By analogy, for the
considered nanofilm, from the stress-strain curve depicted in
Fig. 3a one can expect coexistence of domains with larger and
smaller elastic strain. The mixture of such domains would
lower the total potential energy of the system. However, for
such domains to appear the computational cell size should
be sufficiently large. The size of the small computational cell
used in our simulations is smaller than the threshold limit
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Fig. 3. Results for small computational cell: (a) tensile stress σxx (solid line) and potential energy per atom P (dashed line) as the functions
of the uniaxial tensile strain εxx. For σ(1,2)

xx ≤ σxx ≤ σ
(3,4)
xx there are two possible values of strain on the lines 1-3 and 2-4. The line

3-2 corresponds to thermodynamically unstable states. Here ε(1)xx = 0.158, ε(2)xx = 0.234 and σ(1,2)
xx = 9.12 GPa, σ(3,4)

xx = 12.9 GPa. (b)
Elastic modulus E as the function of εxx (thick line). The stress-strain curve is reproduced here by the thin line for reference. In the

thermodynamically unstable region elastic modulus is negative

and the domains do not appear. In order to see the two-phase
nanofilm stretching the simulations were repeated for the in-
termediate (shown in Fig. 2b) and large computational cells
sizes.

Simulation results obtained for the intermediate compu-
tational cell are presented in Fig. 4a by dashed lines and
for comparison the results obtained for the small simulation
cell are reproduced here by the solid lines. Thin lines show
σxx (εxx), while thick lines presentE (εxx). The stress-strain
curves for the intermediate computational cell also has a re-
gion with decreasing stress and hence, with negative elastic
modulus. However, within the range of nonhomogeneous de-
formation of the nanofilm, E is not the real material Young
modulus but it is only a structural modulus.

In Fig. 4b the loading and unloading curves in the thermo-
dynamically unstable region are shown for the intermediate
computational cell to demonstrate that the deformation is elas-
tic. The loading and unloading curves coincide everywhere
except for the regions where domains are nucleated. We also
did not observe breaking or switching of interatomic bonds
during deformation until fracture.

It can be seen from Fig. 4 that the results for the small
and intermediate computational cells differ only within the
unstable region and in the region close to the strength limit.
The latter region is not interesting because here the difference
in the behavior of the small and large computational cells
can be easily explained by earlier fracture development in the
larger cell. On the other hand, the former region is of special
interest in the present study. The difference in the stress-strain
curves obtained for the intermediate and small computational
cells within the thermodynamically unstable region is due to
the different deformation mechanisms. In the small computa-
tional cell, as it was stated earlier, the deformation develops
homogeneously but in the intermediate computational cell
in the thermodynamically unstable region the domains with
smaller and larger elastic strain coexist. As a result, stretching

occurs by an increase of the domains with larger strain at the
expense of the domains with smaller strain.

In Fig. 4c,d we compare the stress-strain curves for the
small, intermediate, and large computational cells, respec-
tively. It can be seen that the results for the large cell differ
from that for the intermediate cell only in the regions where
nucleation of domains takes place. The negative slope in the
regime of non-homogeneous stretching is the same for the
intermediate and large computational cells.

Coming back to Fig. 4b we note that the difference be-
tween the loading and unloading curves in the thermodynam-
ically unstable region is due to the nucleation of domains.
Apart from the domain nucleation regions the loading and
unloading stress-strain relations follow the same straight line
with the negative slope. This negative slope indicates neg-
ative stiffness of the nanofilm and it can be explained by
the existence of the Peierls-Nabarro barrier that should be
overcome by the domain walls to move. One can expect that
the negative slope would become smaller at higher tempera-
tures because thermal fluctuations can help to overcome the
Peierls-Nabarro barrier.

Under applied uniaxial load the primitive cell of the B2
superstructure is no longer cubic and has dimensions ax,
ay and az along the x, y and z axes, respectively. Since
σyy = σzz = 0, one has ay = az . Let us introduce
local strain of the lattice cells as ex = (ax − a)/a and
ey = ez = (ay − a)/a.

In Fig. 5, for the intermediate computational cell by blue
(black) color we plot primitive cells with ex < 0.2 (ex > 0.2)
for different values of the tensile strain εxx, which represent
the average tensile strain of the nanofilm. In the thermody-
namically stable regions the elastic strain of the nanofilm is
homogeneous while in the unstable region the domains with
larger and smaller ex can be seen. The domains are nucleated
at the surfaces. In both types of domains the primitive cells
have the shape of parallelepiped. Narrow domains then grow
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Fig. 4. (a) Results for small (solid lines) and large (dashed lines) computational cells. Thin lines show σxx (εxx), while thick lines present
E (εxx). The results differ only in the thermodynamically unstable region and close to the fracture point. (b) Results for large computational
cell. Loading and unloading curves in the thermodynamically unstable region. (c) Comparison of the stress-strain curves for the small

(dashed line), intermediate (thin solid line), and large (thick solid line) computational cells. (d) Same as in (c) but in an enlarged scale

and merge into wider ones reducing total potential energy of
the nanofilm by reducing total length of the domain walls that
have relatively large energy. In the last panel of Fig. 5 one
can see the crack nucleation that starts almost simultaneously
in the bulk and at the surfaces.

In Fig. 6 we plot the same as in Fig. 5 but for the large
computational cell. It can be seen that there is no qualitative
difference in the domain nucleation and motion in the inter-
mediate and large computational cells and this is the reason
for nearly the same stress-strain curves in the thermodynami-
cally unstable region obtained for the intermediate and large
computational cells (see Fig. 4c,d).

In Fig. 7, we present local strain components ex and
ey = ez as the functions of the uniaxial tensile strain εxx.
In the thermodynamically stable regions ex = εxx. In the
unstable region there exist two types of domains where
ex = 0.18 and ex = 0.25 and these values do not change
with an increase in εxx. The increase of εxx in the unstable
region occurs by growth of the domains with larger ex at the
expense of the domains with smaller ex. We stress that the
two types of domains cannot be characterized as different
phases because they have the same body-centered tetragonal
symmetry. Thus, they are the domains of the same phase at
two different strain levels.

Fig. 5. Results for intermediate computational cell. Regions with
lattice strain ex > 0.2 (< 0.2) are shown in black (blue). At the do-
main walls separating blue and black areas the lattice strain sharply
changes from ex = 0.18 to ex = 0.25. Average tensile strain εxx is

indicated for each panel
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Fig. 6. Same as in Fig. 5 but for the large computational cell

Fig. 7. Results for large computational cell: local lattice strains ex
and ey = ez as the functions of the uniaxial tensile strain εxx. In the
thermodynamically stable regions ex = εxx. In the unstable region
there exist two types of domains where ex = 0.18 and ex = 0.25
and these values do not change with increase in εxx. Increase of εxx
in the unstable region occurs by growth of the domains with larger

ex in expense of the domains with smaller ex

A mechanism of two-phase deformation was recently re-
ported by Savin et al. for the DNA molecule [46]. However,
the DNA model is essentially one-dimensional, while in the
case of nanofilm studied here the two-dimensional pattern
of domains was observed. In fact, if in our simulations the
computational cell in z direction had a sufficiently large size
(in our case Lz = 3a), nucleation of the domains would
become easier and the domain wall network could be even
three-dimensional, if this is energetically preferable.

It is interesting to discuss why the curve σxx (εxx) for the
NiAl nanofilm shown in Fig. 3a has a decreasing region. We
believe that this can hardly happen for pure metals, but for

the ordered alloys and intermetallic compounds the appear-
ance of thermodynamically unstable region could be a result
of competing interaction between atoms of different sorts.
The many-body interatomic potentials describing Ni-Ni, Al-
Al and Ni-Al interactions have different strength and different
effective length and their superposition results in the complex
nonlinear elastic response observed for NiAl intermetallic
compound.

IV. CONCLUSIONS

Molecular dynamics simulation of NiAl nanofilm strain
control uniaxial tension has revealed a region of tensile strain
where elastic modulus obtains a negative value. Within this
range the nanofilm is thermodynamically unstable. The small
computational cell deforms homogeneously, but the suffi-
ciently large computational cell in the unstable range splits
into domains with larger and smaller strain. Deformation
of the nanofilm in the unstable range develops by means of
growth of the domains with larger strain at the expense of
the domains with smaller strain. A similar two-phase stretch-
ing mechanism has been recently described for the DNA
molecule [46]. An important difference of our work from
the one-dimensional DNA case is that we observe a two-
dimensional domain pattern.

We believe that the appearance of the thermodynami-
cally unstable region with negative slope on the σxx (εxx)
curve calculated for the NiAl nanofilm is a result of com-
peting many-body interactions between atoms of different
sorts. If this is so, it is unlikely that a pure metal would show
negative elastic modulus.

In the future studies it is planned to investigate the ef-
fect of temperature on the nanofilm deformation through the
thermodynamically unstable region. Boundary and loading
conditions different from the strain-control loading will be
analyzed in another publication. For the nonlinear physics
community a detailed study of the domain wall dynamics
would be interesting. The domain wall dynamics should be
sensitive to the crystallographic orientations of the nanofilm
with respect to the applied stress direction. It is also impor-
tant to check if other intermetallic compounds can exhibit
negative elastic modulus in a range of elastic strain.
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